ON THE TOPOLOGY OF LAGRANGIAN SUBMANIFOLDS
EXAMPLES AND COUNTER-EXAMPLES

by

Michele Audin

Roughly speaking, the two natural questions that can be asked on the topology of
Lagrangian submanifolds are the following:

— Given a symplectic manifold W, which closed manifolds L is it possible to
embed in W as Lagrangian submanifolds?

— Given a closed manifold L, in which symplectic manifolds W can it be embed-
ded as a Lagrangian submanifold?

The main tools we can use to approach these questions are the pseudo-holomorphic-
curves-Floer-homology on the one hand and the Stein-manifolds-subcritical-
polarizations on the other one. Inside these technologies or parallel to them, it
seems that there is also some place left for a little amount of rather elementary
topology, as is the beautiful addition of a grading to Floer homology by Seidel [22].

I will present here a few examples of Lagrangian submanifolds of compact sym-
plectic manifolds and some of the results I evoked. A large part of the results in this
paper are due to Biran, Cieliebak and Seidel and are already known. To make this
repetition acceptable, I have tried to give a simple presentation together with many
examples (in §§1 and 2.2) that illustrate the results presented in the paper, and a few
side results that might be original (in §§2.3 and 2.4).

The paper is organized as follows. I start, in §1, by the presentation of the basic
examples of Lagrangian submanifolds in compact symplectic manifolds and some hints
on how to construct them. In §2, I consider the specific situation of the Lagrangian
skeleton of a symplectic manifold, a notion introduced by Biran and that has already
given a lot of beautiful results (see the survey [10]). Again, I give the examples I know
and try to give some evidence that these might be the only possible examples—the
results I have in this direction are very partial and based mainly on (soft) topological
considerations. In the last section, §3, I explain Seidel’s idea of “grading” Lagrangian
submanifolds and a few applications to non embedding theorems.

This paper is an extended version of the talk I gave at the Lisboa EMS-SMP meeting in september
2003.
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1. Lagrangian submanifolds and how to produce them

I will use the standard notation (standard structures on the usual spaces C",
P*(C), T*L,...) and the basic results on symplectic geometry (Darboux and
Darboux-Weinstein theorems,...). See e.g. [2, 17, 24].

A Lagrangian submanifold of a symplectic manifold is a submanifold the tangent
space of which is, at any point, a maximal totally isotropic subspace. If the symplectic
form on the manifold W is denoted w and the inclusion of the submanifold is

Jj:L——>W,
to say that L is Lagrangian is to say that j*w = 0 and dim L = %dim w.

1.1. The basic examples. Any manifold L is a Lagrangian submanifold of its
cotangent bundle, by the zero section

L——T*L.

Moreover, a neighborhood of a Lagrangian submanifold in any symplectic manifold
is isomorphic to a neighborhood of the zero section in T*L [24, 2]. We look for more
global examples.

1.1.a. Tori. Starting from the fact that any curve in a symplectic surface is La-
grangian, we get that any product of closed embedded curves in C is a Lagrangian
submanifold of C™ (n is the number of factors). Hence, any n-dimensional torus can
be embedded as a Lagrangian submanifold in C™. So that we have Lagrangian tori
in all symplectic manifolds (using Darboux theorem, anything we are able to embed
in C™ can be embedded in any symplectic manifold).

More generally, if the Lagrangian submanifold we are considering is a leaf in a
Lagrangian foliation, then this is a torus (this is part of the celebrated Arnold-Liouville
theorem, see [1, 2]), so that the theory of integrable systems is full of Lagrangian tori.

1.1.b. Spheres. In contrast to the case of tori, in C™, there are no Lagrangian spheres
(except for the circle S' in C). This statement was one of the first applications of
the holomorphic techniques introduced by Gromov in 1985 [15]. More generally, no
Lagrangian embedding into C™ can be ezact, in the sense that the Liouville form pulls
back to an exact form, so that no manifold L with H*(L; R) = 0 and in particular no
simply connected manifold can be embedded as a Lagrangian submanifold into C™.
Hence, unlike what happens in the case of tori, the question of embedding a sphere
as a Lagrangian submanifold of a compact symplectic manifold is a global question
(with respect to the symplectic manifold in question). We will see below that, for
instance, the n-sphere is not a Lagrangian submanifold of the complex projective space
(this is one of the results of [22], here Corollary 3.1.2), but that there are Lagrangian
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spheres in other compact symplectic manifolds (there are examples in §2.2.b). An
example of Lagrangian sphere comes from the mapping
52n+1 P”(C) % Cn+1
e ([Z],E),

which is a Lagrangian embedding (this was noticed by Polterovich [8]). Notice that,
by compactness of the sphere, this is indeed an embedding in P"(C)x some bounded
subset of C™ and that this can be considered as a Lagrangian embedding into P"(C) x
T?"+2 a compact symplectic manifold.

Notice also that the same mapping defines a Lagrangian embedding of P"(C) into
P"(C) x P"(C), which is simply [z] — ([z], [Z]).

1.1.c. Surfaces. A surface which is not a torus cannot be embedded as a Lagrangian
submanifold in C2. There are simple topological obstructions (see e.g. [4])... ex-
cept in the case of the Klein bottle, that can be embedded in C? as a totally real
submanifold [21] but probably not as a Lagrangian, as announced by Mohnke [18].

However, it is not very difficult to embed all the surfaces as Lagrangian subman-
ifolds of compact symplectic manifolds, as I show it now. Let L be an orientable
surface, w a volume form on L and 7 a fixed point free involution reversing the orien-
tation (such an involution exists because any orientable surface is a twofold covering
of a non orientable one, according to the classification of surfaces). We can assume
that the volume form has been chosen so that 7*w = —w.

If L is an orientable surface, let W = L x L, endowed with the symplectic form

w @ w. It contains
A:L——Lx1L

z— (z,2)
as a symplectic submanifold and
L——LxL
z— (z,7(x))

as a Lagrangian submanifold. See Figure 1.

FIGURE 1

If L is a non orientable surface, let V' be its orientation covering. The surface V
can be considered as a complex curve, and it is well known (and easy to check) that
the symmetric product of a complex curve is a smooth (complex) manifold, so that

W:VXV/GQ
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is a smooth complex surface. For instance, if V = S§2 = P!(C), this is the projective
plane P2(C) (see footnote 2). For the involution o defined by o(z,y) = (y,x), we
have

cF(whw)=wdw.

Looking at the diagonal, it is easy to prove:

Lemmal.l.l. Given any neighbourhood of the diagonal in V X V, there exists a sym-
plectic form on W, which lifts to w ® w outside this neighbourhood and such that the
diagonal

A:V-VxV->W

embeds V' as a symplectic submanifold of W. The anti-diagonal map defines a La-
grangian embedding of V/o in W. O

In the case where V = S% = P1(C) with the antipodal involution (namely the map
x+— —z on S? or z — —1/Z on P!), the Lagrangian submanifold is P?(R) c P?(C)
while the symplectic manifold is a sphere (this is actually a conic in P%(C)), as we
shall see it more generally in §2.2.a.

Proposition 1.1.2. Any compact surface L is a Lagrangian submanifold of a symplectic
4-dimensional manifold W, which can be taken as the product L x L if L is orientable
or to a suitable quotient of L x L, L being its orientation covering, if it is not. O

1.2. Real parts of real manifolds. Most of the Lagrangian submanifolds we know
are real parts of complex (Kéhler) manifolds endowed with real structures.

1.2.a. The real structure. Let W be a complex Kéahler manifold of complex dimension
n, the Kahler form of which is called w. We assume moreover that W is endowed
with a real structure, namely an anti-holomorphic involution S.

Examples1.2.1
(1) W =C, w as usual, S(z) = —1/%,
(2) W=C" or W=P"(C), w standard, S(z) = Z,
(3) W = (C")", w standard, S(z1,...,2,) = (1/Z1,...,1/Zy)

1.2.b. The real part. Let us call L = Wg the “real part” — the fixed points of S.
This can be empty (as in the first example above). Otherwise, this is a real analytic
submanifold of W, all the components of which have dimension n (this is elementary
and very classical; there is a proof, for instance in [3]).

1.2.c. Lagrangians. Moreover, if S*w = —w, the real part is Lagrangian. This is what
happens in the second example above, proving that R™ is a Lagrangian submanifold
of C"... and P"(R) a Lagrangian submanifold of P"(C) (I will come back to this
simple example below).

Another example is the case of W x W, endowed with the real structure S defined
by

S(z,y) = (5(y), S(x))
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and the product Kihler structure. One has S*(w @ w) = —(w @ w) if S satisfies
S*w = —w. This shows W as a Lagrangian submanifold of (W x W,w @ w) by

W——WxW
z— (2, 5(2)),

a kind of “anti-diagonal”. We have met an example of this situation, the case where
W =P"(C), at the end of §1.1.b.

But of course, we do not really need to have S*w = —w at all points of W, the
points of L are enough. This is also classical, but I nevertheless include a proof.

