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Theorem (Takayama) — Let X be a smooth
projective complex variety, let V be an irre-
ducible subvariety of X, let u: X' — X be a
modification with V ¢ u(Exc(u)), and let V/
be the strict transform of V in X’.

Let D be a divisor on X with u*D ~ A’ + E/,
where

a) A’ is an ample Q-divisor;*

b) E’ is an effective Q-divisor such that V'
IS @ maximal log-canonical center for the pair
(X', E.1

Then,

VO|X|V(KX —+ D) = VO|(Kv)

Moreover, if the canonical class of a desingu-
larization of V is pseudo-effective, elements of
im(K x + D)| separate two general points of V
for all integers m sufficiently big and divisible.

*It is enough to assume that A’ is nef and big with
V& B4 (A).

fi.e., an irreducible component of Nklt(X’, E’) at a gen-
eral point of which the pair is log-canonical.



Proof — We saw in the last talk that we may
assume X' = X, p is the identity and V s
smooth. We write E instead of E/ and A in-
stead of A’. We may also assume that A is
effective and that its support does not contain
V.

The case where V is a hypersurface has already
been treated, so we also assume codimV > 2.

Let 1 : X' — X be alog-resolution for E. Write
p*E = E'+> epF |, ep € Qxp

r
Y kpF , krp € Z-o
F

Kxrx

where E’ is the strict transform of E and F runs
over the set of all prime p-exceptional divisors
in X/,

Since V is a maximal log-canonical center for
the pair (X, E), we have



o if VC u(F), then kp —ep > —1;

o if V=pu(F), then kp—ep > —1, with equality
for at least one F'.

Set
I = {F|\w(F)=V, kp—ep=-1}#0
J = A{F | p(F)=V}-=1I

{F|pu(F)=V, kp —ep > —1}

Step 1: we may assume that 7 has only
one element.

Choose 6r € Q- small enough so that

)
—A + el 2y is ample for all F € I;
op<1l—ep+kp forall FelJ,
—p*A—=> 6pF is ample;



where, by wiggling the dr, we may assume that
the maximum is obtained for only one F' in I,
denoted by V’/. By definition, u(V') = V.

Write
D~ (3A+eE)+ (3A+ (1 - o)E)
The Q-divisor Ay = A+ ¢E is ample.

For m > 0O,

o pick H € /m(3u*A — Y pdrF)| general very
ample and

erepresent %A + (1 — e)FE by the effective Q-
divisor E7 such that

pEr
m

CHA(1—)E + Y (0 + (1 - )ep)F
m F

1
—H+ ) 6pF 4+ (1 —e)u*E
F

which has simple normal crossing.



We have now

Kxix — w'En
1
~ ——H—(1—-¢)F
m

+ > (kp—6p — (1 —€)ep)F
7

~ —iH—(l—@Ehﬁﬂ
m
— Z (1 —€6F—|—(SF)F
Fel, F#V!
— ) (ep—kp+6p —eep)F
Fél
L= —V’—ZCLFF

and by construction, ap < 1 for any F e IUJ.
We have

a) if V.C u(F), then ap < 1, so that the “new”
set I has only one element;

B) if ap < 0, the divisor F is u-exceptional;

~) one FF'= H is ample and [agH] = 0.



We write F instead of 1 and A instead of Aj.
T he situation is the following:

hypersurface

V/ < X/
fl o
V s X

Step 2: apply the theorem about exten-
sions of sections from a hypersurface to
the smooth hypersurface V/ ¢ X’ and the (in-
tegral) divisor

D' = —Kyiyx—V —[F]+u"D
~ F'—[Fl4u*A
= (agH+p*A)+ (F' = [F'] —agH)
where F/ = Y apF'; since
o A =apyH+ u*A is ample;

o /' = F' — [F'] — ayH is effective and its sup-
port does not contain V/;



e the pair (V', E'|y») is kit;*
the restriction
HO(X',m(Kx+V'+D")) — HO(V' ,m(Ky+D'|y1))

IS surjective for all m > 0.

Write
[F’] == Z[CL’L]FZ == F_|_ — F_
with
o [ and F_ effective;
e I p-exceptional (property 3)).

The sheaf u«0x/(—[F']) C Ox has cosupport
contained in p(Supp(F4)), hence not contain-
ing V (property «)). We have

HO(X', m(Kx + V' + D"))
= HYX' m(u*(Kx + D) —[F']))
— HYX,m(Kx + D))

tBecause E’' + V'’ has simple normal crossings and the
coefficients of E/ are in (0,1).



hence, by restriction, an injection
HO(V',m(Ky+D'|y)) — HY(X|V,m(Kx+D))

where HO(X|V, ) is the image of the restriction
HO(X, %) — HOV, x|y).

Step 3: f: V' — V has connected fibers.
Moreover, if M/ = F'|y-, the sheaf f.0y/(—[M'])
has rank 1 on V.

Property o) implies that —[M'] is effective out-
side of the support of the F; that do not dom-
inate V, hence f«0y(—[M']) has positive rank.

