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Abstract

We construct an addition and a multiplication on the set of planar binary trees, closely
related to addition and multiplication on the integers. This gives rise to a new kind of
(noncommutative) arithmetic theory. The price to pay for this generalization is that, first,
the addition is not commutative, second, the multiplication is distributive with the addition
only on the left. This algebraic structure is the “exponent part” of the free dendriform
algebra on one generator, a notion related to several other types of algebras. In the second
part we extend this theory to all the planar trees. Then it is related to the free dendriform
trialgebra as constructed in [J.-L. Loday, M.O. Ronco, C.R. Acad. Sci. Paris Ser. | 333
(2001) 81-86].
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Introduction

Elementary arithmetic deals with the natural numbers:
0,,2,....,n,...,

on which one knows how to define an additienand a mutiplicationx. In this
paper we propose the following generalization: we replace the integers by the
planar binary trees. Recall that there are
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planar binary trees witlh + 1 leaves. The integef, is classically called the
Catalan number. We first construct the sum of two planar binary trees. In general,
this sum is not just a tree but a union of planar binary trees. However, it comes
with the following feature: all the trees appearing in this sum are different. In
other words, it is a subset of the set of planar binary trees. We call such a subset a
grove. We show that this sum indeed extends to groves and is associative. It is not
commutative, but there is an involution compatible with the sum. The construction
of the sum takes advantage of a poset structure on the set of planar binary trees.

Next, we show that there also exists a multiplication on planar binary trees.
Again, the product of two trees is not a tree in general, but a grove. We show that
the product of two groves is still a grove. This product is associative, distributive
on the left with the sum, but not distributive on the right.

The existence of this multiplication is due to a very peculiar property of the
addition. The sum of two planar binary trees turns out to be in fact the union of the
results of two other operations. Roughly speaking, it is like making a difference
between adding on the left toy and addingy on the right tox. These two
operations happen to satisfy some relations. When we take the polynomial algebra
with planar binary trees as exponents in place of integers, then we obtain what we
call adendriformalgebra. The fact that this dendriform algebra is nothing but the
free dendriform algebra on one generator enables us to define the multiplication
on planar binary trees.

The set of integers is very often used as an indexing set. However, sometimes
it is not sufficient and one has to move to planar binary trees. This happens, for
instance, in solving differential equations by means of series (cf. [Br,BF]), and
in algebraic topology (generalization of the simplicial category (cf. [Fr,J]), of
operads, of PROPS). As soon as one wants to manipulate these objects, one needs
to add and multiply the planar binary trees. This is one of the motivations of the
present work.

It is tempting to find out whether the addition (respectively the multiplication)
can easily be described on some of the other interpretations of the Catalan sets. We
give one of them by introducing the “permutation-like notation” of the elements
in the Catalan sets.

In the second part of this paper we extend this arithmetitltihe planar trees,
the case of planar binary trees becoming a quotient of it. Since there are 3 different
planar trees with three leaves, this theory is related to a type of algebra defined
by 3 operations. They are callatbndriform trialgebras and were introduced
in [LR3].

Thanks to Patrick lon for suggesting the terminology “grove”. Though it is not
apparentin the text, this paper owes much to the book “On Numbers and Games”
by J.H.C. Conway [Co].
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I. Arithmetic of planar binary trees
1. Theposet of planar binary trees
1.1. Catalan sets

Let Yo be a set with one element. The s&jsfor n > 1 are defined inductively
by the formula

Y, =Y, 1 xYoU---UY,_; xY;_1U---UYy x Y,_1.

If we denote by the unique element dfy, then an element df, can be described
as a (complete) parenthesizing of the waed - - a of lengthn 4 1. Letx € ¥, and
y € Y,;. The elementx, y) e Y, x Y, viewed as an element i, ,,1 is denoted
xVyeY,qat1. Interms of parenthesizing it simply consists in concatenating the
two words and putting a parenthesis at both ends.

There are many other combinatorial descriptions of the Bet§Ve will use
two of them as described below, one classical: the planar binary trees, and one
less classical: the permutation-like notation. Others include: the triangulations of
an (n + 2)-gon, the vertices of the Stasheff polytope of dimensienl, see [St]
for many more.

Let ¢, be the number of elements Bf. One has immediately:

co=1 and c¢,:=cy_1c0+---+cp_ici_1+ -+ coch_1. (2.1.2)
Hence the generating seri¢ggx) := Zn>0 cpx™ satisfies the functional equation
xf(x)?= f(x)— 1, and we obtain

f(x)= 1_7 "2]);_4)6

As a consequence we obtain
(2n)!
Ch = -
n!(n +1)!
It is classically called the Catalan number,}50is called theCatalan set.

1.2. Planar binary trees

A planar binary tree (p.b.tree for short) is an oriented planar graph drawn in
the plane withw 4 1 leaves and one root, such that each internal vertex has two
leaves and one root. We consider these trees up to planar isotopy. An example is
in Fig. 1.

We define thedegree of a tree as being the number of leaves minus 1. When
the tree is binary the degree is precisely the numbefinternal vertices{ =5
in our example).
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Fig. 1.

There is only one p.b.tree with one leaf; and only one p.b.tree with two
leaves:™,. The main operation on p.b.trees is caltgdfting. The grafting ofx
andy, denoted by Vv y, is the tree obtained by joining the two roots to a new
vertex: x oy

xVy:=>/.
Forinstancef v | =", /v \/ =/". Observe that the degree.of/ y
is degx + degy + 1.
The main point about p.b.trees is the following: the decomposition

x=x v

exists (provided that # |) and isunique. Moreover, one has deg < degx and
degx” < degx. From this property of the p.b.trees it is clear that there is a one-
to-one correspondence between the Catalai,sets defined in Section 1.1, and
the set of p.b.trees of degree

In low degree one has:

Yo={I}, n={} r={""1}
Ya= {0 NN

The union of all the set¥,,, n > 0, is denoted’.
1.3. Grove (bosquet)

In the sequel we will deal with the subsetsiaf By definition abinary grove
of degreen (or simply a grove when the context is clear) is a non-empty subset
of ¥,,. We will refer to a grove as a disjoint union of trees. Hence a grove is a non-
empty union of p.b.trees of the same degree, such that each tree appears at most
once. We denote the set of groves of degrdy Y,,. The number of elements of
Yy is 20 — 1.

Example. Yo = {|}, Yo ={"/}, Yo = {3/, 7, " UL
An important role is going to be played by the following special grove:

n=|Jy.

yey,
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We call it thetotal grove of degree:.
1.4. Partial order structureon Y,

We put apartial order structure on the séf, of planar binary trees of degrae
as follows. We say that < y (also denoted — y) if the treey is obtained from
x by moving an edge from left to right over a vertex, as in the basic example:

=N

The partial order relation is induced by this relation. More formally the partial
order ony,, is induced by the following relations:

(xVvy)vz<xVi(yVva),
X<y=—=>xVz<yVg,
X<y=2zZVxXx<zV).