Proposition 1.2.2. Assume (S*w), = —w, for all points x in L, then L is a Lagrangian
submanifold of W.

Proof. Let j: L — W denote the inclusion. We have S o j = j, so that,
Jw = (S 0j)w = j*(S'w) = j*(~w) = —jw.
O

This is what happens in our third example, showing again T™ as a Lagrangian sub-
manifold of (C*)".

1.2.d. Complex hypersurfaces. Let P € Rlxo,...,Zn11] be a homogeneous polyno-
mial such that the complex hypersurface W of P"*1(C) defined by the annulation
of P is nonsingular. The coefficients of P being real, W is stable under complex
conjugation and its real part must thus be a Lagrangian submanifold.
Consider for instance the case of the quadric defined by
n+1
P(20,...,Tny1) = —T2 + Z 7.
i=1

Its real part is a Lagrangian sphere. I will come back to projective quadrics in §2.2.
This is a good way to construct examples having additional properties. For in-

stance, using hypersurfaces of degree 4, Bryant has constructed in [12] examples of

Calabi-Yau projective hypersurfaces, which contain special Lagrangian tori.

1.2.e. Real structures on Lie groups. Let us try now to use this in (a little) more
elaborate examples. We apply this to W = gl(n; C), the Lie algebra of all complex
n X n matrices, endowed with its natural complex structure, the Kéhler form

w(X,Y) =Imtr(*XY)

(I use the clearer French notation * A for the transpose of the matrix A; the form w is
of course the standard symplectic form on the complex vector space gl(n; C)).
Consider the real structures
(1) S(A) = A, for which V = gl(n; R) C gl(n; C), as a special case of our second
example above,
(2) S(A) = (*A)~! (this is similar to the third example above, here we use the
open subset GL(n; C) of invertible matrices), in this case

V =U(n) C GL(n; C) C gl(n; C).
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In the second case, the tangent map to S at a point A is given by
TaS(X) = -("A)7 (" X)("A)~
so that
(§°w)a(X,Y) = ws(a) (TaS(X), TaS(Y)) = Im tr((A)~1(X) (A) 2 (LA (Y) (FA™),
which, if A € U(n), gives

(S*w)a(X,Y) = Imtx(X'Y) = Im (u(tx?)) = —Imtr(XY) = —wa(X,Y).

Hence U(n) is a Lagrangian submanifold of gl(n; C) (using Proposition 1.2.2). As
it is contained in gl(n; C) — {0}, the inclusion gives a map to P"*~1(C)

SU(n)¢ U(n) gl(n; C) — {0}
o e ]
P SU(n) PU(n) —————P"~1(C)

which in turn gives the injective map ¢ in the diagram, which is a Lagrangian em-
bedding.

In the case where n = 2, P SU(2) is a real projective space P3(R) and we might
expect to get an “exotic” (whatever it means) Lagrangian embedding of this manifold
into P3(C). This is unfortunately not the case. We are looking at

SU(2) = {(Z ‘5) | faf® + b = 1} C gl(2;C).

a

This is contained in the 4-dimensional (real) subspace H generated by the “Pauli

matrices”
10 i 0 0-1 01
a=((01):(6.%)-(9) (o))

We can thus include H in the diagram above, getting

SU(2)¢—— H — {0} gl(2;C) — {0}

{ﬂ}l l“* la

P SU(2) P3(R)C P3(C)

so that the Lagrangian P?(R) got this way is a standard one, in the sense that it
comes from a linear real subspace.
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1.3. Group actions. The example of the Lagrangian embedding of S?"*! into
P*(C) x C™*! in §1.1.b can also be understood as a special case of the Lagrangian
inclusion

pH0) —— (uH(0)/G) x W

where 11 is the momentum mapping”) W — g* of a Hamiltonian G-action on W and
the manifold on the right is endowed with the symplectic form wyequceqa ® —w. In the
sphere example, G = S! (and we have replaced complex conjugation with a — sign in
the symplectic form).

There is another way to use momentum mappings to produce Lagrangian subman-
ifolds. If p : W — g* is the momentum mapping for the Hamiltonian action of the
compact Lie group G on W, for any z € pu~1(0), the orbit G -z of z in W is an
isotropic submanifold. The most classical application of this remark is the fact that
the regular levels of the momentum mapping of a torus action are Lagrangian tori.

Here is a more original example. The symplectic manifold is W = P3(C). The
Lagrangian will be the quotient of a 3-sphere by a subgroup of order 12 of SU(2).
This example, due to River Chiang [13], will rather be used as a counter-example in
this paper.

Proposition 1.3.1 (Chiang [13]). There exists a Lagrangian submanifold of P3(C)
which is a quotient of SO(3) (or P3(R)) by the symmetric group Ss.

Proof. Recall first that, if u: W — g* is the momentum mapping of the Hamiltonian
action of the compact group G on a symplectic manifold W, then for any x € u~1(0),
the orbit G -z of x in W is an isotropic submanifold (the proof is by straightforward
verification, see for instance [5]).

In the present example, we make SO(3) act on the 2-sphere (by rotations!), then
on S? x -+ x §? (n factors) by the diagonal action. This is a Hamiltonian action, the
momentum mapping of which is

G:92% .. x 82 — . R?
(xla"'7xn)'—>xl+"'+xn-

If n =3, 1~ 1(0) is an orbit of SO(3), since the two conditions
21,20 and 23 € SZ and 21 + 22 + 23 =0

imply
1
Tl - Xg = 2
so that x1, x2 and x3 are the vertices of an equilateral triangle centered at 0. Moreover,
any element of the stabilizer of a point (x1,x2,x3) in this orbit must fix the plane
generated by the three vectors and hence be the identity. Hence u~'(0) = SO(3).
According to the previous remark, this is an isotropic submanifold and it is Lagrangian

for dimensional reasons.

(D For the basic properties of momentum mappings used here, see e.g. [5, 16].
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Notice that the momentum mapping j is invariant by the action of the symmetric
group &,, on 52 x --- x S2, so that it defines a map

pw:Stx - x5%/6, —— R3

that is the momentum mapping of an SO(3)-action. Recall (using S? = P*(C)) that
the quotient in the left hand side(® is P"(C). For n = 3, we get that

pH0) = 71(0)/65 2 SO(3) /63
is a Lagrangian submanifold of P?(C) (notice that the symmetric group &3 is em-

bedded as a subgroup in SO(3), the transposition (z,y, z) — (y,x, z) corresponding
to the half-turn about z). O

Remark 1.3.2. The principal stabilizer of the SO(3)-action in this example is Z/3, this
group, realized as the group of order-3 rotations about the axis x + y + 2, being the
actual stabilizer of the image of a (generic) point (z,y, 2).

Remark 1.3.3. The fundamental group I' of this manifold is the inverse image of &3
by the covering map ¢:

SU(2) —2 S0(3)

]

— 63

Recall that ¢ maps an element with eigenvalues (e?, e~%) to a rotation of angle 426
(and in particular the elements of square —1 of SU(2) to half-turns), so that T' is
generated by an element « of order 6 (mapped to an element of order 3 in &3) and
an element § of order 4 (mapped to an element of order 2 in &3) such that

a® = 3%(=—1d) and Baf ' =a L.
I will come back to this example in §2.5 and in §3.3.b.

2. Lagrangian skeletons

2.1. Biran’s barriers. In [9], Biran considers the situation of a Kéahler manifold
W (the cohomology class of the Kéhler form of which is integral) endowed with a
complex hypersurface V, the fundamental class of which is dual to some integral
multiple of the Kéahler class. Then he proves that there is an isotropic Cw-complex in
W, the complement of which is a disc bundle of the symplectic normal bundle of V/
in W. Biran derives quite a few consequences of this theorem, mainly on symplectic
embeddings in W (see [9]). An important tool in the proof is a function, the minimum
of which is the Kéahler submanifold V', and which is used to construct the isotropic
skeleton.

We will consider here something similar, but from the opposite point of view, in the
sense that we start from the Lagrangian skeleton, assumed to be, not only Lagrangian,

A Map C" /G, to C", sending an n-tuple of points (21, ..., zn) to the (coefficients of the) polynomial
(2 —21) - (2 — 2n) and compactify C"/&,, as (P}(C))"/&,, C" as P*(C).
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but also smooth. The precise question I will consider in this section is the following
one: given a closed manifold L of dimension n, is it possible to find a compact
symplectic manifold W of dimension 2n and a Morse-Bott function f : W — R with
exactly two critical values

— a minimum, reached on a Lagrangian submanifold diffeomorphic with L,
— a maximum, reached on a symplectic submanifold V' of dimension 2n — 27

Remarks2.1.1

(1) If L is a Lagrangian submanifold of a symplectic manifold W, it has a tubu-
lar neighborhood which is symplectomorphic with a neighborhood of the zero
section in the cotangent bundle T*L. The question is thus a weak version of
the following: is it possible to compactify T*L into a symplectic manifold by
adding to it a symplectic “hypersurface”?

