Operadic construction of the renormalization
group

Jean-Louis Loday and Nikolay M. Nikolov

Abstract First, we give a functorial construction of a group assetlab a sym-
metric operad. Applied to the endomorphism operad it gitesgroup of formal
diffeomorphisms. Second, we associate a symmetric operaayt family of deco-
rated graphs stable by contraction. In the case of Quanteid Fheory models it
gives the renormalization group. As an example we get anagipeinterpretation
of the group of “diffeographisms” attached to the Connesiikier Hopf algebra.

1 Introduction

The combinatorics underlying the renormalization of QuamEield Theory (QFT)
is encoded into the Feynman diagrams. The diagram techiggugowerful tool in
perturbative QFT. It was discovered by Connes and Kreinsadrttte combinatorics
in renormalization can be described by a Hopf algebra siraabn the space of
Feynman diagrams since the attached group is the renoatiatizgroup. In this
paper our aim is to systematize this procedure by means ahgjrit operads. First
we show that a family of decorated graphs which is stableHerdontraction of
the internal edges determines a symmetric operad. Secanghow that to any
symmetric operad is attached a (formal) group which takes chthe symmetric
group action. Combining the two constructions we get thestostion of a group
attached to families of diagrams. In the case of QFT we getehermalization

group.
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For the notation and terminology on operads we follow [5]vidrich we refer
for detalils.

2 Operadic construction of the group of formal diffeomorphisms

LetV = RN be a vector space and= (xq,...,xn),y,Z € V. Consider the formal
power series

. Lo ® 9 N .

y=1fx)=% o D ILETINTIS PREE A 1)
n=1"" pg,..Uh=1

- = [ il 1 N =

z=4g(y) = > o D> G X X

f — N = _ N .
wheref Ha,--)Hn = (fViﬂlﬁ---eHn)v:l andg#lﬁ---,ﬂn - (gV;HL---«,Hn)v:l are the series co-

efficients. Since these series do not have constant terstéirms withn = 0) it is
well known that their composition

0 N
2=9(f(x) =3 = > MumXu X, (@)

..........

N
hV;Hl,---,Un = %
PeParfl,. n} p1,-Pk=1

which, in the caseN = 1, is known as thd=aa di Bruno formula Here are the
notations used in Eq. (3):

e the sum is over all partitions

T = {{il,l,...,il,jl},...,{ikyl,...,ikyjk}} (4)

of the sef{1,...,n};

e in particulark is the cardinality3| of the partitiorf3 andjj, ..., jk are the
cardinalities of its pieces;

e the partitions)} are unordered, but we shall introduce a “canonical order”
such that inside each group the elements are in increasi®y and the
groups are ordered according to the order of their minineheints

i4,1<~~~<i43j5, i1’1<i2,2<"~<ik3jk. (5)
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7777777777 u, are symmetric in their
indices 1, ..., Un and hence, our convention in Eq. (3) about the ordefois
not essential. However, we shall see that dropping the symgroendition on the
coefficients still defines an associative product.

Let us try to simplify a little bit Eq. (3) by absorbing somensmations: the

.....

fo= (fupoopn) 1 V"V 6)

and vice versa, every multi-linear mép: V*" — V defines a system of coefficients

?“1,,_% by its matrix elements. Furthermore, the coef“ficia?m;;,_,41n are symmet-
ricin Uy, ..., U, iff the map f, is symmetric. Similarly, we set

On = (QlJla---alJn) Lven =V, = (FllJl ,IJn) LVEN v

(n=1,2,...). Then Eq. (3) reads
hn, = % gko(fjl®~~~®fjk)00'qg, (7)
PeParil,..n}
where the numbets j1,..., jx are defined by conventions (4) and (5) together with
the permutatioy € Sp, which is
O'gp = (il,la"'7il,j17"';ik7l;"'7ik,jk) .

Thus, the formal power serig's= f ()?) of formula (1) is encoded by a sequence

[ee]

f= (fl,fz,...,fn,...) S |_| Hom(V®”,V)
- n=1

Sn

(Hom(V‘@”,V)Sn being the subspace &f—invariant maps in HorfV “",V)). The

multiplication in ] Hom(V®”,V)S”,
n=1

[

h= ge i = (hn)n:l’
that is defined by Eq. (7) is associative. It has a unit, thepmsition unit:
1= (idy,0,...)