Forn = 3 we obtain the classical poset (pentagon) (see Fig. 2).
One can show that, equipped with this poset structife,s a lattice,
sometimes called the Tamari lattice in the literature (cf., for instance, [BW]).

1.5. The Over and Under operations
Let us introduce two new operations on planar binary treesxFoi’, and
y € Y, the treex/y (readx over y) in Y, is obtained by identifying the root of

x with the leftmost leaf ofy. Similarly, the treex\y (readx under y)in Y, is
obtained by identifying the rightmost leaf efwith the root ofy.

Example. 7/ =7 and N\ N =X

Observe that both operations are associative. The igethe neutral element
for both operations and on both sides since

x/l=/x=x=\x=ux\|[.
g
N
S Ty
o |

N T
N

Fig. 2.
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yhoor ylor
Wﬂv
Fig. 3.

We will also use the following immediate property:
x/(yvz)=/y)vz and xV(y\z)=(xVy\z.

1.6. Proposition. For any p.b.treesx and y one has
x/y<x\y.

Proof. The proofis by induction on the degreexaflf y = |, then both elements
are equal ta. If the degree of is strictly positive, then one can write= y' v y”.
Since, by induction hypothesis/y’ < x\y' and sincex/y = (x/y') v y", one
obtains

x/y=(x/y) vy < (x\y) vy
In (x\y") v y" we move all the vertices standing on the right leg: dfom left to

right over the lowest vertex to obtain (y' v y"), as in Fig. 3. Since the latter tree
is x\y, we have finished the proof.00

2. Addition

In this section we define a binary operation on planar binary trees and we
extend it to groves. We call @ddition or sumthough it is not commutative.

2.1. Definition. By definition, thesum of two p.b.treesc andy is the following
disjoint union of p.b.trees:

X+y:= U Z.

x/y<z<x\y

All the elements in the sum have the same degree which happens to be-deg
degy. The associativity of the sum follows immediately from the associativity of
the Over and Under operations.

Example. Since™,/ />, =/ and "\, =7, one obtains
NN =U

Addition is extended to groves by distributivity on both sides:

Uxi+Uyi =i +p.
i J ij
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Itis clear that the treeis the neutral element for since it is the neutral element
for both the Over operation and the Under operation.

Despite the notatior- that we use, the addition on groves is not commutative,
for instance:

N =TUNUNY and 4 = U
However, there is an involution, as we will see below.
Notation. From now on we often denote the trely 0 and the tree.” by 1.
2.2. Theorem. The sum of two groves (a fortiori the sum of two p.b.trees) is still
agrove:
+:Y, xY,, > Yn+m-
Proof. Observe that it is not immediate a priori that the trees appearing in the
union defining the sum are all different.
This theorem is a consequence of Proposition 2.3 below. Indeed, any grove
is a subset of the total grove. Since, in the sum of two total groves, a given tree

appears at most once, the same property is true for the sum of any two groves.
Hence this sum is a grove.O

2.3. Proposition. Let n := U},eyn y bethetotal grove of degree n. Then one has
n+m=n-+m.

Proof. It is sufficient to prove the proposition fet = 1. Indeed, by induction

and associativity of the addition, it comes
n+m=n+1l+---+1l=n+1+41+---+1l=---=n+m

Letus showthat +1=n+1.
We want to prove that

Uo+v=U =

yeY, 2€¥n11

Therefore it is sufficient to show that for any element Y, 1 there exists
a unique elemeng € ¥, such thaty/1 < z < y\1. We first prove the existence
of y. We work by induction on the degree afLetz = z/ v 7. By induction we
know that, if 7" # 0, then there exists such thatt/1 < z" < ¢#\1. One has the
following relations:

(vi)/l=(dviyvo<dvaevo=Zvi/n<dve
<Zdvi\)=( vi)L

Therefore one can take=z' v 1.
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If 7 =0, thenz =z v 0=2z/1. Sincez! /1 < /\1, y = 7' is a solution.

Let us show now the uniqueness of the solution. For aryY, let E(y) =
{z € Yoy1 | y/1 < z < y\1}. Suppose that we have proved the equality
Zyeyn #E(y) = c,+1. Then, since any elemenk Y, 1 belongs to somé& (y), it
cannot belong to two of them (sinc&#.1 = c,+1). Hence the uniohjyeyn E(y)
is a disjoint union which coverg, 1. Itimpliesn +1=n + 1.

Let us now prove tha} #E(y) =cny1. Lety =y! v y". One has

YEY,
y/1=(G'vy)a<y v/
and there is no element between these two. Hetltdg #=#E (y") + 1. Working

by induction, we suppose th@yeyi #E(y) = c;jy1 for i < n. By using the
decompositiorY, =Y,,_1 x YoU---UY,_; x ¥;_1U---UYp x ¥,_1 we obtain

D HE(y) = Xn:cn_i x < > (#E(z)+1)>

yevy i= €Yy

= ch_i x (ci +ci—1) (by induction hypothesis)
i=1

=cyt+cyp—1Xc1+---+coxce, (byformula(1.1.1))

= cp+1 (again by formula (1.1.1) sineg = 1). O

2.4. Corollary. Let n and m be two integers and let z € Y,,,,,. Then there exist
uniqueelementsx € ¥, and y € Y, suchthat x/y < z < x\y.

2.5. Cylindrical structure

As mentioned in the introduction, the elements of the Catalary,set are
in one-to-one correspondence with the vertices of the Stasheff poly@pe
(associahedron) of dimensian One can viewK” as a cylindeC"~1 x I such
that the vertices ifk”~1 x {0} (respectivelyX"~1 x {1}) correspond to the
elementsy/1 (respectivelyy\1). Then the elements betweenl andy\1 are
lying on the edge joining them. In particular, this subset is totally ordered. This
cylindrical point of view appears also in [SU].

2.6. Involution

Observe that for a p.b.tregymmetry around the axis passing through the
root defines an involutiom on Y, and therefore also ofY,. For instance,

o) =/ ando (/) ="". Itis clear that
o(xVy) =o0(y)Vo(x),
o(x/y) = o(»\ox),
o(x\y) = o(y)/o(x);
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therefore
ocx+y)=0(y)+ox).

Summarizing what we have proved until now, we obtain the following
corollary.

2.7.Corollary. Theset Yoo := Un>0 Y,, of grovesisan involutive graded monoid
for +. The maps

N—Yyx —N
n —n, y+— degy

are morphisms of monoids.

3. Permutation-like notation of trees

Though the trees help in figuring out the operations on the elemeris, of
when one wants to work explicitly it is like working with Roman numerals. So
there is a need for a more useful notation. The following permutation-like notation
permits us to code linearly the elementdpfand so to use computer computation.

It is similar to the decimal notation for integers.