(2) A cotangent bundle cannot be compactified into a manifold by adding a point
to it (there is an easy topological argument). In the symplectic framework,
one could argue that T*L has a vector field (the Liouville vector field) which
expands the symplectic form (Lxw = w), a property which is incompatible
with Darboux’ theorem in a neighborhood of the point we try to add at infinity.
This argument can be adapted to prove that, in a symplectic compactification
of T*L by a symplectic manifold, the latter must have codimension 2 (this
generalization was explained to me by Kai Cieliebak).

According to these remarks, we are looking for a compactification of T*L by a
symplectic manifold V' of dimension 2dim L — 2, such that L and V are the (only)
critical submanifolds of some Morse-Bott function on the resulting compact symplectic
manifold.

2.2. Examples.

2.2.a. The most classical one. This is the first example of a Lagrangian barrier given
in [9]. The symplectic manifold is W = P™(C), the complex projective space, the
Lagrangian L is its real part P”(R) (as in Example 1.2.1 above) and V' the complex
hypersurface (quadric) of equation

Quor:22 4122 =0,

The assertion (well known to real algebraic geometers) is that the complement of
P*(R) in P™(C) retracts to a quadric hypersurface of P"(C) as, viewed from the
opposite side, the complement of a quadric retracts to P"(R). See Figure 2 where
the case n = 1 is depicted.
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e

n—1

P"(R) /

FIGURE 2. A barrier in P"(C)

For the sake of completeness, let me give a symplectic (and non computational)
proof of these two facts here. We consider the following diagram

n n (z,y)—z+iy n THiy—TAY 2051 TNy
R +1j e le AR 2 PP
TS" crtt — {0}
TP"(R) - P"(C) > [z +iy]

in which the tangent bundle T'S™ is considered as
TS" = {(x,y) eR"™ xR ||z|°=1and z-y = O}

and TP™(R) is its quotient by the involution (z,y) — (—z, —y).

To begin with, we only consider the left part of the diagram. One easily checks
that any point of P"(C) can be written [x + iy] for real orthogonal vectors z and y
with [|z]|*> = 1 and ||y||* < 1. Moreover, such an z and a y are unique, except that
[x + iy] = [-x — iy]. This shows

— that the map j in the diagram is an embedding, when restricted to the unit
open disc bundle of TP™(R)

— and that the complement of its image consists of the points of the form [z + iy]
with x and y orthogonal and both unit vectors, namely, the complement is the
quadric hypersurface of equation

S+ 2y ay =Y 2 =0

Let us look now at the right part of the diagram. Notice that, identifying /\QR”Jr1
with the vector space so(n + 1) of skew-symmetric matrices, the horizontal map
(z,y) — x Ay is the momentum mapping p for the diagonal action of SO(n + 1)
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on R"1 x R"! or on C"*! or even on P"(C), provided we homogenize the for-
mula. Let us consider now the function f = ||u||>, namely the function
f:P*(C)——R

2
T Ay

[z + iy] 5 5
)" + [lyll

Taking, as above,  and y orthogonal and = a unit vector, this is

2
llyl
2
(T +1yl™)?

a Morse-Bott function which achieves its minimum on P”(R), its maximum on the
quadric hypersurface, and has no other critical point.

[z +iyl) =

2.2.b. The simplest one. Let now W be @Q,, that is, again, the quadric hypersurface
above, now in complex dimension n. This manifold is also the Grassmannian of
oriented 2-planes in R™*2, that is,

G2(R™2) = SO(n +2)/ SO(n) x SO(2)

(recall the action of the orthogonal group we have used above). The Lagrangian L is
the n-sphere of points [i, z1, ..., Zn41] (the z;’s are real) and the symplectic manifold
V is the quadric @),,—1 obtained as the intersection of ),, with the hyperplane zy = 0.
A possible Morse-Bott function g is simply

|20/”
g([Z(),...,Zn+1]):1— nt1

e B
21:0 A

Remarks 2.2.1. Notice that:

(1) The quadric @, is also a small coadjoint orbit of SO(n + 2), another way to
give it a symplectic structure. The latter coincides with some multiple of the
former.

(2) Tt is endowed with a Hamiltonian SO(n + 1)-action (this is the subgroup cor-
responding to the hyperplane g = 0 in R"*2), the momentum mapping of
which is

T Ay
120/ + [llI* + [lylI”

zpeo +x + 1y

The function g is just the square of the norm of this momentum mapping.
(3) Writing n + 2 = 2k or 2k + 1, the symplectic manifold Ga(R"*?) is endowed
with an action of SU(k), using the inclusions

SU(k) ¢ SO(2k) C SO(n + 2).

I will come back to the case of SU(2) in §2.4.
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2.2.c. Relations. 1 believe that this example (the sphere in the quadric) is more
elementary than the previous one (the real projective space in the complex projective
space), because the normal bundle to the symplectic submanifold @,_1 in @, has
Chern class 1 here, while that of @,,—1 in P"(C) above has Chern class 2 or, which
amounts to the same thing, because the Lagrangian submanifold S™ here is simply
connected, while the P™"(R) above is not. Also, the “projective space example” is the
quotient of the “sphere example” by an involution.
Start with the projection

P (C) - {[1,0,...,0]} —— P™(C)
and restrict it to the quadric @, so that it becomes a two-fold covering map
Qn — P*(C)

branched along the (n — 1)-dimensional quadric @Q,,—1. We have a diagram

Qn—1
\
sn (;Q(Rn_f?)
1 £ .
P"(R) P'(C)— R

f

from which we deduce that our two submanifolds are indeed the minimum and the
maximum of a Morse function (notice however that the symplectic form of P™(C)
pulls back to a form that is singular along the quadric @,—1). This is shown on
Figure 3. Notice that the quotient mapping S? x S? — P2(C) considered in §1.1.c is
the case n = 2 of this construction.

Pn(C) anl

FIGURE 3. Two viewpoints on the double covering @, — P"(C)
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2.3. General topological remarks. In this part, we give a few constraints on the
topology of a manifold L which is a Lagrangian skeleton. Let us fix a few notations.
We consider a symplectic manifold W endowed with a Morse-Bott function f: W —
R. We assume that f has only

— a minimum, reached on a Lagrangian submanifold L
— a maximum, reached along a symplectic submanifold V.

We write f(W) = [a,b] C R and call

U= f"*(a,b]) a neighborhood of L
V= f~!(a,b]) a neighborhood of V,

so that U NV retracts on &, a regular level of f, which is a sphere bundle both on
V and L. We can choose an almost complex structure on W with is calibrated by
the symplectic form and such that V' is a complex submanifold of W. This gives us a
Riemannian metric on W, with respect to which the gradient of the Morse function
can be considered.

2.8.a. In dimension 4. Let us prove now that the only surfaces that can occur as
Lagrangian skeletons of 4-dimensional symplectic manifolds are the sphere and the
projective plane.

Proposition 2.3.1. Let W be a compact connected symplectic manifold of dimension
4 endowed with a Morse-Bott function with two critical values, the minimum being

reached along a Lagrangian surface L and the maximum along a symplectic surface
V. Then V is a 2-sphere and

— either L is a 2-sphere and W is homeomorphic with S? x S2,
— or L is a real projective plane and W is homeomorphic with P?(C).

From what we deduce in particular that the the only Lagrangian surfaces con-
structed in §1.1.c that are Lagrangian skeletons are the sphere and the projective
plane.

Proof. The symplectic submanifold V' is an oriented surface. Let us assume that this
is not a sphere. This is then a surface of genus g > 1. A regular level € of f is the
total space of a principal S'-bundle over V. Using van Kampen’s theorem, we get
that

m (&) =(a1,...,aq,b1,...,bg,¢;c™ = [a1,b1] - - - [ag, bg])
where c¢ is the image of the fiber and m is (up to sign) the Euler class of the bundle
p:&E—V.

Notice that, as V' is symplectic, m cannot be zero. If m were zero, the projection
p would induce an injective map

p*: H*(V;Z) —— H*(&; Z)

(this is the Gysin exact sequence of the fibration p), so that the map p* would also
be injective on H?(V;R). But, in the Mayer-Vietoris exact sequence associated with
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the decomposition W = U UV, since U retracts onto L, V onto V and U NV onto &,
we see a piece

H?>(W;R) —— H?*(L;R)® H*(V;R) —— H?(&;R)
W] — (0, [w]) — p*[w]
(where [w] is the class of the symplectic form in W and in V'), so that [w] is a non
zero element of Ker p*, which shows that p* cannot be injective.

Hence Hy(&;Z) = Z%9 © Z/m for a non zero integer m which is (plus or minus)
the Euler class of € — V.