Furthermore, if we assume thit= idy (the identity map o¥), thenf has a com-
position inversef ~t = (1,(f~1),,...) since fom > 1 we have

0= (1), = (ftef) =(fhHa+fy+loworderterms
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which inductively fixes f ~*)n.
The so describedroup of formal diffeomorphisms denoted by

FDIff (V) = {idy} x ﬁ Hom(Ve" V). (8)
n=2

Note that the vector spaté&can be even arbitrary linear vector spadethen will
be the cardinality (possibly, infinite) of the linear basi§/cand the series (1) would
be neither more nor less formal. We note also that, ... ., for fixed s, ..., un are
nonzero only for no more than a finite number of indieesince they are coordinates

of the vectorFu1 un- Hence, the corresponderﬁ:@?) <« f defined by (6) remains
valid and the composition (2) is again well defined algelaiic

3 Group associated to a symmetric operad

We now observe that the multiplication (7) has a straightéod generalization in
a symmetric operad (see Eq. (9) below). Indeed, it uses twiz Isgructures which
are axiomatized in the operad theory. These are the congrositmultilinear maps
and the right action of (or, composition with) permutations

Theorem 1.([4]) There is a functor together with a subfunctor:
Category of . Category o
Symmetric operad Groups
7 ={2M}, = 8(2)={idix N 20
U
P =120~ 6(2) = {d}x N2,

whereZ2(n)5n stands for the subspace 8f—invariant elements. The multiplication
law is given by

(¢}

(B e a)y= z y(Ba ajys. .., 0 ) F 9)

for a = (an);y—1 and B = (Bn)y—, and the notations of Eq7). On operadic mor-
phisms$ : & — &' (= {In: Z(n) — Z'(n)};_,) the functor gives

In the case oEnd, we have a natural isomorphism
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& (End,) = FDIff (V). (10)

The most nontrivial part of the above statement is the aa#wity of the op-
eration e (9). It can be proven by straightforward inspection. Thesexice of a
unit and inverse elements follows exactly by the same argtsrees for the group of
formal diffeomorphisms.

Remark 1There is a natural group associated with a non—symmetriadp® =
{gzn}n>l (see [5, Sect. 5.8.15]). However when this constructiorpjgliad to a
symmetric operad considered as a hon-symmetric it giveexelt group.

We will give below some facts about the structure of of theugiorelated to
symmetric operads.

Proposition 1. ([4]) Let us set for m> 0

~

OSm(Z) = {g: (On)p—1 € @(9/")‘0{2 = =0n= O}

(form=1, @51(@) = @5(3”)). Then@m(ﬁ) is a normal subgroup 0?5(@).

Note that ~ ~ ~
&() = lim &()/Gn(2)

and in the case when the operadic spagg®) are finite dimensional the quotient
groups are (finite dimensional) Lie groups. Hence, in thetatase the groutﬁ(f/")

is apro-Lie group We use this fact to derive the Lie algebra correspondingéo t
group® () together with the exponential map.

Theorem 2.([4]) The Lie algebra corresponding to the gro@mff") is
a(2) ={0} x [ 2(n)
n=2
The Lie bracket ofy(2) is built from a pre-Lie bracket

UV = xv—V=xpu

(W * Vo= Z (Vicomina ) ™
04JCTL,...n}
= Z y(viid, ... id, pj ,id,...,id)™% (11)
043CTL..n) 1

1 o; is theith operadic partial composition
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where j= |J| and the partition; is the partition{{i}|i € {1,...,n}\J} U{J}.
(Note that the sum i11) is the subsum iff9) corresponding to partition§3 of a
form*B;.)

The Lie algebra(2) is again an inverse limit of finite dimensional Lie algebras
§(2) =limg(2) [gm(>

wheregm(2) is the ideal
in(2) = {1 = ()71 €8(P)| = = pm=0}.

Note that the quotient grouﬁ )/®&m(2) and Lie algebraj(2)/gm(Z) are
isomorphic as sets to the sq;] Z(n) and the group and pre—Lie products on this

n=2
set are juste (9) andx (11) truncated up to orden.

4 Feynman diagrams and their combinatorics

Feynman diagrams are a powerful tool in perturbation thebmgy indicate the
terms of perturbative expansions. Furthermore, many nodatipn on the corre-
sponding formal perturbation series have a combinatoestdption by operations
on diagrams.

a) Basic definitions

A Feynman diagram is a finite graph with various decorations.