3.1. Definition. By definition thename of the unique element dfy is 0, and the
namew(x) of the elemenk € ¥,,, n > 1, is a finite sequence of strictly positive
integers obtained inductively as follows:

if x=0,20€YixYi_1CY, then w(x):=(w(y),n, w()),
with the convention that we do not write the zeros.

If there is no possibility of confusion we simply write(x) := w(y)n w(z)
(concatenation). Observe that, except for 0, such a sequence is mautearfers
and the integer appears once and only once. The name of the unique element of
Y1 is therefore 1, and this is in accordance with our previous notation.

3.2. Bijection with the planar binary trees

When an element it,, corresponds to a p.b.treeand to a namev(x), we
will say thatw(x) is the name of the tree. In low dimension we obtain:

x=| VXN N NN
wx) =0 1 12 21 123 213 131 312 321

The relationship with grafting is obviously given by

l

w(x):w(xl)nw(xr) forx=x'vx"eY,.
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Recall that symmetry around the root axis induces an involution,off a1 - - - a,
is the name of the treg, then the name of (x) isa,, - - - a1.

3.3. Weight

From the picture of a tree one can obtain its name quickly as follows. Define
its ith weight as being the degree minus 1 of the minimal subtree which contains
the leaves number— 1 andi (we number them from left to right starting with 0).
Then the name of the tree is precisely the sequence of weights.

3.4. Test for sequences

Given a sequence of integers, is it the name of a p.b.tree? First, check that the
largest integer in the sequence is the length of the sequence. Second, check that
the left and right subsequences (not containing the largest integer) are names of
trees. Example: 15321812 is the name of a tree, but 15121812 is not.

3.5. Relationship with the symmetric group

Any permutatiorv of the sef{1, ..., n} with valueso (1) - - - o (n) can be made
uniquely into the name of a tree by the following algorithm. Keep the largest
integer in place in this sequence. On each side of it replace the largest integer by
the length of the side, and so on. For instance 123 stays the same 123, however 132
becomes 131, and 23154 becomes 13151. The properties of thEmapY, so
obtained and its relationship with the polytope decompositions of the sphere as
permutohedron and Stasheff polytope respectively has been investigated in [LR1].

4. Theuniversal property

First, we give a recursive formula for computing the sum of groves. Second,
we state the universal property of the addition which will enable us to construct
the multiplication.

4.1. Theorem [LR2]. For any p.b.trees x and y different from | (i.e. 0) the
following formula holds:

x—}—y:xl\/(xr—i—y)u(x—}—yl)\/yr,
wherex =x/ vx" andy = y' v y".

The proof follows from [LR2, Theorem 5.1], where it is written in terms of
associative algebras as explained in the next section.
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4.2. The Left and Right operations

From the preceding theorem it is immediately seen that the sum of two trees is
given as the union of two groves. In order to identify the two parts we define two
operationsd and} as follows:
xH4y:=x'v(&"+y) whenx#0,
xbky:=(x +yl) vy" wheny#0, and
O4x=0=xH+0.

So we have
x+y=x-HyUxky.

(Pictorially the sign+ splits into the two signs{ andr). Observe that 6 0 and
O+ 0 are not defined though-00= 0, see Remark 9.3.

The operations{ and+ are called respectively thieeft and theRight sum
(according to the direction in which they point). For instance, one obtains

NN =N, des 141=21
NN =Y, des 1H1=12
They are extended to groves by distributivity with respect to disjoint union:
Ux 14Uy =Jwi 4y
i J ij
and similarly for.
Since the Left (respectively Right) sum of two groves is a subset of the sum,
the Left (respectively Right) sum of groves is a grove.
It is clear that the relationship with the involution is as follows:
cxHdy)=oc()Fo(x) and oc(xFy)=0o(y) o). (4.2.2)
Recall thatx/y = (x/y") v y" andx’ v (x"\y) = x\y. One can show that in
terms of the operationsand\ we obtain
x-Hy= U z and xFy= U z. (4.2.2)
xhv (e /y) <z<x\y x/y<z<x\y)vy'

In Appendix A the addition table is written such that the first line givesy
and the second (union third if any) line givesd y.

4.3. Tricks for computation

For some special trees the computation of the Left or Right sum is easy. First
recall that— v — = —max—, wherenmax stands for the largest integer (i.e. the
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length) of the word to which it pertains. For instance 1= 131 and v 0 = 12.
Then it is easy to check that

(—max) 4 — = —max—, —F (max—) = —max—.
For instance:
213412=21512 1412+ 54131= 141294131

For higher degree trees it is safer to writg, . . ., a,,) instead ofu1 - - - a,, to avoid
confusion.

4.4. Proposition. The Left and Right sums on groves satisfy the following
relations:

xAyHz=x4Q+2),

xFy)Hz=xF(yH2),

x+yFz=xFQF2),
and O x =x=x—0for x #0.

The proof follows from [L2] as we will show in Section 5.

4.5. Theorem. For any p.b.tree x of degree n there is a unique way of writing it
as a composition of n copies of 1 with the Left and the Right sum. It is called the
“universal expression” of x and denoted w, (1).

The universal expression is unique modul o the relations of Proposition 4.4.

The proof follows from [L2] as we will show in Section 5. Observe that this
theorem gives still another combinatorial description of the Catalan sets (not in
the list of [St]).

The inductive algorithm to construat, (1) is given by

wo(H)=0 and wy(D):=wu(1) 1wy (). (4.5.1)

Examples.
12=1+1
21=141
123=12+1=(1+1)+1
213=2141=(14DF1
131=11141
312=1412=14(1F 1)
321=1421=14(141)
13149214 (114D )14 (A4 - 141).
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4.6. Remark. Let a1az - - -a, be the name of the tree We say that there is an
ascent (respectively alescent) ati if a; < a; 11 (respectivelys; > a;+1). One can
show that, in the universal expressionothe signs are- when there is an ascent
and- when there is a descent.

5. Polynomial algebrawith tree exponents

In this section we show how the results of Section 4 are just translation of
results contained in [LR2,LR1,L2].
Let K be a commutative ring. It is well known that the polynomial riki§X]
has a linear basis indexed By {X"},en. Multiplication of monomials inK [ X]
corresponds to addition iN: X" X™ = X"*™_QObserve that if we were using the
group algebra notation, then the polynomial algebra would be derofd.
Similarly let us introduceK [Yoo] the vector space with bask¥’, y € Y, for
all n > 0. We put a product on it by the formula:

XY % X% = XVTE,
Sincey + z need not be a tree but a grove, we defiié”’ as
XU = x4 xY

so that the previous formula has meaning. Under this formula, any grove
determines an element iK[Y]. This associative algebra has already been
encountered in the framework of dendriform algebras as we now explain.

5.1. Dendriformalgebras[L1,L2]

By definition, adendriform algebra (also calleddendriform dialgebra) is a
K-vector spacel equipped with two binary operations

<IARQA— A, > AQA— A,
which satisfy the following axioms:
) (@=<b)y<c=a=<(bxc),
(i) (@=b)y<c=ax=(b=<c),
(iii) (axb)y>c=a>(b>c)
for any elementg, b andc in A, with the notation
axb:=a<b+a>b.