Let us prove now that the Lagrangian surface L must be orientable. Assume that
it is not. Then
H(L;Z) =279 ©7Z/2
for some integer ¢’. We look firstly at the Gysin exact sequence of the fibration
E—-V:

0—— H'(vV;Z) L — mYez) 2 mowv;z) X" 52V, Z) ——
so that this p* is an isomorphism. We look then at the Mayer-Vietoris exact sequence
for W =U UV again. It splits in two parts:
0 —— HY(W;R) —— HY(L;R)® H(V;R) —— HY(&R) —— 0
RY @ R29 R29
which gives b; (W) = ¢/, and
0 —— H*(W;R) —— H?*(L;R)® H*(V;R) —— H?*(&R) ——
0o R R?9
— H3(W;R) —— 0
which implies that bo(W) = 1 (it must be at least 1, since W is symplectic) and
H?*(W;R) = R%, hence b3(W) = 2g and, according to Poincaré duality, ¢’ = 2g.
The fundamental group of our non orientable surface L has a presentation
WI(L) = <O[1, ey agvﬂla e 7ﬁga &, [ala ﬁl] e [aga ﬁg]82>7
so that, using van Kampen again,
71—1(8) - <a1a e 7aga ﬁlv CIEaE 7ﬂgv€7 da dk = [ala ﬁl] e [aga ﬁg]82>
for some integer k. But then,
Hy(&Z)=2Z% x (Z xZ)/(2,k)
has rank 2g + 1, in contradiction with the fact that
H(L;Z) = Z* & Z/m.

Hence, L is an orientable surface. We can look at the S'-bundle & — L and at its

Gysin exact sequence, which gives exactly the same thing as it gave on the side of V.

In particular, V' and L have the same genus and the two bundles have (up to sign)
the same Euler class. The difference is that we know what the bundle on L is: this
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is the sphere bundle of the cotangent bundle T*L. So that its Euler class is 2g — 2.
Hence m = 2¢g — 2 (and g # 1!).

We are thus left to investigate the case of a manifold W which is obtained by taking
the disc bundles of T*V and TV and gluing them along the boundary. Our manifold
W is thus homeomorphic with the manifold P(T*V @ C), where, for the simplicity
of the notation, I have considered TV as a complex line bundle over V. This is a
manifold which is fibered over V, with fiber S?; the bundle has two sections, one of
which is our Lagrangian L and the other one is the symplectic surface V. Notice that
the “complex” description is not completely irrelevant, at least outside L, since the
normal bundle to the symplectic surface V' is a symplectic (or complex) line bundle.
The fibers of W — V are thus (topologically) 2-spheres that have a symplectic part
(almost all, if we wish) and a Lagrangian one (as small as we wish). See Figure 4. In

Vv

............................................

FIGURE 4

particular, if F' is the homology class of such a fiber, the symplectic form integrates
on F' to a positive number. This is what will give us the expected contradiction:
Hy(W;Z) is a Z? generated by the class [V] of the symplectic surface V and the class
F of the fiber, satisfying

F-F=0
[V]-[V]=2-2g (Euler class of TV)
[V]-F=1.

The homology class [L] of L is then
[L] = (29 = 2)F +[V].

Because of the remark above, we must then have

/Lw:(2g—2)/Fw+/Vw>0

in contradiction with the fact that L is Lagrangian.

We have thus proved that V' is a 2-sphere. The same “symplectic-Mayer-Vietoris”
argument as above gives that the Euler class m of its normal bundle is non zero. The
exact homotopy sequence gives that m1(€) = Z/m. On the other side, this gives that
m = 2 and, either L = S? and W is homeomorphic with P(7T*5% @ C) = §? x §?
(this is why Figures 1 and 4 look so similar), or L = P2(R) and W is homeomorphic
with P2(C) using the gradient flow. O
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Remark 2.3.2. As I understand from what Kai Cieliebak explains me, the fact that
the fundamental group of a Lagrangian skeleton must be small (and in particular,
due to the classification of surfaces, Proposition 2.3.1), can also be derived from the
techniques in [11]. However, I have chosen to present here these topological proofs.

Remark 2.3.3. T believe, but have not proven here, that the symplectic 4-folds admit-
ting a surface as a Lagrangian skeleton are actually symplectomorphic to the complex
projective plane or to S? x S? with the product symplectic form.

2.3.b. In higher dimensions. The first remark is that, in the situation we are consid-
ering, the symplectic submanifold must have codimension 2.

Proposition 2.3.4. Let W be a compact connected symplectic manifold of dimension 2n.
Assume that

fiW—R

s a function with only two critical values, the minimum, reached along a Lagrangian
submanifold L C W, and the mazimum, reached along a symplectic submanifold V.
Then the latter has codimension 2.

Proof. This is based on a similar Gysin-Mayer-Vietoris argument. If
codimV = 2k > 4,
the bundle & — V is an oriented S?*~!-bundle so that the Gysin exact sequence gives
the injectivity of the map
p*: H*(V;Z) —— H*(&; 7).
And this is in contradiction with the Mayer-Vietoris exact sequence
H?(W;R) —— H*(L;R) ® H*(V;R) —— H?*(&R)
[w] (0,5*[w])

which gives a non zero element j*[w] in the kernel of p*. O

The next result gives restrictions on the Lagrangian skeleton L: it must have a
very small fundamental group.

Proposition 2.3.5. Let W be a compact connected symplectic manifold of dimension 2n.
Assume that

fW—R

s a function with only two critical values

— the minimum, reached along a Lagrangian submanifold L C W

— and the mazximum, reached along a symplectic simply connected submanifold

V.

Then W is simply connected, the symplectic submanifold V' is dual to multiple of the
symplectic form of W and the fundamental group of L is (at most) a (finite) cyclic
group.
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Proof. The case n = 1 is trivial and the case n = 2 is included in Proposition 2.3.1
above. We can thus assume that n > 3. We consider a regular value & of the
function f. This (2n — 1)-dimensional submanifold of W is a sphere bundle of the
two normal bundles of L and V/, so that we have two fibrations

S lce—LandS'cé —V

(according to Proposition 2.3.4, codim V' = 2). The exact homotopy sequence for the
fibration € — L is

7 (8" —— (&) w1 (L) 0.

As n > 3, this implies that 71 (&) is isomorphic to 71 (L). For the fibration &€ — V,
we have

7o (V) —— m(S') —— 11 (&) w1 (V) 0.

This gives, as V is simply connected, that m1(€) is Z or a quotient of Z. This also
proves that W is simply connected, using van Kampen.

We evaluate H?(€;Z) using pieces of the Gysin exact sequence for the fibration
E—-V

HY(&2Z) —— HO(V;Z) — % m2(v,z2) 2 H2(&:2) —— 0

from which we deduce that H2(V; Z) maps onto H?(&; Z), the kernel of the onto map
p* being spanned by the multiples of ¢; (Ny).

Notice that, if m1 (L) = Z, the exact sequence

72 (V) —— m1(SY) m1 (&) 0

gives that mo (V) — w1 (S1) is trivial, so that c; (Ny) = 0.
We look now at the Mayer-Vietoris exact sequence for W = U UV (with real
coefficients)

0 —— H*(W) —— H*(L) ® H*(V) —— H?*(&) —— 0.

Since L is Lagrangian, the class [w] is mapped to an element (0, a) for some element
a in the kernel of H?(V) — H?(&), which is thus a multiple of ¢;(Ny ), say Aci(Ny).

As V is a symplectic submanifold, [w] cannot be mapped to 0 € H?(V), thus
¢1(Ny) cannot be 0 and thus 71 (L) cannot be isomorphic to Z, this can only be a
finite (maybe trivial) cyclic group.

The only thing which is left to prove is that V' is dual to a multiple of the symplectic
form. To achieve this, we extend the complex line bundle Ny — V to a complex line
bundle E — W, which coincides with Ny along V' and is trivial on the complement.
This is fairly standard: over V — V', the bundle p* Ny has a natural trivialization

p*NV E— NV x C
w
(Z‘, v, U)) — (33, v, E)
so that p* Ny can be glued to the trivial bundle over U. By construction, the homology
class of V' is dual to the first Chern class of E. In the Mayer-Vietoris exact sequence
above, this class ¢1(E) € H*(W;Z), which is mapped to (0, ¢1(Ny)) as is § [w], must
be equal to 5[w]. And this ends the proof. O
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2.4. In dimension 6, with an action of SU(2). In this dimension, we know that,
in order to compactify a cotangent bundle T* L by the addition of a simply connected
symplectic submanifold, we must
— start with a 3-manifold L with cyclic fundamental group (according to Propo-
sition 2.3.5)
— try to add to its cotangent bundle a symplectic manifold of dimension 4 (ac-
cording to Remark 2.1.1).

If we assume moreover that the 3-dimensional Lagrangian L is orientable, it must be
parallelizable, so that the regular level hypersurface € is diffeomorphic to S% x L. The
Gysin exact sequence for the S*-bundle & — V gives that H?(V;Z) = Z ® Z and the
exact homotopy sequence for the same bundle gives that mo(L) = 0, so that L has the
same homotopy type as a lens space.

I believe this can only happen in the cases of the examples above, that is, I think
that L must be a sphere or a real projective space. I will only give here a proof
under some additional assumptions: I need the situation to be more rigid, in order
to understand not only the topology but also the symplectic properties of the regular
level hypersurface.