A graphl” is a set of points, calledertices with attachedlags(or half-edgeyto
them. Some pairs of these flags are further joined to becogesstbnnecting the
corresponding vertices. All these structures are contidim¢he following data: two
finite sets, the set of vertices v@rt) and the set of flags fldg ), and two maps

s:flag(lr) — vert(r), o:flag(l")— flag(l) (12)

such thato? = id. Thus, the mays represents the process of attaching flags to ver-
tices, i.e., the flag is attached to the vertexf). The mapo represents the process
of joining flags, i.e., the flag is joined with the flago(f). In the latter case if

f = o(f) then we call this flag an external line; such a line is attadbezhe only
vertex. If f # g(f) then the unordered pafrf,o(f)} form an edge, or an inter-
nal line of the graph, which is attached to the vertiséf) ands(o(f)). When

s(f) =s(o(f)) butf # o(f) we have an internal line attached to one and the same
vertex. Such an internal line is called a tadpole and it imligexcluded to exist.

To every graph we assign a topological spaceg@ésmetric realizationTo this
end we assign to each edge a copy of the closed int@yvHI (without the orienta-
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tion) and to each vertex a point. Then we glue all of theseespaccording to the
incidence between the edges and the vertices.

A decorated graplis a graph with some extra data. Forgetting these extra-struc
ture we obtain just a graph that is called thadyof the decorated graph. We shall
consider graphs with the following decorations:

a) Colorsfor the vertices and for the flags. They form two sets

— a set of colors for the vertices: Colv
— aset of colors for the flags: Colf

Then we have maps assigning colors:

¢y :vert(lr) — Colv, ¢ :flag(l") — Colf. (13)

b) The second type of decoration we shall consider israrmeration
v:vert(l)={1,...,n} (14)
of the set of vertices.

b) Examples

These are the notion of graph and decorated graph, or algoadiaHere are some
examples to illustrate them.

Example 1An example of a graph is: véft) = {0,1}, flag(l" ) = {a,b,c,d,e f},
s(a) = s(b) =s(c) =0, s(d) =s(e) =s(f) =1, g(a) = a, a(b) = e, o(c) =d,
o(f) = f. The geometric realization is:

O

Example 2A decoration for the graph in Example 1 is provided by Col\e},
Colf= {% ) } ; I }, and coloring mapsi€0) = ¢, (1) = e, ci(a) = 1 ci(b) =4, ci(e) =
1. a(f) =4 c(c) =} = c(d). The result can be drawn as

T

So, we indicated the colors in this example by shapes, whkichinmon in physics.
Also if the colors of two joined flags coincide we indicatestl@is a color of the
corresponding edge. In the above example we also meetisituztedges of the
form ——-— and in this case it is also convenient to think of such an edgana
oriented edge——. Then we can draw the diagram of this example as

~—
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¢) Types of graphs and diagrams

A graph is callecconnectedf its geometric realization is a connected space.
Another important type of graphs are the so-catieé particle irreduciblg1Pl)
graphs. A grapli is called one patrticle irreducible if it is connected anéafutting
any of its inner edges it remains connected. Here cutting afrzer edge determined
by a pair of flagsf # g(f) means to change the second structure mdp a new
mapo’ such thao’(f') := o(f) if ' # f andf’ #£ o(f), ando’ (') :=f'if f'=f
or f' = g(f). We shall impose in addition the requirement that 1P| grdytve no
tadpoles and have at least two vertices (or equivalentlgaat one inner edge).

If the body of a decorated graph is connected, then the geaplso called con-
nected. Similarly a decorated graph is called 1Pl if its bisdyPI.

e) Operations on graphs and diagrams

A subgraphof a graphl” is a subsef C vert(l"). It determines a graphy as fol-
lows: the set of vertices dfj is vert{l;) :=J C vert(I"). The set of flags of7 is
flag(r) := s71(J) = s *(vert(;)) and we set the mag : flag(I3) — vert(;) to
be the restriction of the map The mapo; : flag(r;) — flag(l;) coincides witho
wheneverf ando(f) belong to flagl;): such pairg f,o(f)} of different flags are
the inner edges of the subgraph. For the remairimgflag(l;) we seto;(f) = f
and they are the outer edges of the subgraph. Note that teeexdes of the graph
I are either outer edges bfattached to a vertex idi or they are inner edges 6f
with only one end belonging td.

If the graphl” is colored then the grapfy determined by a subgraphhas an
induced coloring defined just by the restrictions of the dalp maps ¢ and g to
vert(l) and fladr;), respectively.

If the graphl” is enumerated, then the graph has an induced enumeration
provided by the unique monotonically increasing isomasphi (J) = {1,...,[J|}.

Another important operation on graphs is ttumtractionof a subgraph.