Adding the three relations show that the operatids associative.
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5.2. Adendriform algebra associated to p.b.trees

Let K[Y.] be the vector space generated by the elemé&ritsfor x € ¥,

(n =2 1) (we exclude = Yy for a while). We define two operations dti[Y/ ]
by the formulas

X< X7 = XUV Ly xy s x by
with the convention that, for any two treesandy’, one has

X0 = x4 XY
These operations are extendedktpr/ ] by distributivity:

(a+b)y<c=a<c+b<c and a<b+c)=a<b+a<c,
and similarly for>.

5.3. Theorem (Universal property) [L2, Proposition 5.7TThe vector space
K[Y/.] equipped with the two operations < and > as above is a dendriform
algebra. Moreover it isthe free dendriformalgebra on one generator (namely X).

5.4. Proof of the results of Section 4

The associative product aki[Y/ ] is given by
XX =X" <XV £ X - XV =XV 4 XY = XY,

It is a nonunital associative algebra. We add a urit X0 to it, so thatK [Vso] =
K[Y. 1@ K -1 becomes an augmented unital associative algebra. The operations
< and> can be partially extended &[Y~] by X° = X* = X* = X* < X9 for
x #0.

In [LR2, Theorem 5.1] it is proved that this algebra structure&di¥ ] is the
same as the one given by the rule

XTxXV= ) X%
x/y<z<x\y
Therefore the results of Section 4 are just translations of the results of [LR2] and
the results of [LR1] cited above.

5.5. Remarks about notation

In [LR1,LR2,L1,L2] the linear generators are denoteihstead ofX*. We
adopt this new notation here to avoid confusion with the operatiolisdn

In [L1,L2] the symbols{ and+ are used to denote operations of an associative
dialgebra. We have given them a completely different meaning here. Let us recall
here that the operad of associative dialgebras is Koszul dual to the operad of
dendriform dialgebras (see [L1,L2]).
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6. Multiplication

Since the polynomial algebra is the free associative algebra on one generator,
one can define the composition of polynomials. It turns out that composite of
monomials is still a monomial. It is related to multiplication of integers by
(Xn)m = xnmm,

Similarly, since the associative algetkdY/ ] is free on one generator when
considered as a dendriform algebra, one can perform composition of polynomials
with tree exponents. Though the composite of monomials, th&i$” wherex
andy are p.b.trees, is not a monomial, it turns out that X io the power of some
grove. Hence one can define the multiplication of p.b.trees as being this grove and
then extend this multiplication to any groves.

6.1. Definition. Letx andy be planar binary trees. By definition theoduct x x y
is

x X yi=wy(y),

wherew, (1) is the universal expression ef (cf. Theorem 4.5). In other words
we replace all the copies of 1 by copiesyoih this universal expression.

Observe that the above definition of the product has a meaning evenywhen
is a grove since Right sum and Left sum of groves are well-defined. We extend
the multiplication tox being a grove by distributivity on the left with respect to
disjoint union:

(rUx) x y = we(y) Uwy ().

So we have defined the product of two groves. This product is a grove since it is
obtained by the operationsandt-. It is clear that the degree of the product s the
product of the degrees, so we have defined a map

X Yy XY — Youm.

Observe that the product is not commutative.

Examples. Since 21=1-1, one has 2k x = x - x, so, for instance, 2% 12=
12412=1412. On the other hand, 23221 =21} 21=2141.

Since 131=1+ 11, one has 13k x = x  x - x, so, for instance,
131x21=12}12412=1412-12= (1412+ 1) vO = (1412-1)6 U 141256=
(1v (124 1))6U 141256= 151316 151236J 141256.

6.2. Proposition. The multiplication x on groves is distributive on the left with
respect to the Left sum, to the Right sum and to the sum, but is not distributive on
theright.
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Proof. The formulaw, /(1) = w, (1) 4+ w,/ (1) follows from
Wy (D) = wy (D) 4wy (D) and  wy (1) = wye (1) - wyr (D).

These last two formulas follow inductively from the properties of the function
w, hamely (4.5.1)and1 (1) =1. O

6.3. Proposition. The multiplication of groves is associative with neutral el ement
on both sidesthetree ™ = 1.

Proof. Interpreted in terms of dendriform algebra, the multiplication of p.b.trees
is composition of monomials. Indeed, sink¢Y/ ] is the free dendriform algebra
on the generatoX, there exists a unique morphism of dendriform algebras
Wy K[Y. ] — K[Y,,] sendingX to X*. The image ofX” by W, is precisely
Xx*<&) Since composition of dendriform algebra morphisms is associative, the
multiplication of p.b.trees is associative.

Sincew1(1) = 1, we obtainw1(y) = y and so 1x y = y. On the other hand,
x x 1=x isatautology. O

6.4. Theorem. With the notationn = Uyeyn y,onehasn x m = nm.

Proof. Since the multiplication is distributive on the left with respect to the
addition, we obtain

nxm=@A+--+Dxm=1lxm+---+1xm
since_1x m = m by Proposition 6.3. O
6.5. Proposition (recursive property).et x = x/ v x” be a p.b.treeand let y be
a grove. The multiplication is given recursively by the formulas

xxy:(xl xy)l—y—{(xr xy) and Oxy=0.

Proof. The universal expression satisfies
Wytyyr (D) =w (D) F 14w (1)
because the name of v x” is w(x’) n w(x") (cf. Section 4.3). Hence we obtain
Wiy (N =wa My dwer (= xy)Fy4G" xy). O
Exercise. Starting with the formula of Proposition 6.5 as a definitionfgmprove
associativity. Hint: use the formula
arb—Hc=(a+b")v @ +o).
Show that, as a consequence, one has
xyl=xtxy+y and (xxy)=x"xy+y".
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6.6. Proposition (involution). For any groves x and y one has

c(x xy)=0x) xo(y).

Proof. It obviously suffices to prove the formula whens a p.b.tree. We work
by induction on the degree of. The formula is a tautology fox = 1. By
Proposition 6.5 we obtain
o(x xy) = a(xl xyky-x" xy)
=o(x" xy) I—U(y)—m(xl X y)
(G xoM)Fo (o) x o)
(a(xr) Y G(xl)) x o (y)

=o(x) xo(y). O

6.7. Summary

On the set of grove¥ o, = Un>0 Y, there are defined operationsand x
such that

o the addition+ is associative, distributive both sides with respect/favith
neutral element & | , but is not commutative,

o the multiplicationx is associative, distributive on the left with respect to the
sum+ and to the disjoint uniot (but not right distributive), with neutral
element (both sides)Z ™7, but is not commutative,

e the involutiono on Y, satisfieso(x + y) =o(y) +o(x) ando(x x y) =
o(x) x o (),

e the mapN — Y,n+>n=J,.y v, and degY — N (degree) are compati-
ble with + and x. The composite is the identity of.

