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The (framed) braid group
Z finiteset CD={zeC : |z| <1}, z € ID, m= card(2)
Definition (braid group)

B = mi(Sym,,(D) \ A, [2])

Choose nonzero tangent vectors v, € T,D, z € Z

Definition (framed braid group)

B = m1(Sym,,(TD\ 0)\ A, [Z, {v;}])
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A. Oancea,

G."‘R‘A’;ZZWJ;LU G = {¢€Diffo(D,z) : ¢(Z2)=2}

D. Salamon go = {(b c g = (bt € g s.t. ¢0 = Id7 ¢)1 = (b}

Generalities

1-cocycles oo
, Proposition
Linear repre-
sentations

There is an isomorphism G /G ~ B.

G := {¢ € Diffo(D, 20) : ¢(2) = Z, dp(z)vz = vy(»), ¥z € Z}
Go ={peG :3preGst. ¢o=1d, 1 = ¢}

Proposition

There is an isomorphism 5/?70 ~ B.
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Distinguished configurations

Recall the choice of Z, zy, {v;},cz, and m := card(Z)

Definition
A (marked) distinguished configuration is an m-tuple
c=(c,...,cm) of smooth embedded paths ¢; : [0,1] — D s.t.

¢i(0) = zo, and ¢; intersects ¢; only at zy for all i # j;

{a(l),..., (1)} = Z;
the vectors ¢1(0),. .., m(0) are pairwise non-collinear and

ordered clockwise at T, D;
(marked) f:;(].) = _Vc,-(l)-
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group from Distinguished configurations

fibrations

N C = { homotopy classes of distinguished configurations }

joint with
& Masyen  Proposition

D. Salamon

The braid group G /Gy acts freely and transitively on C.

Generalities
1-cocycles ~
Lineal)'/repre— C = { homotopy classes of marked distinguished configurations }

sentations

Proposition

The framed braid group G / 50 acts freely and transitively on C.
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Generators and relations

. 0i0j4+10; = 0410041
By, = 02,...,0m‘ - >0
oio; = ojoj, |i —j| >

0i0j4+10; = 0j4100+1
€i0j = 0j€j—1

5. 02,...,0m
By =
€1,---1Em €j—10; = 0§
other generators commute
Proposition

The above isomorphisms depend on the choice of a (marked)
distinguished configuration c!
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The Monodromy cocycle

FixceC ~» ordering Z={z,...,zm}

distinguished loops gj . € I' = m1(D\ Z; z0)

cEB permutation 7, € &, Via 0(2;) = Zr, (i)

Definition (Massuyeau, O., Salamon)

Define S, : B — GL,(Z[r]) by

| e oug, i=mgc()f),
Se(o)ij = { 0, otherwise.
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Point of view: non-abelian cohomology

Definition
Let G and A be (non-abelian) groups, such that G acts on A
on the left (g,a) — g«a. Amaps: G — Ais a 1-cocycle if

s(gh) = s(g)g:s(h).
Two cocycles sp,s1 : G — A are cohomologous if 9a € A s.t.

s1(g) = a~'so(g)ga.
Example: B acts on T, hence on GLy(Z[]) componentwise

Proposition
(i) Each map Sc : B — GL(Z[[]) is a 1-cocycle.
(ii) Any two cocycles S¢ and S, are cohomologous:

Sr.c(0) = Sc(7) 1S (0)0.Sc(T), Vo € B.

*

[Sc] is canonically defined: the “Lefschetz monodromy class”
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Proof of the cocycle properties

(i) We prove Sc(o7) = Sc(0)0.Sc(7).
Set j :=mrc(k), i := T4 c(j) = Tor,c(k). Then

0xCj - U*(C:j_ : T*Ck) = Ci_1 "0« TxCh = Ci_l ’ (UT)*Ck

[

(i) We prove S.(7)Sr.c(0) = Sc(o7) = Sc(0)0Sc (7).
Set £ := 7y 1.c(k) and i := 7, ({) = Tyr (k). Then

1

i e (Tue)t ou(mc)k = ¢ oTck = ¢ (9T)wck

O
Proposition

For any c € C, the map S : B — GLy(Z[I]) is injective.