Notice that the two 6-dimensional examples of §§2.2.a and 2.2.b are endowed with
an action of SU(2). We will thus assume that the 6-dimensional symplectic manifold
W is endowed with an action of SU(2) (this is the case, in particular, if W is endowed
with an action of the quotient SO(3)) and that the function we consider is the square
of the norm of the momentum mapping®

piW ——s0(3)", f=|ull”,

then L must be an orbit of SU(2), thus a quotient of S, and hence, since we know
that it has a cyclic fundamental group, this is indeed a lens space. We are going to
prove:

Proposition 2.4.1. Let W be a compact connected symplectic manifold of dimension 6
endowed with o Hamiltonian action of SU(2) or SO(3) with momentum mapping p.
Assume the function f = ||MH2 has only two critical values, one of which being reached
along a Lagrangian submanifold L. Then

— The Lagrangian submanifold L is the minimum of f and is mapped to 0.

— The Lagrangian submanifold L is an orbit of the SU(2)-action and is either a
3-sphere or a 3-dimensional real projective space.

— The mazimum is reached along a symplectic S? x S2.

The manifold W is isomorphic to Go(R®) or to P3(C).

Before we proceed to prove this proposition, let us check that the two manifolds in
question actually satisfy the assumptions of the theorem. The two functions f and
g given in §§2.2.a and 2.2.b, squares of the norm of momentum mappings to so(4)*
are also, up to a multiplicative constant, the squares of the norm of the momentum

(3)For all the symplectic geometry used here and especially the Morse theoretical properties of ||,u||2,
see [16].
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mappings to su(2)*. This is a direct computation, using the fact that the natural

projection so(4)* — su(2)* is
0 —a c d
a 0 e f | i(f—c) —(a+b)—i(d+e)
—c —e 0 —b a+b—i(d+e) —i(f—¢)
—d —f b 0

Notice that the SU(2)-action on P3(C) is not effective, as — Id acts trivially. It can
thus be considered as an SO(3)-action.

Proof of Proposition 2.4.1. The idea is to look at the properties of a regular level
hypersurface with respect to the symplectic form. We will need to describe this
hypersurface and, firstly, to describe the two critical levels. Denote G = SU(2) or
SO(3).
— We first describe the two critical levels, applying the slice theorem and the
Darboux-Weinstein theorem.
— We then look at the orbits of the Hamiltonian vector field X in a regular level
hypersurface €.

Notice first that the two critical levels are connected.

The Lagrangian is the minimum. Let a®> € R be the critical value corresponding to
the Lagrangian L. As this is either a maximum or a minimum, f~*(a?) = L, so that

L={zeW ||u@) =a} =u'(53)

is the inverse image of the sphere of radius a in R® = g*. Now g is a Poisson map
W — g* and it cannot map a Lagrangian onto a symplectic 2-sphere, so that a =0
(and L is the minimum of f). This proves the first assertion®).

The mazimum is a symplectic submanifold. Let us look now at the other side. Fol-
lowing Kirwan [16], we consider a maximal torus 7' = S* C G and the associated
periodic Hamiltonian H. Let £ € t C R? be the maximal value of H. The sphere
through ¢ has radius [|£|| and this is the maximal sphere for f. Being the maximum
of a periodic Hamiltonian, H () is a symplectic submanifold. Now, the manifold
V is obtained form H~1(¢) by letting the group G act

V=G (H(©).

We deduce that H~1(¢) can be identified with the orbit space V/G, which is thus
symplectic and hence an orientable surface or a point. Now the restriction of the
momentum mapping

pV —— S

() Notice that we know, more generally, following Kirwan [16, Cor. 3.16], that ; maps each connected
component of the critical locus of f to a single coadjoint orbit in g* (for any compact Lie group G),
from what it is easily deduced that a Lagrangian critical manifold must always be mapped to 0.
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is a Poisson mapping with basis a symplectic manifold and with symplectic fibers, so
that V is indeed a symplectic submanifold. Hence, according to Proposition 2.1.1, its
dimension is 4. Thus V/G is an orientable surface. Moreover, the mapping

V —— St < V/G
z—— (ux),G - x)
is a diffeomorphism, so that V is diffeomorphic with S? x ¥ for some oriented surface X.

The Lagrangian is an orbit. This is a consequence of the following (certainly classical)
lemma.

Lemma24.2. Let p be the momentum mapping of the Hamiltonian action of a con-
nected Lie group G on the symplectic manifold W. Then u='(0) is a Lagrangian
submanifold of W if and only if it is a G-orbit.

Proof. According to the equivariant version of Darboux-Weinstein theorem, the G-
action is given, in a neighborhood of L, by the standard formula

g (z,0) = (-2, (T29) " (¥)).

The momentum mapping p: T*L — g~ is

(a is the Liouville form and X2 denotes the value at 2 € M of the fundamental
vector field XM associated to X € g by the G-action on the manifold M ).

Hence p~1(0) = L if and only if (X,) = 0 for all X € g implies ¢ = 0, that is, if
and only if the values of the fundamental vector fields X at z span the tangent space
T.L, that is, if and only if L is an orbit. o

Hence L is an orbit and thus, L = S3/T for some cyclic group I' of order, say, m
(notice that T is the principal stabilizer in W). Moreover, on a neighborhood of L,
the symplectic manifold (with action) is isomorphic with

T*L=T*(S*)T) = S3/T x R3
with momentum mapping

<M(Z7’¢)7X> = ¢(KZL)

and, since we are using an invariant inner product on S2,

Fz9) = Itz )" = 1$11*.

Notice that, although this is only a semi-local model in the neighborhood of L in
W, this describes almost all W and more precisely the complement of the maximum
V in W. In particular, the regular level hypersurface € is, as a hypersurface in
the symplectic manifold W is isomorphic with the sphere bundle in the symplectic
manifold T* L.

The mazimum is diffeomorphic with S? x S%. The fundamental group of the regular
level € is the cyclic group I' as well, and this surjects to the fundamental group of
V = §2 x ¥, hence ¥ is a sphere as well.
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Description of the reqular level. The only thing which is left to prove is that the cyclic
group I' can only have order 1 or 2. For this, we need to understand the regular level
hypersurface € from the point of view of the symplectic submanifold V.

As a symplectic manifold, a neighborhood of an orbit contained in V has the form
G x g1 C?, a complex bundle of rank 2 over the orbit G/S! = S2. The circle acts on
C? by

w- (xay) = (meaﬂny)'

The symplectic submanifold V' is a union of orbits which are all spheres so that one
of the weights, n say, must be zero (and the other one, m, is the order of the principal
stabilizer in ). A neighborhood of our orbit thus has the form

(GXSl C)XC

where S! acts on C with weight m. As in the case of SU(2)-manifolds of dimension 4,
the momentum mapping for the SU(2)-action is simply given by

v, 2l y) = (1 —m|z|*)[v],

for v € 83 C C2, 2,y € C, [v] € PY(C) = S? ¢ R®. The normal bundle of the
symplectic 4-manifold V' in W is thus a complex line bundle E and the regular levels
of the mapping are the circle bundles of this complex bundle.

FIGURE 5

Hence the regular level hypersurface £, as a hypersurface in the symplectic manifold
W, is isomorphic both with

— the sphere bundle S(T*L)
— the circle bundle S(E).

We conclude the proof by proving that these two hypersurfaces can only be isomorphic
when I' has order 1 or 2. For this, we look at the space of characteristics — that is,
of trajectories of the Hamiltonian vector field Xy — of the symplectic form on these
two hypersurfaces.

The space of characteristics, V side. In the case of the circle bundle S(F), all the
trajectories of X; have the same period, the characteristics are simply the fibers
(circles), the space of characteristics is isomorphic with the symplectic manifold V.
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The space of characteristics, L side. On the other side, the situation can be very
different. The Lagrangian L is a lens space L,, = S3/(Z/m). In general, the space
of characteristics of S(T*M) for a Riemannian manifold M is the space of oriented
geodesics of M. When M = S™ (the sphere with the standard Euclidean metric) for
instance, the geodesics are the intersections of S™ with the 2-planes through the origin
in R"*!, so that the space of oriented geodesics is our old friend the Grassmannian
G2(R™1) — in particular, this is Go(R*) = 2 x S2 in our 3-dimensional case.

Let us look at the space of geodesics in the quotient space L,,,. The geodesics of L.,
lift to geodesics on S3, so that we only need to look at the effect of the Z/m-action
on the geodesics of S3.

Notice first that, for m = 2, the oriented geodesic through x with tangent unit
vector y € T,,S% = x is the same as the oriented geodesic through —2z with tangent
unit vector —y, so that the space of oriented geodesics in Ly = P?(R) is the same as
that of oriented geodesics in S3.

FIGURE 6. A long and a short geodesic in Ly,

Assume now that m > 3. There are two possibilities for the geodesic through =
with unit tangent vector y € z:

— either the 2-plane (z,y) is a complex line in C?
— or it is not.