6.8. Questions and problems

By definition a grove igprime if it is not the product of two groves different
from 1. Obviously any tree (respectively grove) whose degree is prime is a
prime tree (respectively grove). However there are also prime trees and groves
of nonprime degree, for instance 1234. The tree 1241 is not prime since=1241
12 x 21.

It would be interesting to study the factorization of a grove into the product of
two. In particular it seems that, when a grove is a product of prime groves, then
the ordered sequence of factors is unique.
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7. Elementary combinatorial applications

Here are simple combinatorial applications of the formulasn = n + m and
nxm=nm.

7.1. Proposition. For any pair of p.btreesx € ¥, and y € V;,,, let ¢, , be the
number of trees in the grove x + y. Then the following combinatorial formula
holds:

Z Cx,y =Cn+m-

xX€Yy, ye¥m

We see, for instance, thais 12 =3, c1221 =2, c21.12= 6, c21.21 =4, and so
3+ 2+ 6+ 3=14= 4, as expected.

7.2. Proposition. For any p.b.trees x € ¥, and any integer m let d, ,, be the
number of trees in the grove x x m. Then the following combinatorial formula
holds:

E dx,m = Cnm-

xeY,

We see, for instance, thaliop =7, diop =7, and so A 7 = 14=c4, as
expecteddlzgg =22, d2132 =33, d13l2 =20, dglzg =33, d322LZ =22, and so
22+ 33+ 20+ 33+ 22=132= ¢, as expected.

[1. Arithmetic of planar trees

In this second part we extend the addition and the multiplication on planar
binary trees to all planar trees. The binary case becomes a quotient of this
case. The formulas are slightly more complicated since there is now one more
tree in degree 2 which accounts for one more operation that we call the
Middle sum. As before, this theory is governed by some free object on one
generator in a category of algebras, they araigmelriformtrialgebrasintroduced
in [LR3].

Instead of using a poset structure, we begin right away with the recursive
definition of the sum. We skip the arguments which are similar to the argumentsin
the first part. Except for the poset definition of the operations, this part is parallel
to the first part and therefore we indicate only the main changes.
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8. The set of planar trees
8.1. Super Catalan sets

Let Ty be a set with one element. The s&jsfor n > 1 are defined inductively
by the formula

T, := U Tig < - x Ty,
ig+--+ix=n—k
where the disjoint union is extended to all possibilities wite 1 andi; > 0 for
all j.

If we denote bya the unique element ofp, then an element of,, can be
described as a partial parenthesizing of the waad- -a of lengthn + 1. Let
x@ert, ..., x® ecT,. The elementx@, ... . x®) e T;) x --- x T;, viewed
as an element iff;, is denotedk©@ v ... v x® e T,. In terms of parenthesizing
it simply consists in concatenating the words and putting parenthesizes at both
ends.

There are many other combinatorial descriptions of theBetd/e will use two
of them as described below, one classical: the planar trees, and one less classical:
the permutation-like notation. Others include the cells of(the 1)-dimensional
Stasheff polytope.

Let C,, be the number of elements §f. One has immediately:

Co=1 and C,= Y  CipCy.
io+--+ix=n—k

Itis classically called the Super Catalan numbeff;s@s called theSuper Catalan
set (see below for the generating series).

8.2. Planar trees

A planar treeis an oriented planar graph drawn in the plane with 1 leaves
and one root, such that each internal vertex has at least two leaves and one (and
only one) root. We consider these trees up to isotopy. An example is in Fig. 4.

We define theadegree of a tree as being the number of leaves minus 1 (in our
example in Fig. 4n = 6).

Fig. 4.
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There is only one planar tree with one legfand only one planar tree with two
leaves:\,”. The main operation on planar trees is caljeafting. The grafting of

x©@ . x® denoted byr©@ v ... v x® is the tree obtained by joining the roots
to a new vertex and creating a new root:
L0 ®

xOviovax®=
For instancef v | v | = “|/. Observe that the degree of” v .- v x®) is
> (degx® +1) — 1,
The main point about planar trees is the following: given a planaritre¢le
decomposition

X =X(0) \ "'Vx(k)
exists and isinique. Moreover, when the degree efis strictly positive, one has
k > 1 and deg® < degx for anyi. From this property of the planar trees it is
clear that there is a one-to-one correspondence between the Super Catélan set
as defined in Section 8.1, and the set of planar trees of degi®e we identify
them.

In low degree one has:

To={}, n={/} L=V}
Tam (o Y )

The union of all the setg), for n > 0 is denoted .

Each setT}, is itself graded by the number of internal vertices. Denoting by
T, the set of planar trees with+ 1 leaves and + 1 — i internal vertices, we
obtain a decomposition

Tn = n,lU - U Tn,n~

It is clear thatT, 1 = Y, (planar binary trees), and thd}, , is made of only

one element. In the Stasheff polytope interpretation of the Super Catalan sets
the elements off,,; correspond to th&i — 1)-cells of the Stasheff polytope

of dimension(n — 1). Let a,,; be the number of elements @f, ;. We define

a generating series by

fx,0):=1+ Z(ian,iﬂ'l)x".

n>1\i=1

One can show, either by direct inspection as in Section 1.1, or by using Koszul
duality of operads (cf. [LR3,LR4]), that

T41x — /11— 22+ )x + 122
2(1+0)x '

flx, )=
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8.3. Groves (bosguets)

In the sequel we will deal with the subsets Bf. By definition agrove of
degreen is a non-empty subset @f,. We will refer to a grove as a disjoint union
of trees. Hence a grove is a hon-empty union of planar trees of the same degree,
such that each tree appears at most once. We denote the set of groves ofidegree
by T,,.. The number of elements &, is 2 — 1. The set of groves made of the
trees inT, ; is denotedl, ;.

An important role is going to be played by the following peculiar grove:

Q::Ux.

xeT,

We call it thetotal grove of degree:.

9. Addition

In this section we define a binary operation on planar trees and we extend it to
groves. We call iddition or sumthough it is not commutative.

9.1. Definition. By definition thesum of two planar treesc and y is given
recursively by the formula:

x+y =x0v.v(x® +y)
Ux(o)v---v(x(k)-i-y(o))V"'Vy([)
U(x_’_y(o))v...\/y([)’

wherex =x© v ... vx® ¢ T, andy = yOv...vy® e T, (for p #0+#q).
Moreover, 0= | € Tp is a neutral element fot.

One observes that the sum of two trees is a (disjoint) union of trees. Their
degree is the sum of the degrees of the starting trees.

Example. ./ + /=" U/ U\,
The addition is extended to the union of trees by distributivity on both sides:

Uxi+Uyi =i+
i J ij

Notation. From now on we often denote the trgly 0 and the tree.” by 1.