Proof.
B acts on 5free|y and transitively. O
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Digression: the Magnus cocycle

BactsonT = m1(D\ Z; zp) free on m generators gic,...,8&m.c

Definition
Given ¢ € C, the Magnus cocycle M, : B — GLy(Z[l]) is

Fox calculus for a free group I with basis g1, ..., gm
e derivation d : Z[l'] — Z[I'] is additive homomorphism s.t.

d(gh) = d(g)-e(h)+g-d(h), e:Z[ll — Z augmentation

e d(1)=0,d(g™')=—g 'd(g)

o 3! derivation 2 such that 5% =
! !
d(gi—18i8;_1) d(gig ;)

o example: — b =14 g1 — =5 =1 - gi 188 3
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The Magnus cocycle — continued

Proposition

Any two cocycles M. and M, . are cohomologous:

M. (o) = Mc(7)"*Mc(0)osMc(7), Vo € B.

Proof.
0 *8j,c 0 * T 0 *
[Me(T)Mr. oo ) =35, Tt - “gte = S50 Ehe = M (o)

O

Interesting (?) question: study H'(B, GLm(Z[T])).
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Magnus vs. Lefschetz monodromy
cocycles - first comparison

1> 0 0 T

MC(UI,C) = 0 g 0 5 Sc(Ui,c) = 0
0 0 1, 0

l_gi—l,cg,'iclg,':ll ¢ 1 0

U= gt oo ) b= g}
i—1,¢c i—1

1,

Mc(fi,c) =1, SC(EI',C) = 8

0 0

| 0

0 ]lmfi

1

0

0 0
g&c O
0 ]lm—i

View B — B using framing determined by trivialization of TDD
~> restriction of the Magnus cocycle M|z is injective
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Generalities

1-cocycles Def' nition

L For c € C, the Burau representation M, : B — GLny(Z[t, t~])
is obtained by reducing the Magnus cocycle

mC(U) = Mc(0) ‘gl’cz...:gmycth

Remarks on M.:
e independent of ¢ € c up to conjugation
e reducible 1 + (m — 1), with eigenvector (1,¢,t2,... t™1)
e defines polynomial link invariant: Alexander polynomial
(invariance under Markov moves)
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The Monodromy representation

Definition (MOS)
For ¢ € C, the Lefschetz monodromy representation
Sc: B — GLn(Z[t, t7Y))
is obtained by reducing the Lefschetz monodromy cocycle

Sc(0) = Sc(o)|

81c="=gmc=t""

Note: independent of ¢ € c up to conjugation

does not define polynomial link invariant
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Comparison of the Burau and
Monodromy representations

__ _ i—1 0 0
Mc(gi,c) — ]lma Sc(gl,c) — < 0 ! 0
0 0 1,_;

7 1 1
tr(Id) tr(Sc(oi)) tr(Mc(o}))
Corollary

The Magnus class [M.] and the Lefschetz monodromy class [S]
are non-trivial and distinct.
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Irreducibility of the monodromy
representation

Proposition

The representation S is irreducible.

Proof.
Step 1. S. cannot fix a subspace of dimension 1.

(0 1><a>:)\<a>:>{b:)\a :>{ ta= \a
t O b b ta= \b a,b=0
Step 2. S. cannot be reducible m =k + ¢, k,¢ > 2. Assuming
this to be true, we further specialize t = 1, and S, descends to
the canonical representation &,, — GL,(Z) which is reducible

m =1+ (m—1). The (m — 1)-dim. factor is the restriction to
x1+ -+ Xm = 0 and is irreducible, a contradiction. [l



A
representation
of the braid
group from
Lefschetz
fibrations
A. Oancea,
joint with
G. Massuyeau
and
D. Salamon

Generalities

1-cocycles

Linear repre-
sentations

The monodromy representation
and linking numbers

View B — B via trivialization of TD ~ S, : B — GLn,(Z[M)

Proposition
Let o € PB C B be a pure braid. Then

Se(o) = Diag(t, ..., t), €= 1k(i,j)+ Y Ik(j,i),

J>i J<i
Ik(i,j) = linking number of components i,j of the closed braid.

Proof: direct computation using presentation of PB and

SC(O',-%C) = Diag(1,..., t,t,...,1)

i—1 i
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f:Ct > C, f(z) =224 +2z2,

Lefschetz
fibrations

Picard—
Lefschetz
formula

Morse theory:
Rvs. C

FL ) ={x+iy : x2=|yP=1, (x,y) =0}
Il (x,¥) — (x/|x|,|x]y)  symplectic

TeS7 = {(¢,n) €R™I X R™ ¢ |¢] = 1, (€.n) = 0}
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Lefschetz fibrations - local model
|| L
F1(1) ~ T*S
ElTD <\

f(z1,20) = 22 + 22 Dehn twist along L

Monodromy around t + €>™* = Dehn twist.