In the first case, the geodesic is invariant under the Z/m-action, while in the latter
it is mapped to another geodesic. Hence, if the period of a geodesic in S® is T, there
are, in L,,, geodesics of period T' and others of period T'/m. Thus S(T*L) cannot be
identified with S(F) in this case. And this ends the proof of our proposition. O

2.5. Back to Chiang’s example. Notice that Proposition 2.4.1 implies that, if a
symplectic SU(2)-action on a 6-dimensional manifold has a stabilizer of order m > 3,
then the square of the norm of the momentum mapping must have at least three
critical values.

Let us check that Chiang’s example (§1.3) does not contradict Proposition 2.4.1.
The principal stabilizer has order 3 (this is Remark 1.3.2). The Lagrangian is indeed
the minimal submanifold for the square of the norm of the momentum mapping of
an SU(2)-action, however, it has a fundamental group which is not cyclic. Moreover,
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the maximum of the function is reached on a symplectic 2-sphere, in apparent contra-
diction with Remark 2.1.1 this time. Fortunately, the function has an intermediate
critical value.

Proposition 2.5.1. The square of the norm of the momentum mapping
p:P3(C) —— R?
for the “diagonal” SO(3)-action on
(8% x §% x §?)/63 = P3(C)
has exactly three critical values
— the minimum, 0, obtained along the Lagrangian submanifold u=1(0) = S3/T,
— the value 1, obtained along a symplectic 2-sphere, which is a non degenerate

critical submanifold of index 2,
— the mazimum, 9, also obtained along a symplectic non degenerate 2-sphere.

Proof. Of course, we rather look at the function ||fi||?
S?xS5?x8 ——R
(2,9,2) —— [l +y+2]”.
Its differential is the linear map

J_—)R

T ot X yt x 2
& Q) ——2@+y+2) (E+n+0).

The map T, p vanishes at (z,y, z) when the rank of the 9 x 12-matrix

T 0 0
0 Y 0
0 0 z

y+zz+rr+y
is not maximal, that is, if there exists real numbers «, 3, such that
y+z=azx, z4+zr=p0y, x+y=n12.
Since z, y and z are unit vectors, this gives
— either a = f =7 = -1, x +y + z = 0, this being the minimum, of Hﬁ||2,
— or a, § and ~ are all different from —1, we find
e three spheres (z,z, —), (z, —x,x) and (—z, z, ) at which ||fi|* = 1 and
which are exchanged by the &3-action, giving a single 2-sphere in P3(C)
e a sphere (z,z, ), on which ||fi]* = 9, which is invariant under the Ss-
action and at which the maximum of ||fi]|* is obtained.
The only thing which is still left to do is to compute the indices. Let us do this at
a point, for instance, of the intermediate 2-sphere (and of course, in S? x S? x §?

rather than in the quotient). We choose the point (e, e1, —e1), near which we have
local coordinates (x2, xs,y2,ys, 22, 23), mapped to

<(Vl—x§—x§,x2,x3) ) <\/1_y§_y:)2,792,y3) ) <—V1—Z%—Z§,22,23)> .
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We just have to compute ||z 4 y + z||, up to the order 2, in terms of these coordinates.
We find

2 2
~ To + 1 T3 + 1
||M||2 ~1+2 <Z2 + 2 y2) — (22 — y2)2 +2 <Z3 + 3Tyg) — s (w3 — y3)2,

2 2 2

so that these points do indeed have index 2. The other assertion is proved in exactly
the same way. O

3. Graded Lagrangians (after Seidel)

The results on Lagrangian embeddings stated in Seidel’s paper [22] turn out to
be special cases of stronger results(®) obtained shortly later by different methods by
Biran and Cieliebak [11]. This is nevertheless Seidel’s methods that I will present
here: his grading is a clever additional structure on Floer homology which deserves
to be better known, and which can probably be extended to produce new results.

3.1. The results. The results of Oh [19] and the method of Seidel [22] allow to
prove the following theorem (implicit although not explicitly stated in [22]).

Theorem 3.1.1. Assume S™ is a Lagrangian submanifold of a compact monotone sym-
plectic manifold W with Hi(W;Z) = 0. Assume moreover that W is endowed with a
non constant periodic Hamiltonian. Let Ny be the generator of the subgroup

{(er(W), A) | A € Hy(W;Z)} C Z.

Assume that Ny > 5 + 1. Then n =0 mod Nw and the sum of the weights of the
linearized S'-action at any point where the Hamiltonian is minimal is also congruent
to n modulo Ny .

Corollary 3.1.2 (Seidel [22]). The sphere S™ cannot be embedded as a Lagrangian sub-
manifold of P"(C).

The method gives a more precise result in the case where the ambient manifold is
P*(C).

Theorem 3.1.3 (Seidel [22]). If L is a Lagrangian submanifold of P™(C), then
HY(L;Z/2n + 2) # 0.

I will show below that the assumptions in the statement of Theorem 3.1.1 are, in
some sense sharp. Note that Biran and Cieliebak have stronger results for manifolds
which are not necessarily monotone. However, Seidel’s method can be used to give
one of their results.

(5)Typically, Seidel’s technique works in a monotone symplectic manifold while Biran-Cieliebak’s
gives analogous results for Lagrangian submanifolds of products of a monotone manifold and a
torus.
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Proposition 3.1.4 (Biran and Cieliebak [11]). Let L be a compact submanifold of di-
mension 2n with H1(L;Z) = 0 and Ho(L;Z) = 0. Then L cannot be embedded
as a Lagrangian manifold in P"(C) x P"(C) endowed with the product symplectic
form w dw.

In this case the assumption Hy(L;Z) = 0 is necessary, since we have seen that
P"(C) can be embedded as a Lagrangian submanifold of P*(C) x P™(C).

Ideas of proofs. To a Lagrangian submanifold L C W is associated a number Ny,
(depending on the embedding, not only on the manifold L) analogous to the minimal
Chern number Nyy: this is the generator of the subgroup

{{c1(W,L),A) | A€ Hy(W,L;Z)} C Z

(see also §3.2.c). Assume now that L is a closed manifold of dimension n with
H'(L;R) = 0 and that the ambient symplectic manifold W is monotone(®).

— The first ingredient of the proof is a theorem of Oh [19], that asserts that, under
these assumptions, the Floer cohomology of the pair (L, L) is well-defined and,
if N;, > n + 2, that this is

HF(L,L) = P H(L; Z/2).

Notice that (under the assumptions made), this depends only on the mani-
fold L.

— The second ingredient is an addition to the structure of Floer cohomology, due
to Seidel [22]. This is a Z/2Ny-grading on this cohomology group. Notice
that this depends only on the symplectic manifold.

— The last ingredient is a subtle use of a Hamiltonian circle action, which gives
a periodicity (modulo 2Ny ) on this Floer cohomology.

3.2. The grading. A Lagrangian immersion f of a manifold L in a symplectic
manifold W defines a Gauss mapping

Y(f): L —— A(W)

here A(W) denotes Lagrangian Grassmannian bundle over W associated with the tan-
gent bundle TW. The fiber of A(W) at x € W is the Grassmannian of all Lagrangian
subspaces in the symplectic vector space T, W.

The grading of Seidel is a lift of this Gauss mapping to a certain covering of A(W),
when it exists. I describe this covering now.

(6)That is, such that [w] = Ae1 (W) € H2(W;R) for some A > 0.
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3.2.a. The Lagrangian Grassmannian and the covering AN (W). Let us fix an integer
N. The Lagrangian subspaces of R?® = C" form the Lagrangian Grassmannian
A, =U(n)/O(n) (see e.g. [17, 3]). Our main tool will be the mapping

det? : U(n) A, St

which induces an isomorphism mA,, — m1St. If we pull back the N-fold connected
covering of S*

UY(n) —— A —— 51

T

U(n) " Sl

we get the two coverings
UN(n) = {(4,2) € U(n) x S | det(A)* = ZN} —— U(n)
and
AN = {(P,z) € Ay x S* | det(P)* = ZN} — A,

Notice that U” (n) is connected if and only if N is odd, from what it is easily deduced
that AV is always connected. These coverings correspond, as they should, to elements
of

H'(U(n); Z/N) = Hom(m, U(n),Z/N), resp. H'(An; Z/N) = Hom(m A, Z/N),
namely to the homomorphism

Z——7Z/N

m +——— 2m mod N.
8.2.b. On a symplectic manifold W. We try now to copy this construction to construct
an N-fold covering of A(W) which restricts, at each point of W, to AY — A,,. The
mapping det® : A,, — S* globalizes into a mapping

A(W) —— det(W)®?

where det(W) denotes the complex line bundle A"(TW), the tangent bundle TW
being considered as a complex n-plane bundle, using any almost complex structure
compatible with the symplectic form on W. To give the expected N-fold covering
amounts to giving an N-th root of the complex line bundle det(W)®2. The latter can
exist if and only if
c1(det(W)®?) =0 € H*(W;Z/N),
that is, if and only if
2c1(W) =0¢€ H*(W;Z/N).

This is the case if and only if the integer N we are dealing with is a divisor of 2Ny .
Proposition 3.2.1 (Seidel [22]). There exists a covering AN(W) — A(W) which re-

stricts, at any fiber, to the covering AN — A, if and only if N | 2Nyy. This covering
is unique if and only if HY(W;Z/N) = 0. O
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Seidel calls such a covering an N-fold Maslov covering of W. Notice that we will
use only simply connected symplectic manifolds, so that we will not need to care
about uniqueness. Notice also that AN (W) is connected if W is.