For every grapli” and its subgrapli C vert(I" ) we define the contracted graph
" /J as follows. We introduce a new vertex, which for the sake of definiteness
can be identified with the sét Then we set

vert(l /3) := (vert(r)\J) U{vs},
flag(r /) == {f eflag(r)|if s(f) ands(a(f)) € Jthenf = o(f)}
= flag(l)\{f € flag(r)|s(f).s(a(f)) € Jandf # o(f)},

in other words, flag™ /J) contains all the flags of fld§ ) except those ones that
form the inner edges of the graph The structure maps- /; anday /; are defined
as follows:

Srpa(f) i=s(f) if s(f)¢J and s )5(f) = vy if s(f) e,

Or /3 = O\enr 13)
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where the second identity is provided by the fact that(flag)) is defined as a
o—invariant subset. To summarize, the grdphJ is obtained by shrinking all the
vertices inJ to a single vertex; and removing all the internal lines 6§. Note that
if the graphl” is connected or 1PI, respectively, then sé j&].

If the graphl” is colored, then for every paii,L) consisting of a subset C
vert(I") and an elemerit € Colv we can define a colored contracted graptiJ, L)
constructed as the graptyJ endowed with the following coloring map$ and g¢:

C(/|vert(l')\J:: CV‘vert(I')\J’ o) ==L,
Cf = Clgag(r /)

Finally, if we have an enumerated graphthen the contracted gragh/J will
be endowed with the enumeration provided by the unique noovclly increasing
isomorphism

v(vert(Mr\J)U{minv(J)} = {1,...,n—|J|+1}.

Note that if the graphi” has no tadpoles, then the graghsandl” /J have no
tadpoles for every subgraghof I .

f) Isomorphic diagrams

Let us introduce the notion of dsomorphisnof two enumerated diagranisand
I'’. We shall treat two such diagrams as identical. An isomamtudf graphg = I’
consists of a pair of bijectionf, : vert(I") = vert(I"") and j; : flag(l") = flag(r'’),
which commute with the structure maps’ ando, g’, respectively. In other words,
jvos=¢ojsandj; oo = d’ o j,. Anisomorphism of colored graphs is an isomor-
phism of graphs, which in addition satisfigs-€ ¢, o jy and ¢ = ¢; o j¢ (compatibil-

ity with the coloring maps). Finally, an isomorphism of erenated colored graphs
is an isomorphism of colored graphs which preserves the eration. Let

Dgm(n) := set of all equivalence classes of isomorphic
enumerated colored graphs wittvertices (15)

g) Combinatorial Feynman rules, or, representation of diagams in a monoid

There is a convenient one-to-one correspondence betweentfivalence classes of
isomorphic enumerated colored graphs and the elementfmials) of a commu-
tative monoid. This construction follows on an abstracehlgic (or combinatorial)
level the so called “Feynman rules” that assign in QFT to y¥&aynman diagram
an analytic expression. Let

M(n) := the free commutative monoid with a set of generators
({1,...,n} x Colv) U ({1,...,n} x Colf) U ({1,...,n} x Colf) %, (16)
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Let us introduce “physical” names and notation for the eletmé the above three
disjoint sets. We call the elements of Colf the basic “fielded denote them by
@, Y, etc. Then the elemeti, @) € {1,...,n} x Colf will be denoted byp(i) and
called a “field at the poinit. Next, the elementéi, ¢; j, ) € ({1,...,n} x Colf) x2
will be denoted bYCy (i, j) and will be called “propagators”. Finally, the elements
L € Colv will be called “interactions” and a paif,L) € {1,...,n} x Colv will be
called an interaction at the poinand will be denoted b (i).

Thus, in the above notations the set of generators (16) mibnoid9t(n)
reads:

{L(i)|LeColv,i=1,....,n}U{@(i)| e Colf,i=1,...,n}
U{Cpy(i,j)| @@ € Colfi,j=1...,n}. (17)

Now, to each enumerated colored grdpkve assign a monomial #i(n) in the
following way. To the vertex (i) (i.e., to the vertex with numbéywe assigri (i)
if its color isL € Colv. To each outer edge attached to the veuvtek(i) we assign
@(i) if the color of the corresponding flag gs< Colf. To each inner edge connecting
the vertices~1(i) andv—1(j) we assigrCy 4 (i, j) if the colors of the flags attached
to v—1(i) andv—1(j) are andy, respectively. Finally, we multiply all the above
obtained generators Mt(n). The resulting monomial if0t(n) is denoted b .