Despite the notatior- that we use, the addition on groves is not commutative,
however there is an involution, as we will see below.
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9.2. Thethree operations , -, L

From the definition of the sum it is clear that one has a disjoint union of
three different pieces. Let us define the following three operations (60 and

y #0):
x#y::x(o)v'o'v(x(k)—i—y),
xbyi=(x+yQ) v vy®,
xly=xQv...v(x®4y0)v...vy®

We call - the Left sum, - the Right sum, and_L the Middle sum. They are well-
defined for planar trees and extended to groves by distributivity. By construction
one has
x+y=xHdyUxky UxLly.
We extend these definitions toor y being 0 in the following cases: far 0:

x—-40=x, xF0=0, x10=0,
04x=0, Ox=ux, 0Lx=0.

Forx = 0 these elements are not defined, howewver®= 0.
Here is an example of a Middle sum:

LN =N VN V=NV (UNY) v

e

9.3. Remark. In order to give a meaning to-0, O 0, and QL O, we could use the
following trick. Think of a planar tree as being defined by its internal vertices and
the relationship between them. So the tréein fact the empty set since it has

no vertex. Then one can put, without contradictio d =0+ 0 =0 L ¢ = 0.

We still havefd + ¥ = @ since the union of the empty set with itself is still the
empty set.

9.4. Proposition. The sum of union of trees is associative. The neutral element
isO.

Proof. In the next section we will show that this associativity property follows
from [LR3,LR4] (cf. Section 11.4). O

9.5. Theorem. The Left sum, the Middle sum, the Right sum and the sum of two
groves (a fortiori of two planar trees) is still a grove.
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Proof. This theorem is a consequence of Proposition 9.6 below. Indeed, any
grove is a subset of the total grove. Since, in the sum of two total groves, a given
tree appears at most once, the same property is true for the sum of any two groves.
Hence this sum is a grove.O

9.6. Proposition. Let n:=J, .7, x bethetotal grove of degree n. Then one has
n+m=n-+m.
Proof. It is sufficient to prove the proposition fon = 1. Let us show that

n+l=n+1
We want to prove that

U(t—f-l)z U s.

teTy, seTlyt1

Therefore it is sufficient to show that for any element 7,1 there exists
a unique elemente T, such that € r + 1.

First we show that, for a given treethe trees appearing i+ 1 are obtained
from ¢ by adding a new leaf starting from the right side either from a vertex
(lying on this right side) or from the middle of an edge (including the root and
the leaf). By definitiorr + 1=t 41U 1L 1U¢+ 1. The third componentt 1
is (t +0) v0=1 Vv 0, which is precisely the tree obtained by the adjunction of
a leaf starting from the (middle of) the root. Then, the second compaenerit
ist@QOv...ve® 4+0v0o=t@v...vi® v 0, which is precisely the tree
obtained by the adjunction of a leaf starting from the lowest vertex. Finally, the
first component 41 ist©@ v ... v (¢t® 4 1) and here we use induction (on the
degree of the last piece, thatri§)) to prove that we obtain the union of the trees
obtained fromr by adjoining a leaf to the other vertices and edges:

t+1:\/ u\/u\/ U\%/U\y.

Let us start with a tree € T,11. By deleting the rightmost leaf we obtain
a treer € T, such that belongs ta + 1 by the preceding argument. This proves
existence. On the other hand,sife T, is such thats belongs tor + 1, then
obviously by deleting the rightmost leaf ofve recover. This proves unicity. O

9.7. Remark. The proof ofn + 1 =n+1 in the binary case as given in
Proposition 2.3 was using the definition of the addition in terms of the poset
structure ofY,. Here the proof of the analogous result is done by using the
recursive definition of the sum. Since, in the binary case, one can also define the
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addition through a recursive formula, this proof works also under the following
modification: the trees in+ 1 are obtained from by adding a new leaf starting
from the middle of the edges on the right side. So all these trees are still binary.

9.8. Involution

Observe that for a planar tresymmetry around the axis passing through
the root defines an involutioa on 7,, and therefore also off,,. For instance

o) =N, 0(X/) =", andoe (\[) ="
By induction one has immediately
o(x-y)=o(y)ko(x),
o(xkFy)=o(y)—o(x),
o(xLy)=o(y) Lo),
and therefore one obtains

o(x+y)=0(y)+okx).
9.9. Filtration

Define a filtration orfl,, by
F'T,:=T,1U---UT,,.
So we have
¢=FT,CY,=FT,Cc---CFT,C---CF'T, =T,.

Claim.Ifx € FI'T, andy € F/T,, thenx +y € FSUDT .

The proofis straightforward by induction. In factife T, ; andy € Ty, ;, then
x+y€Tpigsupifp Y UTptg it -

In particular, fixi and consider the sef, ; for n > i. Then there is a well-
defined sum

Tp,i X Tq,i — Tp+q,i7 x,y)—=>x+; vy,

which consists in taking i 4+ y only the trees belonging t&,,;. From the
preceding claim, the operatian is associative. Indeed, in+ y + z the elements
in Tp4y+r; cannot come from elements i, ; x T,; x T,; with j > i, for
instance, since sup, i, i) =j > i.

Fori =1 one hasT, 1 =Y, and one recovers the sum of planar binary trees
devised in Definition 2.1.

Summarizing what we have proved until now, we obtain the following
corollary.
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9.10. Corollary. The set Tog := |, Tn of groves is an involutive graded
monoid for +. The maps

N—T —N
n +—n,t — deg

are morphisms of monoids. The set To,; := To U U@i T, is an involutive
graded monoid for +;.

10. Permutation-like notation of trees

We extend the permutation-like notation introduced in Section 3 to all planar
trees.

10.1. Definition. By definition thename of the unique element dfy is 0, and the
namew(x) of the elementk € 7,,, n > 1, is a finite sequence of strictly positive
integers obtained inductively as follows:

if )C:)C(O)V)C(:I')\/...\/x(k)eTn7
then w(x):= (w(x(o)), n, w(x(l)), n,....n, w(x(k))),

with the convention that we do not write the zeros.

If there is no possibility of confusion we simply write
wx) = w(x@)n---nw(x®) (concatenation)
Observe that, except for 0, such a sequence is madentégers and the integer
n appearg times. The name of the unique elemenfofis therefore 1.

10.2. Bijection with the planar trees

When an element iff;, corresponds to a planar treeand to a namev(x),
we will say thatw(x) is the name of the tree. In low dimension we obtain, for
instance:

x = NN e
wx) =0 1 12 21 22 123 133 333

Recall that symmetry around the root axis induces an involutiorf,onf
ai - --ay is the name of the tree, then the name aof (x) isay, - - - a1.

10.3. Test for sequences

Given a sequence of integers, is it the name of a planar tree? First, check that
the largest integers in the sequence are the length of the sequence. Second, check
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that the maximal subsequences not containing the largest integers are names of
trees. Example: 14218812 is the name of a tree, 323 is not.