Vanishing cycle at 0 in the direction R is the 0-section S”

self-intersection number is 2(—1)"/2 for even n, 0 for odd n
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P Definition
G. Massuyeau . . . . .
e A Lefschetz fibration over the disc D C C is a holomorphic

' map f : X — D with nondegenerate critical points, and which
Lefschetz o a0 ano . 2
fibrations correspond to distinct critical values in D.
Picard—
Lz X Kahler, dim X = n+ 1, m:= card(Z = Crit.val.(f))

formula

Morse theary. Fix zg € 9D and {v, € T,D},cz. Choice of ¢ € C
~+ vanishing cycles Ly c,...,Lmc C M= f~1(z0)
(local model + parallel transport by canonical connection)

Orientations for L; . ~» monodromy character
NX T =m(D\ Z; z9) — Z™™

NZ(8)ij = (Li,c, 8 Ljc)
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A. Oancea, PI’OpOSItIOI‘] (MOS)
joint with

G. . =
Ml Given o € B we have

Néc = SC(U)thXSC(U)-

D. Salamon
Lefschetz
fibrations
Picard—
Lefschet: . .

s (Conjugate transpose + COﬂVOlUtlon product)

formula

Morse theory:
Rvs. C Proof.

We have L, = (c,-T1 ~a*c,-)*_1L,-/7c, i" = 7yc(i) etc.
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The Picard—Lefschetz formula

Recall f : X — D Lefschetz fibration, zy € 0D, M := f~1(z)
ccC loops gi,c,---+8mc €T ~ (gic)s € Aut(H,(M))
Proposition (Picard—Lefschetz formula)

Setting e = (—1)"("*1/2 we have
(gic)va=a—¢e(Llic, o)L, Va € Hp(M).

o NX(ggich) = NZ(gh) — eNZ(g)EiNE(h)
e since I is free on the g; .'s, the map NX : [ — Z™<M is
uniquely (and explicitly) determined by the matrix

NX = NX(1)
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Nonlinear monodromy cocycles

The matrix N = (n;;) = NX has the following properties.
o NI = (1N,

. no— 0, n odd, (anti-symmetric)
T 2- (=12, neven. (symmetric)
Let S;, = Sim(n) = the set of such matrices C Mat,(Z).

Proposition (Bondal,MOS)

For each ¢ € C there is a map S : B X Sy — GLy(Z) such
that N, . = S.(o,No)TNeSe(o, Ne), Vo € B,

and moreover Sc(o1, N¢) = Sc(1, No)Sc(o, N, ¢).

Conclusion: the orbit of N, under conjugation with Sc(-, N¢) is
an invariant of 7.
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Previous procedure: consider intersection numbers of vanishing

Lefschetz

florations cycles in the distinguished fiber M = f~1(z).

Picard—

e Alternative procedure: consider intersection number of two
Morse theory: vanishing cycles L;, L; along some arbitrary path j; joining the
v € corresponding critical values ~ collection of numbers m;; € Z

Particular case: «;; = straight line segment ~~ numbers ¢;; € Z.
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Straight lines - continued

Proposition (MOS)

The collection (¢;) of intersection numbers along straight lines
determines uniquely the matrices N, ¢ € C via the
Picard-Lefschetz formula.

Proof.
In the figure, we have
13 = (L1, (g2)«L3) = (L1, L3 — &{L2, L3} L2) = m3 — enyany3.

+ induction argument O
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{f<c—p}~{f<c+p} monodromy of loop ¢ + pe?™'t
Lefschetz
fibrations

unstable mfd. W¥(x, —Vf) | unstable mfd. W!(x, —VRe(e~/?f))

Picard—

Lefschetz
:mu'ih : connecting trajectories connecting trajectqries
Re C M(x,y; —=Vf) M(x,y; =VRe(e 7))
6 = Arg(F(y) — (x))
#M(x,y; —Vr) Ly - L, along segment [f(x), f(y)]
Morse differential monodromy character
Ox =3 #M(x,y)y N = N(1) = collection {l,,}
0o0d=0 Picard-Lefschetz formula

l13 = mi3 — enonos
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Morse homology ~ H,(X) B-orbit of N

Lefschetz
fibrations

Pl invariant under deformations f; | invariant under deformations f;

(il through smooth functions through Lefschetz fibrations

Morse theory:
Rvs. C

Example of an invariant of the B-orbit of N:

(Z™/ ker N, N) free abelian group + nondeg. bilinear form
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Our hope of a dictionary

R exact mfd. (M,w =d)\) |

C  exact mfd. (X,/,w? = d)\)

Floer theory = Morse th.
action functional on loop space

Floer theory = Picard—Lefschetz th.
holomorphic action functional
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Thank you for

your attention and patience!
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