Example 3In the case of Example 2 with vertex enumeratigf) = 1, v(1) = 2
we have

Mr = P(1)¢(2)L(1)L(2)Can(1,2)Cy 5(1,2),
where we denoted now the colors by lettdrs= e € Colv andA := § Y= f [
Proposition 2. The correspondence — M is a bijectionDgm(n) = 9M(n), i.e.,

it is a one-to-one correspondence between the equivaldasses of isomorphic
enumerated colored graphs with n vertices and the eleméitee anonoidDi(n).

Proof. Itis clear that™ — M maps injectively the equivalence classes of diagrams
to elements ofMi(n). To see that this map is surjective one constructs for every
element ofJt(n) a diagram that reproduces this monomiall

5 The universal contraction operad

Recall that Dgnin) is the set of all equivalence classes of isomorphic enumeérat
colored graphs witlm vertices. Let us define

S)f{(n) = Homgk (K(ng(n))7K(Colv)) o~ Kng(n)xColv7 (18)

whereK (") stands for the vector space over the ground field (fi&gpanned by a
basis indexed by and the existence of the secocahonicalisomorphism follows
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in the case when Colv isfinite set, which we shall assume further. This canonical
isomorphism is provided by the decomposition

r = ruL, 19
Q(r) LG%)IVQ( ) (19)

whereQ € %R(n). We shall treat the isomorphism at the second equality in #58
an identificationi(n) = KPIMn) xColv,

We call the elements dR(n) contraction mapsThis is motivated by the fact
that they can be thought of as prescriptions for contractinegraphs as we shall
describe below.

Note that the action of the permutation grasipon Dgm(n) induces an action
on R(n). We shall endow now the so-defin@dmodule?? = {9(n)}n>1 with a
structure of a symmetric operad.

To this end we shall define the partial composition maps:

o tR(N)RR(j) = R(N—1+j), (20)

i=1,...,n,j=12, .... Letusintroduce for every enumerated diagrarthe sub-
sets of verticed := J(i, j) C vert(I"):

J(=30,0) = {viO|e=i+1...,i+]}. (21)

We define forQ” € Ri(n), Q' € R(j) andl that is a representative of an isomor-
phism class in Dgifn— 1+ j):

(Q"eiQ)(r) = | q(;,LQ'(r/Q,L), (22)
L e Colv
where
Q) = Z q(riL)L. (23)
LeColv
Note that if we set
Q//(,—//) — q//(l—//7|_)|_7
LeColv
Qr) = (Q"eiQ)(r)= Z q(r,LL, (24)
LeColv
then Eq. (22) reads
Q(F,K) = | q/(rJaL)q//(,_/(‘]aL)aK)' (25)
L e Colv

Proposition 3. ([4]) ? = {%(n) }n>1 is @ symmetric operad.

Theproofis straightforward checking and we omit it.
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6 Suboperads ink and concrete combinatorial models of
Quantum Field Theory

In the previous section we have defined a universal op#rad decorated graphs,
which can include, at the combinatorial level, any concnetelel of Quantum Field
Theory (QFT) provided that we have sufficiently many coler<Ciolv and Colf.
So, the QFT models can be considered as particular subapef&tl Describing
these suboperads can be quite cumbersome in general andihaosthis in several
steps. At each step we shall impose certain restrictione@ndntraction map® €
2M(n). These restrictions include, in particular, requiremémasQ should vanish on
certain classes of diagrams that are “not admissible fotraotion”.

For instance, excluding tadpoles was a first example of suektection on di-
agrams. It was “stable with respect to contractions and isgbams” and hence,
it defined a suboperad 8. More precisely, the statement is that the subspaces in
2M(n) for everyn=1,2, ..., which consist of those contraction maps that vanish on
diagrams with tadpoles, form a suboperad.

Let us formulate the argument in a more general principle:

Proposition 4. ([4]) Let @ = {®(n) }n>1 be a system of subsetgn) C Dgm(n) x
Colvforn=1,2,... and let us define

Ro(n) = KM C KPIMN*Colv — g3(py)
D%(H) = {Q = Z qLe m(n) M (Dgm(n) x Colv)\ & (n) = O} , (26)

where we use the expansion (19) and embeddings offpes> KB for A C B,
which are defined byXa)aca — (Yb)bep Such that ¥ = x5 forae A and y, = 0 for
be B\A.

Then the following conditions are equivalent:

(i) The systerfRep = {?R¢(N)}n>1is a suboperad dR.
(i) Each subse®(n) is Sp-invariant and the systerfi®(n)}n=1 has the prop-
erty

(F3,L) e @(J|) and (I /(J,L),K) € @(n—|J|+1)
= (I'/K)e ®(n) (27)

for everylr € Dgm(n), J C vert(I") and K L € Colv.
Corollary 1. The following systems form a suboperadin
Ripi(n) := {QeR(n)|Q(r) =0if I isnot1PI }.