10.4. Relationship with the ordered partitions

In Section 3.5 we mentioned the relationship between the permutations and the
planar binary trees. There is a similar relationship between ordered partitions of
{1,2,...,n}andT,. Itis exploited in [LR4].

10.5. Tricks for computation

For some special trees the computation of the Left or Right or Middle sum is
easy. First recall that
—V ==V —-—=—max—---—nax—,

wheremax stands for the largest integer (i.e the length) of the word to which it
belongs. Thenitis easy to check that

(—=max—-..—max) -4 — = —max—--- —Mmx—,
—F (mxX—---—Max—) = —mx—---—Mmx—,
(=max—---—max) L (—max—--. —nmax—)
=—Mmax—---—MaxX—Mx—---—nmx—),
(=max—---—max—) L (max—---—nmax—)
=—Mmax—---—MxX—Mx—---—nmx—).

For instance, 313/12=51512, 313L 12=51515.

11. Polynomial algebrawith tree exponents

In this section we recall some results on dendriform trialgebras from [LR3,
LR4] and deduce algebraic relations between the operatiofison

11.1. Dendriformtrialgebras

By definition adendriform trialgebra is a K-vector spaced equipped with
three binary operations

< ARA— A, > ARQA— A, AR A— A,

which satisfy the following axioms:
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(a<b)y<c=a<(b=xc),

(a=b)y<c=a> (b=<c),
(axb)>c=a> (b >c),
(a=b)y-c=a>(b-c),
(a<b)-c=a-(b>c),
(a-b)y<c=a-(b=<c),
(a-b)y-c=a-(b-c),

for any elements, b andc in A, with the notation

axb:=a<b+a>b+a-b.

Adding up all the relations shows that the operatida associative.
11.2. Adendriformtrialgebra associated to planar trees

Let K[T/,] be the vector space generated by the elem&ntsfor x € T,
(n > 1) (we exclude Ie Tp for a while). For a union of treee = | J; x;, we
introduce the notation

X? = Z X%,
i
We define three operations &f{7/,] by the formulas:
X¥ <XV =XV, X¥ = XY= XY, X* XY= x5,

and distributivity.
We now recall the following main result.

11.3. Theorem (Universal property) [LR3,LR4].The vector space K[T.]
equipped with the three operations <, =, and - as above is a dendriform
trialgebra. Moreover, it is the free dendriform trialgebra on one generator
(namely X).

ThereforeK [T/ ] equipped with« is an associative algebra. We make it into
an associative and unital algebkd 7] = K @ K[T.,] by adding the vector
spacek , generated by £ X©.

11.4. Relationsin T

The dictionnary comparing the operations on trees and on the free dendriform
trialgebra is the following:
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Too U - - L +
KTl + < > . *

By Theorem 11.3 associativity of the operatiommplies associativity of the
operation+ on planar trees (this proves Proposition 9.4). Moreover, the relations
in the dendriform algebra give far, y, z € Too:

xdy)dz=x4Q +2),
xFEyHz=x+F (2,
x+yFz=xF(QF2),
xFy)Llz=x+({ 1lz),
xHy)Lz=xL(yF2),
xLy)dz=xL(y-2),
xLy)lz=xL1l(yLlz). (11.4.2)

11.5. Corollary. Any planar tree x € 7, can be written as a composite (using
-, +, 1) of n copies of 1 € 71 with a suitable parenthesizing. This universal
expression of x, denoted w, (1), is unique modulo therelations (11.4.1)

Examples. w21(1) =141, wi2(1) =11, woa() =11 1, wixl) =1-111,
w322() =14 (1L 1).

11.6. Remarks about notation

In [LR3,LR4] the linear generators are denoiehstead ofX*. We adopt this
different notation here to avoid confusion with the operatioriEdn

In [LR3,LR4] the symbols, -, and L are used to denote operations of an
associative trialgebra which is the Koszul dual structure of dendriform trialgebra.
We have given them a completely different meaning here.

12. Multiplication

Since the associative algebkd 7. ] is free on one generator when considered
as a dendriform trialgebra, one can perform composition of polynomials with tree
exponents. Though the composite of monomials, thexi9> wherex andy are
planar trees, is not a monomial, it turns out that itXisto the power of some
grove. Hence one can define the multiplication of planar trees as being this grove
and then extend this multiplication to any groves.
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12.1. Definition. Let x andy be planar trees. By definition thoeoduct x x y is
x X yi=wy(y),

wherew, (1) is the universal expression of(cf. Corollary 11.5). In other words,
we replace all the copies of 1 by copiesyah this universal expression.

Observe that the above definition of the product has a meaning evenywvhen
is a grove since the Right sum, the Left sum and the Middle sum of groves are
well-defined. We extend the multiplication tobeing a grove by distributivity on
the left with respect to disjoint union:

(xUx") xy =we(y) Uwy ().

So we have defined the product of two groves. This product is a grove since
it is obtained by the operations, -, and L. Observe that the product is not
commutative.

12.2. Proposition. The multiplication x on groves is distributive on the left with
respect to the Left sum, the Right sum, the Middle sum and the sum (but not on
theright).

Proof. The formulaw, (1) = wy (1) + w,/ (1) follows from

Wy (D) =wy (D dwy (D),
Wiy (D) = wy (D = wy (D),
wa_x’(l) = wx(l) L wx/(1)~

These three formulas follow inductively from the properties of the func-
tionw. O

12.3. Proposition. The multiplication of grovesisassociative with neutral element
on both sidesthetree ™ = 1.

Proof. Interpreted in terms of dendriform trialgebra, the multiplication of
planar trees is composition of monomials. Since composition is associative, the
multiplication of planar trees is associative.

Sincew1(1) = 1, we obtainwi(y) = y and so 1x y = y. On the other side,
x x 1=xisatautology. O

12.4. Theorem. With the notationn = ( J, ., x, onehasn x m = nm.

Proof. Since, by Proposition 12.2 the multiplication is distributive on the left with
respect to addition, we obtain
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IS
X
H
|

A+-+Dxm=1lxm+---+1lxm

m+---+m=npm. 0O

12.5. Proposition (recursive propertylLet x = x(@ v ... v x®) be a planar tree
and let y be a grove. The multiplication is given recursively by the formulas:

xxy=(xOxy) by L (x®xy) Lyl Ly4(x® xy),
O0x y=0.

Proof. First, observe that because of the relatiom¥ there is no need for
parenthesis in this formula. It suffices to show the equality

wy(y)=w,oMkFylwa@) Lyl Ly—dww),
which is a consequence of
x=xOv.ovx®=xOpr11 x®111...1014x®,

This last formula is easily proved by using the definition of the three opera-
tions. O

12.6. Proposition (involution). For any groves x and y one has

ocx xy)=0o(x) xo(y).

Proof. It is a consequence of the previous proposition and of the relations
between the involution and the three operations (cf. Section 918).