8.2.c. Back to the “Chern numbers” Ny and Np. Let us now assume for simplicity
that our symplectic manifold W is simply connected. We use a compatible almost
complex structure and consider the principal U(n)-bundle U(W) — W associated
with the complex vector bundle TW — W. The exact homotopy sequence gives

mW —— m Un) —— m UW) —— 0

and the mapping moW — m U(n) = Z, considered as an element of Hom(m,W;Z) =
H?(W;Z), is the first Chern class of W. Hence Ny is the index of the image of oW
in 71 U(n) (or the order of the fundamental group 7m; U(W)).

We can do the same thing with the bundle A(W) — W, getting

oW T\, mA(W) —— 0,

the image of moW being now 2NwZ C Z = mA,,.

If f: L — W is the inclusion of a Lagrangian submanifold, the Gauss mapping of
which is v(f) : L — A(W), we consider now the induced map ~v(f). at the m; level.
Recall that we are assuming W to be simply connected. We can put together our
exact sequence with the homology sequence of the pair (W, L)

Hy(W;Z) —— Ho(W,L;Z) —— H(L;Z) —— 0

J— J’Y(f)*

7T2W 7T1An WlA(W)*)O

a diagram in which the dotted arrow is the map Hy(W, L;Z) — Z that defines the
relative “Chern number” Ny.
A relative homology class in Ho(W, L; Z) can be represented by a map

(D?,8"Y —— (W, L).

We choose a trivialization of the complex vector bundle TW |p2, so that, at each
point of the boundary S', we have a Lagrangian subspace of C". This defines a map
St — A, and the expected mapping Ho(W, L; Z) — w1 A, = Z.

Notice that the subgroup v(f)«m1L = v(f)+H1(L;Z) of ;iAW) = Hi(A(W); Z)
consists of the elements in 71 (A,,) = Z that are Maslov classes in this sense, that is,
by the very definition of Ny, of the multiples of Np.

Example3.2.2. Assume that H;(L;Z) = 0; then the diagram above shows that
Np = 2Ny

8.2.d. On a Lagrangian submanifold. Let us go back now to our Lagrangian immer-
sion f: L —— W and to its Gauss mapping v(f) : L —— A(W). Assume there
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exists an N-fold Maslov covering on W. The question we investigate now if whether
the Gauss mapping can be lifted to a mapping

AN (W)

>
~
~
-

A
L v(f) (W)

to AN(W). Such a lift will be called an N-grading of the immersion f (or the sub-
manifold L).

Proposition 3.2.3 (Seidel [22]). A Lagrangian immersion in a simply connected sym-
plectic manifold admits an N-grading if and only if N | Ny,.

Proof. A lift in the diagram above exists if and only if, in m (A(W)), we have the
inclusion of subgroups

Y(f)ami(L) C pum (AN (W)).
Let us thus consider a loop
g:S" —— L.
As we have assumed that W is simply connected, this is the boundary of some disk
D —— W.

Along this disk, we choose a trivialization of the (complex) vector bundle TW,

TW |p==2 D? x C™,
this defines a map S' — A,,, the image of which by

Jx t T (Ay) —— mA(W)

is just v(f)«[g] (and two such maps differ by an element of 73(W)). We are thinking
of the diagram

(W) —— m (AN) —— 1 (AN (W) —— 0

)
L
(W) —— mi(A,) —— m(A(W)) —— 0
Recall that we have noticed above that the subgroup «(f),m1 (L) consists of the images
of those elements in 71 (A,) =& Z that are multiples of Ny,. Hence, the Lagrangian L

admits an N-grading if and only if the set of multiples of Ny, is included in the set of
multiples of N, that is, if and only if N | Np,. O

The same considerations give:

Proposition 3.2.4 (Seiddl [22]). A Lagrangian submanifold L with H1(L;Z/N) = 0 al-
ways admits an N -grading. O
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Proof. To say that H*(L;Z/N) = 0 is to say that any morphism 71(L) — Z/N is
trivial. Hence v(f)«m1(L) is contained in the index-N subgroup

pemi (AN (W) € mi (A(W)).
O

3.2.e. Maslov indices. Recall that, if A\g and A1 : [a,b] — A,, are two paths, there is
a “Maslov index” (Ao, A1) € 1Z defined as follows (this description comes from [23]
and [20]).

We start with a single smooth path v : [a, b] — A,, and a fixed Lagrangian subspace
P € A,. Recall that we can then write C* = P @ JP. The set of Lagrangian
subspaces that are not transversal to P is a hypersurface ¥(P) in A, (actually dual
to the generator of H'(A,;Z) = Z, namely to the Maslov class). We look at the
way our path v meets X(P). Assume that to € [a,b] is such that y(tg) € Z(P). In a
neighborhood of tg, we lift y(¢) to a map into U(n):

F(t) = X(t) + JY (1)

We consider Y (t) as a linear map R™ — R™. To say that v(tg) € X(P) is to say that
Y (ty) has a nontrivial kernel. Then the formula

Q(y, Psto)(u) = (Y (to) - u, X (to) - u)

defines a quadratic form on the kernel of Y (¢y) which does not depend on the lift 7.
Let me give a simple example. Let P = R™ C C" and let v be the path ¢t —

s

(e'ter,iea, ... iey) for, say, t € [-Z,%]. Here
sint
Y(t) =
1

and the only intersection point with ¥£(P) is for ¢ = 0, the kernel of Y'(0) is the line
R - e; and the quadratic form is Q(v, R™;0)(x) = x2. Notice that the signature is 1,
this corresponding to the fact that our path intersects X (P) transversally. As this
path is a loop and generates m A, this shows that ¥(R"™) is indeed dual to the Maslov
class.

Now we go back to defining a Maslov index for two paths Ay and \;. For any
to € [a,b], we can
— consider the quadratic form Q(Ag, A1(t0); to) (here A1 (to) is a fixed Lagrangian
and g is a path, to is some parameter for which Ag(¢g) is not transversal to
A1(to) and our quadratic form is defined on their intersection),
— then exchange the roles of \g and Aq,
— then subtract the two quadratic forms, getting a quadratic form

R(Ao, Aisto) = Q(Ao, A (to); to) — Q(A1, Ao(to); to)
defined on Ao (to) N A1(%o)-
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We define eventually

1 1 1
(Ao, A1) = 3 sign R(Ao, Ai;a) + D sign R(Ao, A1 t) + 3 sign R(Ao, A150) € 32
a<t<b

Note that the two terms corresponding to the two ends of [a, b] are necessary to have
the additivity of p by concatenation of paths, which is then obvious.

Assume now that Lo and Ly are two Z /N-graded Lagrangian submanifolds of the
symplectic manifold W that intersect transversally at some point z. We thus have
two elements Lo(z) and L (z) € AY. Let us fix a point of A} and two paths Xo and
A1 starting at this point and ending respectively at Lo(z) and Ly (z) (see Figure 7).
Call )y, A1 the images of these two paths in A,, and put

- 1
I(Lo,Ll;x) = in— ,u(/\(),)\l).

Proposition 3.2.5. The number 1(Lo, L1; ) is an integer the class of which in Z/N
does not depend on any choice.

Proof. We parametrize the two paths by [0,1]. Since Ag(1) and A;(1) are transversal,
this end does not contribute to the Maslov index. Now Ao(0) = A1(0). We can
choose coordinates so that this Lagrangian subspace is R™ x 0. Then, for ¢ small
enough, A;(¢) is the graph of some symmetric matrix A4;(t), such that A4;(0) = 0 and
Ai(t) = At + O(t?) for some symmetrix matrix A;. This end contributes to the
Maslov index by the signature of Ao — Al, a quadratic form on R"™, the signature of
which is congruent to the dimension n modulo 2. The formula thus gives an integer.

The latter does not depend on the choice of A\g and A1: if we choose other paths,
the concatenation is a loop in AY and thus, in A,,, as a consequence of the additivity
of u, it contributes a multiple of N. O

Denote by Z[ls] the graded Lagrangian L with the N-grading shifted by k € Z/N.

Proposition 3.2.6. The index of the shifted graded manifolds satisfy
I(Lo[k], L1[0); 2) = I(Lo, L1; ) — k + L.

FIGURE 7
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Proof. To compute I(Lo[k], L1[{]; z), we can use the shifted paths Xg[k], A1[¢], the
origins of which we must connect by some path connecting Ao[k](0) and A; [¢](0)
(Figure 7). Of course, the shifted paths have the same images as their originals. But
the image of the path connecting the two origins adds k — ¢ to the Maslov index (by
definition of the covering AN — A,,. O

3.2.f. The grading of Floer cohomology. 1 will of course not make a review of Floer
cohomology here. As Seidel says it in [22], the grading here is just an addition to
Floer cohomology (I would add, a subtle addition). It means that if the ordinary
Floer cohomology H F(Lg, L) of a pair (Lg, L1) is defined and if the two Lagrangian
submanifolds Ly and Ly are Z/N-graded (according to §3.2.d), then HF (Lo, L;) is
Z/N-graded, in the sense that there is a decomposition

HF (Lo, L) = ®reznHF* (Lo, L1).