Let us give another example for a restriction on diagramsitttaces a subop-
erad. Let us considerrmon-emptysubset

& C Colf*2
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and call it a set ohdmissible connectioné colored grapii is calleds—admissible
if for all flags f € flag(I") such thatf # o(f) we have(ci(f),ci(o(f))) € &. Orin
other words, if the pairs of colors of the flags correspondinthe inner edges are
contained ing’. As an application of Proposition 4 we get:

Corollary 2. Let & be any symmetric subset@olf*? and let9i«(n) be the space
that consists of all contraction maps ©9i(n), which vanish on all diagrams that
either are nots'—admissible, or have tadpoles. Théfk s (n) } is a suboperad
of fR.

n>1

Note that in Corollaries 1 and 2 the s&®$n) are of the form
@®(n) = Dgn'(n) x Colv
for some subsets Ddiim) C Dgm(n). In this case condition (27) reads
[;eDgm(|J]) and I /Je Dgm'(n—|J|+1) = I €Dgnl(n).
andRg is

_ nf Col
Ro(n) = {QeR(n)| Q’ng(n)\Dgn’{(n): 0} = Hom (K(Dg ™ K OV)
_ KDgn’{(n)xColv.

Example 4Let us introduce an example of the géfor the case of Quantum Elec-

trodynamics (QED). In this case we use three colors for flags€ {3 , f : f } The
set of admissible connections is:

s={(LO.(h D b}

The diagram of Example 2 was th&#s-admissible for QED and as there we can use
for edges single colors, one with no orientation and one wiitbntation. The non-
oriented lines are called “photon lines” and the orienteddiare called “electron
lines”.

Our next “selection rule” for contraction maps is by the tgbeertices. A vertex
is a colored graph with one vertex and no tadpoles. So, i@esbnly outer edges
which are calleaorolla of the vertex. The number of the external edges of the vertex
is called itsvalency

Let ¥ C Dgm(1) be a set of vertices. We call the s&ttypes of verticem the
theory. Let us define then the syst@m = {®y (N) }n>1

@y (n) = {(r,L) € Dgm(n) x Colv‘ 3 C I (if |9] = 1 thenr € #) and
I /(vert(r),L) eﬂl/}.

It follows that @ satisfies conditioifii) of Proposition 4 and hence,
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Ry = %(pw s

is a suboperad dR.
Thus, a physical theory can be defined as intersection offibeads

Rey = RipNRe NRy . (28)

In the next section we shall consider the main examples afipbytheories.

Remark 2If {®}ic is a collection of system&, = {®(n)},>1 each satisfying
condition(ii) of Proposition 4 then
(NRe = Re where @ ={@(N)}>1 with @(n)=(®(n),

=

i€l i€l

and @ also satisfies conditiofii ) of Proposition 4.

7 The group related to the contraction operad and its
representation in the group of formal diffeomorphisms on the
space of interactions

Having defined a symmetric oper&tifor each particular QFT model we have au-
tomatically a groum (R) associated to it. This group is precisely the operadic con-
struction of the renormalization group.

7.1 Notions of renormalization group

There are several widespread notions of renormalizationgin physics and they
do not lead to equal objects although they are closely ettateach other. We shall
review below some of them. For recent related works we réeréader to [7], [1].

In renormalization theory a physical quantity(an observable for instance, or
a correlation function in QFT) is derived as a functidn= U (K,...,KN;€) (=

U (K ;¢)) of various parameters including:

e physical constantgs,...,Kn. In QFT these are called coupling constants.
e An additional subsidiary parameter> O called a regularization parameter.
It makes meaningful the value bf(k,...,Kn; €) that is usually ill-defined
for € — 0. The latter limit corresponds exactly to the actual phaisialue
of U and the purpose of the renormalization is to understand bale it.

e There might be further variables but we consider them as @™paU (so
thatU is then valued in some vector or function space).
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Furthermore, in perturbation theory, one has deflhexhly as a formal power series
in the coupling constants

again as a formal power series, so that after the substifutio

U™(k;¢€) = U (K (K;€);e) = i = % U (&) Kiy - Kip,  (31)

. 11,...,In
i1,..,In=1

the resulting coefficients{™" ; (¢) would have a finite limit fore — 0. We set the
final renormalized physical quantity" to be

U™k) := lim U™k ;¢). (32)

£—0

The existence of such a formal diffeomorphigrh= K (k ;€) (30) for a given in

advance seried (K ; €) (29) so that the limit (32) exists is far from being a trivial
statement. This phenomena is calfedormalizabilityof U. The physical interpre-
tation of this procedure is that we pass by the change (30heweset of coupling
constants called “renormalized couplings” so that thaahfbare couplings” be-
come infinite (meaningless) far— 0.