On the other hand, the cosupport of the ideal
sheaf u«0x/(—[F’]) does not contain V and

—[FT=V'~ Ky + [-p*(Kx + E)]
Since —u*(Kx + E) is u-nef and p-big,

RYusOxi(—[F1 =V =0



by the relative Kawamata—Viehweg vanishing
theorem, hence

s Oxr (= [F') = fuOy(—=[M])
and f«Oy(—[M']) has rank exactly 1. It follows

that f«0y» has rank 1 and f has connected
fibers by Zariski's Main Theorem.

Next, we construct a commutative diagram

/

W/ T V&
gl L7
w s Vv
where 7 and 7/ are modifications such that

a) any hypersurface Z of W’ with codimy, g(Z) >
2 is 17/-exceptional;

b) 7/ is an isomorphism above a dense open
subset of V.

Indeed, by a theorem of Raynaud, there exists
a modification W — V such that the compo-
nent W) of W xy, V/ that dominates V' is flat,



hence equidimensional, above W. Take for W’
a desingularization of W(’). Since singularities
of W), are above Exc(r), we may assume that
7' is an isomorphism off ¢~ 1(Exc(r)), hence
above V —r1(Exc(1)).

Decompose

N' ="M — Ky v
as the sum of
e a g-vertical part N, and

e a g-horizontal part N;, which is the strict
transform of M;. In particular, [N;] < O.

Summary:
W/ T vV < X/

gl fl Ay
w s vV o X



Step 4: Kawamata’s theorem.

Let g : W/ — W be a morphism with connected fibers
between smooth irreducible projective varieties, let Q' C
W' be Q C W hypersurfaces with normal crossings, and
let N’ be a Q-divisor on W’'. Assume:

i) ¢ 1(Q) C @, so that ¢g induces a morphism W'—Q' —
W—=Q;

i) Supp(N') C Q';

iii) g is smooth above W —Q);

IV) glsupp(n:y has relative normal crossings above W —Q);
v) g(N;) C Q;

vi) [N;] <0;

Vi) g«Ow (—[N']) has rank 1;

viii) there exists a Q-divisor N on W such that Ky 4N’ ~
g"(Kw + N).

If
Q = > Q Q=) Q)
i J
7R = Y a;Q ., N = ) nQ]
J J
’I’L/-—|— @"—1
5; = max -2 g
9(Q))=Q; qi.j

and A =) .6;Q;, the Q-divisor N — A is nef.



Upon composing 7 with a modification W1 —
W, and replacing W’ by a desingularization of
the component of W7 xy W/ that dominates
W', we may assume that there exist Q' ¢ W/’
and Q C W as above satisfying i) thourh v).

Properties vi) and vii) hold, and if N = 7*(K x4+
E)lv — Ky, we have

Ky + N’ T (Kyr + M)

(K1 + V' + F)|y

g T (Kx + E)|y

9" (Kw + N)

(property viii)). By Kawamata, N — A is nef
(on W).



End of the proof.

Let j such that g(Q;-) has codimension 1 in W;
It is a @) and

;5 = 0 fOI’i#i(j)
q4i(5),j 1,
0i(Ni().g = ™ T i),y — 1

By property a), the Q’ for which g(Q’) has
codimension >1in W are r’-exceptional, hence

N —g*A = Nh—I—Z(l _qi(j),j)Qj‘l'T‘eXC
J

< Ny + 7'-exc
and

Ky + N —g"A
Ky + Ny + m'-exc
T/*KV/ —+ T/*M;L + +'-exc
"(Kyr + Mj — [M}]) + 1'-exc
" (Kyr + My, — [My] + My, — [M;])
+7'-exc
"(Kyr+ M — [M']) + 7/-exc

NN N



For all m € N such that m(N — A 4 7%A|y)
are m(M' + f*A|y) integral, we have, using
g*ﬁ’W/ = ﬁw,

HO(W, m(Kw + N — A+ 7*A]y))
~ HOW' m(Ky:+ N — g*A + g*t%Aly))
— HOW' m("™ (Ky 4+ M — [M']+ f*Aly)
+ 7’-exc))
HOV' ,m(K 4+ M — [M']+ f*Al))
HO(V',m(Ky: 4+ D'|y1))
— HOYUX|V,m(Kx + D))

2

2

The Q-divisor N — A 4+ 7*Aly,, sum of the nef
N — A and the nef and big 7*A|y, is big. For
all m sufficiently big and divisible, we have

HO(W, mKy) — HO(W,m(Kw+N-A+7"Aly))
hence

KO (W, mKyy)
< KO(X|V,m(Kx 4+ D))

hO(V, mKy)



Let d = dimV, divide this inequality by m?/d!,
and let m go to infinity.

The left-hand-side goes to vol( Ky ) and the up-
per limit of the right-hand-side IS
< VO|X|V(KX -+ D)

Finally, if Ky (hence also Ky) is pseudo-
effective, Ky + N — A 4+ 7*Aly, is big, hence
sections of sufficiently big and divisible multi-
ples separate two general points of W. The
same holds for sections of Ky 4+ D and general
points of V.