12.7. Summary

On the set of grove¥'e = |J,~oTx there are defined operatiorsand x
such that

o the addition+ is associative, distributive both sides with respecttavith
neutral element & |, but is not commutative;

o the multiplicationx is associative, distributive on the left with respect to the
sum+ and to the disjoint uniot (but not right distributive), with neutral
element (both sides)& ™\, but is not commutative;

e the involutiono on T, satisfieso(x + y) =0 (y) + o(x) ando(x x y) =
o(x) xo(y);

e the mapsN — T, n > n = {J,y, x, and degTo — N (degree) are
compatible witt and x. The composite is the identity of;

o the quotient mafl'cc — Yoo, Which consists in forgetting about the planar
trees which are not binary, is both additive and multiplicative.
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12.8. Question. It would be interesting to know if one can also put an internal
multiplication onT, ; for i > 1, cf. Section 9.9.

I11. Final comments

e Itis sometimes helpful to index chain complexes, not by the integers or even
pair of integers (as in a bicomplex), but by trees. Examples and the simplicial
properties of the planar binary trees have been investigated by A. Frabetti in [Fr].
Similarly, many small categories in algebraic topology have the natural numbers
as objects (for instanca, I'). In the work of André Joyal [J] appears a category
©® whose objects are the planar trees as considered here.

e The relationship of dendriform algebras and trialgebras with other types
of algebras like associative dialgebras, associative trialgebras, Leibniz algebras,
Zinbiel algebras, associative algebras has been treated in [L2,LR4] in terms of
operads. See also [Ch].

e The operad of associative algebras comes from a set-operad by the functor
which associates to a set the vector space based on it. The operad of dendriform
dialgebras (respectively dendriform trialgebras) does not come from a set operad
since the sum of two trees is not a tree. However, since the sum of two grovesiis a
grove, it is very close to being a set operad.

e The associative algebré[Y.,] has a dendriform structure, but has also a
Hopf algebra structure (cf. [LR1]). Moreover, these two structures are compatible,
as was discovered by M. Ronco [R1]. It turns out t&dtY] is the universal
enveloping dendriform dialgebra of the frbeace algebra on one generator as
proved by M. Ronco in [R2,R3]. A similar result holds for the Hopf algebra
K[Tsol.

e Planar binary trees have been used by Christian Brouder [Br] in place
of natural numbers in order to index series which are solutions of some
differential equations in quantum field theory (the Schwinger—-Dyson equations).
The renormalization of quantum electrodynamics is governed by a certain non-
commutative and non-cocommutative Hopf algebra, cf. [BF]. It turns out that this
Hopf algebra is isomorphic t& [ Y], cf. [FO,H].

Appendix A. Tablesfor planar binary trees
A.1. Addition table

Recall that O is the neutral element fgr so

O+x=x=x+0.
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Table 1
Addition table
x+y 1 12 21
1 12 123 213 131
21 312 321
12 123 1234 1314 1241
131 1412 1421
21 213 2134 3124 3214 2141
312 321 4123 4213 4312 4131 4321
123 1234 12345 12415 12351
1241 12512 12521
213 2134 21345 21415 21351
2141 21512 21521
131 1314 13145 14125 14215 13151
1412 1421 15123 15213 15312 15131 15321
312 3124 31245 41235 41315 31251
4123 4131 51234 51314 51412 51241 51421
321 3214 32145 42135 43125 43215 32151
4213 4312 4321 52134 53214 53124 54131 52141 54321

54123 54213 54312

In Table 1 we omit theJ sign,x/y is the first element of the first line,\y is the
last element of the last line. The first linexi$- y and the second line (union third
if any) isx 4 y. Recall thato (x + y) = o (y) + o (x), so a sum like 2% 123 is
easily obtainable from this table.
Example of computation by using the recursive formulas:
13112 = 131 (1v0) = (131+ 1) v0=(13141U131- 1) vO
= (1v1)+41U1314v0=(1v(1+1)U1314VvO0

= (1412U 142101314 v 0= 141250 142150 13145

A.2. Mutiplication table

Recall that 1 is the neutral element fer so
Ixx=x=xx1

Recall that the recursive formulaisx y = (x! x y) -y -4 (x” x y) and Ox x =0,

OFx=x=x40.
The products 312 y and 321x y for y =12 or 21 or 12) 21 can be obtained

from Tables 2 and 3 by the formua(x x y) =0 (x) x o (y).
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Table 2
Multiplication table
XXy 12 21 12021 123 213 131 312 321
12 1234 2141 1234 1314 1241 123456 213516 131461 312612 321621
1314 2134 3124 3214 124156 215216 141261
2141 125126 142161
21 1412 4131 1412 4123 4213 126123 216213 161241 612512 621521
4321 4312 1421 4131 162141 615312 651421
4321 164131 654321
Table 3
Multiplication table
XXy 12 21 12021
123 123456 214161 123516 123456 131516 131456 125126 125216
131456 124156 213516 213456 312516 312456 321516
123516 321456 215126 215216 214156 123461 131461
131516 124161 213461 312461 321461 214161
213 141256 413161 151236 151316 141256 152136 153126 153216
151236 432161 142156 512346 512416 412356 521346 521416
151316 421356 531246 541236 541316 431256 513146
514126 514216 413156 532146 542136 543126
543216 432156 141261 142161 412361 421361
431261 413161 432161
131 123612 216131 123612 123621 131612 131621 126123 126213
131612 216321 126312 126131 126321 213612 213621 312612
312621 321612 321621 216123 216213 216312
216131 216321
A.3. Exercise

The following grove (U is omitted):

141294131 141291241 141292141
142194131 142191241 142192141
131494131 131491241 131492141

is a product of two groves, which ones?

Appendix B. Tablesfor planar trees
B.1. Addition table

Recall that O is the neutral element fgr so

O+x=x=x+0.
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Table 4
Addition table
x+y 1 12 21 22
1 12 123 213 223 131 133
21 312 321 322
22 313 331 333
12 123 1234 1314 1334 1241 1244
131 1412 1421 1422
133 1414 1441 1444
21 213 2134 3124 3214 3224 3134 2141 2144
312321322 4123 4213 4312 4223 4313 4131 4321 4331 4133 4322 4333
313 4124 4214 4224 4141 4144
22 223 2234 3314 3334 2241 2244
331 4412 4421 4422
333 4414 4441 4444

In Tables 4 and 5 we omit the sign. The first line isx + y, the second line is

x 4y and the third line isc L y.
B.2. Mutiplication table

Recall that 1 is the neutral element feor so

Ixx=x=xx1

Table 5
Multiplication table
XXy 12 21 22 1221 123 133
12 1234 2141 2244 1234 1314 1241 1334 125126 124166 134166
1314 2134 3124 3214 3224 123456 124456 133466
1334 2141 3134 125156 134466
21 1412 4131 4422 1412 4123 4213 4223 126123 166133
4321 4312 1421 4131 4313
4331 4321 4331
22 1414 4141 4444 1414 1441 4124 4214 126126 166166
4224 4141
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