Still, the above renormalization procedure has a built ibiginity. Namely, if

we have one solutiok (K ; €) (30) of this problem then any composition

— —

Ki(K;€) = K (X (K);€)

with a formal diﬁeomorphisrﬁ( (k) will also be a solution. Thus, the group of for-

mal diffeomorphisms of the couplings appears naturally as acting on the renor-
malization schemes. This is the first notion of a renorm&bregroup. It is simply
the group of formal diffeomorphism.

We see that the above concept of renormalization is rathegrge It leads also
to the most primary concept of a renormalization group andtsshould be re-
lated to any other such notion. More precisely, any othepnaif a renormalization

2 in terms of formal power series; note that the seﬁéff ;) starts fronn = 1 but forU ( ; £) we
do not have such a restriction
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group should have a representation (a homomorphism) inrthegf formal diffeo-
morphisms of the coupling constants. In this case we speaitdtenormalization
group action”, i.e., it is an action of the correspondinguprdy formal diffeomor-
phisms of the couplings.

We pass now to a second notion of the renormalization groapishspecific
for QFT and it is finer than the above one. In QFT there are matdit technical
features of the renormlization procedure. Namely, eacheftermdJ;, . (€) in
series (29) is additionally expanded in a finite sum labeled Beynman graph with
n vertices. The renormalization adds to every diagram douiion a counter-term
together with recursively determined counter-terms faadsagrams. Without going
more into the details we will only mention that the ambiguitythe renormaliza-
tion in QFT is described exactly by contraction maps intiatlin Sect. 5. So, we
obtain now a finer notion of renormalization group that isied by sequences of
contraction maps. One further shows that the compositighisngroup is exactly
given by the rule following from the operadic structure omizaction maps. The
latter is shown in [6, Sect. 2.6] in a more general contexeobrmalization than the
graph-combinatorial one.

Thus, from this second perspective the renormalizationgeppears exactly as
a group related to the contraction operad on Feynman diagrBinen, as explained
above, there should be related a “renormalization groupracti.e., a homomor-
phism from this group to the group of formal diffeomorphisoighe couplings.
The existence and the derivation of this homomorphism fokdso from the gen-
eral renormalization theory and are not a part of the presenk. However, our
result is that the resulting homomorphism corresponds pa&nadic morphism via
the functor established in Theorem 1. Let us summarizeiall th

There is an operadic morphisrg, : 9is » — Endgy, from the contraction op-
erad to the operadEndyy» over the vector space spanned by the set of type of
vertices?'. The latter set indexes the set of coupling constants in € Qodel
that is determined by the combinatorial d&t&, *"). The induced map between the
related groups

&(Z) : 8(Re,») — 6(Endgy ) = FDIff (R”) (33)
coincides with the renormalization group action deterndifi®em the renormaliza-
tion theory.

In the subsequent subsections we will construct the maomplds: Re v —
Endg» . We shall continue our considerations on a general grouidi (iemg) K
but the above application uses the cise R.
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7.2 Bosons and fermions

We introduce a subdivision of the set of fields, i.e. the sdf @bflags’ colors,
into two disjoint subsets called bosons and fermions. Adiogyto this we assign
(Z.)2Z)—parities to the set of generators (17) of the mordith). For a bosoni@
the elementp(i) is even and for fermioni@, ¢(i) is odd. The parity of the propaga-
torCy (i, j) is the sum of the parities of the coupled fietplandy. Usually bosons
are coupled only to bosons and fermions - to fermions, sottigapropagators are
then always even. Finally, the interactidn$) are even as well.

Recall that we introduced in Sect. 4 g a canonical isomorpligm(n) = Mi(n)
between the set Dgfn) of all classes of isomorphic enumerated colored diagrams
with nvertices and the elements in the free moriBith) generated by the set (17).
Let us introduce the linear envelope of the mor®idn):

A (n) = KOHW) o g (Dgmim) (34)
which is thus an algebraln the more general case of presence of fermions we
redefine the algebra structure o#i(n) (34) and set

. (n) := the graded commutative algebra generated by the set (17). 5) (3

Note that in all the constructions up to now the division ¢ fields (i.e., the set
Colf) into bosons and fermions is inessential.