We assume that Ly and L; are two Lagrangian submanifolds of W intersecting
transversally at a finite number of points. Then the Floer complex is defined as

— the Z/2-vector space of basis the intersection points
— endowed with the differential

Oxy = Z n(x_,xy; J)r_

for some number n(z_,x4;J) € Z/2 roughly defined as the “mod 2 number” of maps
u: R x [0,1] — W such that

— R x {0} is mapped to Ly,

— R x {1} is mapped to Ly,

— limy g oo ulz,t) = x4

— and u satisfies the Floer equation 0su + J¢(u)dpu = 0.
See [14] or [19] for details. Notice that this uses a generic family of compatible
complex structures J... and a theorem, the Floer index theorem, to ensure that the
space of solutions is finite dimensional. Assume that u is a solution. Denote by u; the
restriction of u to R x {i}. Using a trivialization of «*TW, we can consider uy and w4
as paths in A,,, so that they have a Maslov index p(uo,u1). Since the two Lagrangian
submanifolds intersect transversally, this is an integer and Floer’s theorem asserts
that the dimension of the component of the space of solutions to which u belongs is
precisely p(uo,u1).

The summation in the definition of 9 will only take into account the points z_
such that this Maslov index is 1, so that the space of solutions has dimension 1 (but
it can be quotiented by the R-action, giving a finite number of points). Notice that
this still takes some work to prove that 0 o @ = 0. Then Kerd/Imo is the Floer
cohomology of (Lo, L1).

Even having skipped all the details and proofs, we can still notice that, although
the difference of indices is well defines, the index of a single singular point is not
defined. And this is precisely what the grading allows to do. We say that a transversal
intersection point x of two graded Lagrangian submanifolds EO and Zl has degree k
if I(Lo, L1;2) = k.
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FIGURE 8

Consider now two points 1, x_, as on Figure 8, such that x_ contributes to dz .
This means that p(ug,u1) = 1. We choose a trivialization of «*TW, so that we can
consider ug and u; as two paths in A,, (which give transversal Lagrangians at both
ends). We lift them to two paths

60,61 : [a,b] e A,JY

We choose two paths XO, Xl, with the same origin, o ending at up(a) and A ending
at u1(a). We compute now

IS 1
I(Lo, Li;24) = 51 — p(Aouo, A1)

2

1
= 5” — (Ao, A1) — p(uo, ur)
= ~(z0,Z1;IL‘,) — 1.

Hence, & maps CF¥(Lg, L1) to CF**1(Lgy, L1) and defines a grading on Floer coho-
mology.

It is not always the case that Floer cohomology is isomorphic with ordinary coho-
mology. However, when this is the case (see the assumptions of Oh’s theorem quoted
in §3.1), the grading follows:

HFML,L) = @ H*N(L; Z/2).
i€Z
8.2.g. Using a Hamiltonian circle action. Let ¢ be any symplectic diffeomorphism
of W. Its tangent map defines a map A(W) — A(W). An N-grading of ¢ is a
Z/N-equivariant mapping ¢ making the diagram

AN (W) —2 AN (W)

L]

A(W) ——— A(W)

commute. The group of symplectic diffeomorphisms being denoted by Sp(W), the
group of N-graded symplectic diffeomorphisms (consisting of pairs (i, lift of T'p),
with the obvious multiplication) will be denoted by Sp™ (W). Notice that the natural
map Sp”¥ (W) — Sp(W) is a group homomorphism and that the fiber of the identity,
its kernel, is identified with Z/N.
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Assume now that the manifold W is endowed with a Hamiltonian circle action.
This is, in particular, a mapping

o: 8" —— Sp(W).

Let = be a fixed point of this action, so that there is a circle action on T, W, that
can be written, in suitable complex coordinates

m My
we (21,000, 2n) = (W™ z1,...,u™"zy)
for some integers myq, ..., m,. Notice that this is a mapping

St —— U(n)
u™
u ——-

Mn

u

We assume now that W is endowed with an N-fold Maslov covering. At the fixed
point z, this is
AN(T, W) = AN —— AT, W) = A,,.

We have a map
h:St —— A,

e21m17rt

e class of

2imqy 7t

This map can be lifted to a map

51T>An

namely

L — (h(t),exp <2i7r2t(m1 +].V' -t mn)>) c AN c A, xS
This means that the map o : S — Sp(W) lifts to a map
& :[0,1] —— Sp™¥ (W)
with 5(0) = Id and
a(l)=[2(m1+---+my,)] € Z/N.
The lifted map o defines an isotopy between any N-graded Lagrangian submanifold

and itself endowed with the grading shifted by 2(mj + - -+ + m,,). Then, looking at
Proposition 3.2.6 and at its proof, we deduce:
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Proposition 3.2.7. Assume the symplectic manifold W is endowed with a periodic
Hamiltonian. Let w be the sum of the weights at some fized point. Then the Floer
cohomology of any graded Lagrangian submanifold is periodic of period 2w. O

3.3. Proofs of the theorems.

8.8.a. The sphere, proofs of Theorem 3.1.1 and Corollary 3.1.2. Consider firstly the
case of the n-sphere S™. We know (see Example 3.2.2) that N, = 2Ny, so that Oh’s
theorem applies, provided 2Ny > sup(3,n + 2), which we have assumed. The Floer

Z/2 0 z/2 0

FIGURE 9. Floer cohomology of a Lagrangian S™ (left) or P"(C) (right)

cohomology is shown on Figure 9. The only possible way for this to be periodic is
that n = 0 or 2n = 0 (modulo 2Ny ), that is, n = 0 modulo Ny, . The period will then
be n. Thus, if we want to find a symplectic manifold W (satisfying our assumptions)
in which S™ is Lagrangian, it must have Ny (the minimal Chern number) a divisor
of n (half the dimension) and a suitable S!-action. This proves Theorem 3.1.1.

Assume now that the symplectic manifold is the projective space P™(C). The
number Ny is n + 1 here. In order that S™ be a Lagrangian submanifold of P"(C),
it is necessary that n + 1 is a divisor of n, which is impossible. Recall that P (C) is
endowed with a few Hamiltonian circle actions. We do not need to be more specific
for this proof. This ends the proof of Corollary 3.1.2.

This is very well illustrated by our example of a Lagrangian sphere S™ C ég (R™+2)
in §2.2.b. The Grassmannian Ga (R"™*2) is very similar to the projective space P"(C).
There are however a few differences. One of them is the minimal Chern number. As
the Grassmannian is embedded as a quadric in P"T1(C), its first Chern class is
n + 2 — 2 =n. Hence Theorem 3.1.1 does not forbid it to have Lagrangian spheres!

8.3.b. In the projective space, proof of Theorem 3.1.3. Let L be a Lagrangian subman-
ifold of P"(C). Assume that H'(L;Z/2n + 2) = 0. According to Proposition 3.2.4,
L admits a 2n 4 2-grading and this in turn implies, according to Proposition 3.2.3,
that 2n + 2 | Ni. Hence, Oh’s theorem (see §3.1) applies.
Here we need to specify a Hamiltonian circle action. We use, for instance
St x P*(C) —— P"(C)

(u, [20, 21, - -+ 2Zn)) — [uz0, 21, - - -, Zn),
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corresponding to the Hamiltonian
_ A

PN
The fixed points are [1,0,...,0] (the maximum of H, weight 1) and the projective
hyperplane zg = 0.

We have a contradiction as above: as the weight of one of the fixed points is 1,
the period of the Floer homology of our graded Lagrangian submanifold is 2. Of

course, this is incompatible with the fact that this homology is also, according to
Oh’s theorem,

H([zo,zl, . ,Zn])

0 ifn+1<i<2n+1.
This ends the proof of Theorem 3.1.3.
The usual illustration of this theorem is the Lagrangian P"(R) C P"(C). Here
HY(P"(R);Z/2n +2) = Hom(Z/2,Z/2n + 2) = Z/2 # 0.

{Hi(L;Z/2) ifo<i<n

Once again, Chiang’s example is more exotic. We have described its fundamental
group in Remark 1.3.3. From what we deduce that the Lagrangian submanifold
satisfies

H(L;Z)=7/4 and H'(L;Z/8) = Z/4.
As far as I know, this is the only example of a Lagrangian in P"(C) for which the
first cohomology group is not Z/2.

3.8.c. The Lagrangian projective space P™(C), proof of Proposition 3.1.4. Look now
at the right part of Figure 9. This can only be periodicif N < n+1. In P*(C)xP"(C),
N =n+1, in agreement with the fact that P"(C) is a Lagrangian submanifold, as we
have seen it above. Notice however that this applies only to the product symplectic
forms on P™(C) x P™(C), since these are the only monotone symplectic structures.
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