7.3 The Wick generating operator of diagrams

Let us assume first that we have a theory only with bosons sthhalgebras# (n)
are commutative.

Letus havenverticed,..., I, € ¥ and consider them as one enumerated colored
graph that is completely disconnected (i.e., it has no itines). The monomial in
M (n) corresponding to this diagram is thiygl) - - - In(n) = 11 ® - -- ® I,, where the
number in bracket(j)” indicates the number assigned to the corresponding vertex
Denote

Wické (I1,...,1n) == Z all possible ways of connecting the vertices
11(1),...,Ina(n) into &~admissible enumerated colored
graphs with no tadpoles

= (D) Ia(n) + -, (36)

3 However, we remark that the algebra structure induced bynireoid structure ofit(n) is quite
different from the algebra structure on the space of diagrdmat is usually used in the Connes—
Kreimer approach.
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where& C Colf*2 is a set of admissible connections as defined in Sect. 6. This
defines us a multilinear map

Wicks @ (K”)" — .#(n).

Proposition 5. ([4]) Under the isomorphisrDgm(n) = 9t(n) (Proposition 3 the
following equation holds

Wicks (14,...,1n)

o 92
eXp<((pz CfPM('aJ)W)]|1(1)...In(n)_ (37)

W)es

L<i<j<n

In the presence of fermions Eq. (37) continues to generaté&etims in the right
hand side of Eq. (36) but with some signs that depend on ther ofdvriting of the
remaining generators o (n). The derivativesagw are understood as left Grass-

man derivatives for odg(i).

7.4 Construction of operadic morphism = : R » — Endyy

The operadic morphisi& : fis » — Endgy consists of a sequence of linear maps
Zn: Re v (n) = Endyy (n) = Hom((K”) ™" K”). (38)
The ansatz foEy is
Z(Q(11 @@ 1) = Q(Wicks (11,-...In)) € K, (39)
whereQ € Re v (n) C P(n) is generally given by Eq. (19) ar@is then set to be

Q(r) = q(r,L) [/ (vert(r),L)], Q: K(Pgm(n) _, gbom(1) = (40)

LeColv

i.e.,@(l’) contracts the diagraim to a sum of single vertices according to the color
prescription ofQ : K(P9mm) _, g (Colv)

Let us explain by words the meaning of Eq. (38). The valuggfQ)(L, ® ---®
In) is a sum of single vertices obtained by making first a sum ollgpassible
ways of connecting the verticég1),...,In(n) into enumerated diagrams; then we
contract each of the terms in the latter sum to a sum of sirgylices viaQ. Shortly
speaking,=n(Q)(l1 ® --- ® ) is the Q—contraction of all possible connections of
I1,...,1h into diagrams.

Proposition 6. ([4]) Equation(40) determines an operadic morphism.
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8 Outlook

We make here a connection with the Connes—Kreimer Hopf edgefli'formal dif-
feographisms” ([2]), which in details will appear in a fociming work.

The first step towards the comparison with the Connes—Kieapproach is to
study the dual (commutative) Hopf algebra to the Lie algelssociated with a sym-
metric operad. In fact, it can be associated directly to arsgiricco-operad When
this construction is applied to the contraction operadsiagrdms we obtain a Hopf
algebra that is very close to the Connes—Kreimer Hopf aklyadowever, there is
an important difference. On a technical level, in our apphoa subdiagram is al-
ways contracted to a vertex, while in the Connes—Kreimerthgome subdiagrams
that have two external lines can be contracted also to anwitigeo intermediate
vertex.

The origin for this difference comes from physics. The Canaeimer Hopf
algebra incorporates an additional step in the renormadizaalled a “field renor-
malization”. Let us briefly explain this. Our set of verticéscorresponds to all
the monomials in the Lagrangian of a given QFT model. Soménede vertices
of valence two correspond to quadratic terms in the Lageamgihich are called
“kinetic terms” since they basically determine the propgaga For this reason in
physics there are no physical parameters related to themss:tee always normal-
ize them with some standard normalization coefficients like

200)-09), By,

for a scalar and a spinor field, respectively § being the Dirac operator). On the
other hand, as a result of the renormalization the coeffisi@rfront of these kinetic
terms are changed (renormalized). Then we absorb this ehlayg redefinition
of the field strengths. For instance, in the above examplepags to new fields
¢ =Zy0, ¢ = Zy andP’ = Z,1P so that the kinetic terms are changeleéMand
ZyZy, respectively, in such a way that compensate the renoratiizchange.
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