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Abstract. A Leibniz n-algebra is a vector space equipped with an n-ary operation which has the
property of being a derivation for itself. This property is crucial in Nambu mechanics. For
n = 2 this is the notion of Leibniz algebra. In this paper we prove that the free Leibniz (n + 1)-
algebra can be described in terms of the n-magma, that is the set of n-ary planar trees. Then it
is shown that the n-tensor power functor, which makes a Leibniz (n + 1)-algebra into a Leibniz
algebra, sends a free object to a free object. This result is used in the last section, together with
former results of Loday and Pirashvili, to construct a small complex which computes Quillen
cohomology with coefficients for any Leibniz n-algebra.
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1 Introduction

Leibniz algebras were introduced by the second author in [4]. They play an important
role in Hochschild homology theory [4], [5] as well as in Nambu mechanics ([6][10],
see also [1]). Let us recall that a Leibniz algebra is a vector space g equipped with a
bilinear map [—, —] : g® g — g satisfying the identity:

(L) e 2]l = (D) 2] = [l 2] 0

One easily sees that Lie algebras are exactly Leibniz algebras satisfying the relation
[x,x] = 0. Hence Leibniz algebras are a non-commutative version of Lie algebras.
Recently there have been several works dealing with various generalization of Lie
structures by extending the binary bracket to an n-bracket (see [1], [2], [9], [11]).
In this paper we introduce the notion of a Leibniz n-algebra—a natural generaliza-
tion of both concepts. For n = 2 one recovers Leibniz algebras. Any Leibniz algebra
g is also a Leibniz n-algebra under the following n-bracket:

[X1, 2, « oy X = (X1, (X2, ooy [Xom 1, X))

Conversely, if Z is a Leibniz (n + 1)-algebra, then on Z,(%) = #®" the following



190 J. M. Casas, J.-L. Loday, T. Pirashvili

bracket
a1 ® - ®ay,bi® - by => a1 ® - ®ajbi,....b)) Q- ®ay,
i=1

makes Z,(%) into a Leibniz algebra. This construction goes back to Gautheron [2]
and plays an important role in [1].

The main result of this paper is to show that if ¥ is a free Leibniz n-algebra, then
Du-1(Z) is a free Leibniz algebra too (on a different vector space). This result plays
an essential role in the cohomological investigation of Leibniz n-algebras, which we
consider in the last section.

We first introduce a notion of representation of a Leibniz n-algebra .. This notion
for n = 2 was already considered in [5]. One observes that if M is a representation of
a Leibniz n-algebra %, then Hom (%, M) can be considered as a representation of
the Leibniz algebra 2,_1(%). The work of [2] and [1] suggests defining the coho-
mology of ¥ with coefficients in M to be HL*(Z,-1(¥), Hom(¥,M)). We deduce
from our main theorem that this theory is exactly the Quillen cohomology for Leib-
niz n-algebras.

The referee drew our attention to the paper [11] which surveys different kinds of
n-ary algebras.

2 Derivations

In the whole paper K is a field. All tensor products are taken over K. Let o/ be a
vector space equipped with an n-linear operation o : ./®" — .o/. Amap f : of — o/
is called a derivation with respect to w if

folar,. .. an) = ;"Iw(al, e S (@), an).

In this case we also say that f'is an w-derivation. We let Zer, (/) be the set of all
w-derivations. The following is well-known.

Proposition 2.1. i) The subset Der, (/) of the Lie algebra of endomorphisms End(.</)
is a Lie subalgebra.

i) If f € Der,(A) and [ € Dery(A), then f € Der, o(A). Here o : oA®" — o is
also an n-linear operation.

Proposition 2.2. Let [—, —] : .o/®? — .o/ be a bilinear operation and let @ : .A/®" — of
be given by
(X1, .y Xpn) = [x1, X2, ooy [Xne1, Xn] )]

If f'is a derivation with respect to [—, —|, then f € Dery, ().
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Proof. One has
S@Cers oy xn)) = (ers Py s Ponrs 2 -]
= [/ (), beas s P, Xa] - ]])
Flers f (X2, Pty Xa] - )]

=2 XL ), Xl = 2w, (), X))

1

The following is an immediate generalization of Proposition 2.2. Since it has the
same proof, we omit it here.

Proposition 2.3. Let w;: o/®" — o/ be ni-ary operations for i=1,....k and let
w: A% — of be a k-ary operation. If f is a derivation with respect to wy, . ..,w,, o,
then it is also a derivation with respect to the composite ¢ : .o/®" — <f. Here
n=n +---+ng,

alay,...,ay) == o(wi(ay,...,an),...,0ds, ..., a,))

ands=n—ny+1=ny+---+n_1+1.

Proposition 2.4. Let @ : /") — of be an (n+ 1)-linear map and let 11, : g® g — g
be the bilinear map given by

il ® - Qan,biy® - b)) =a1 @ @w(ai, by ® - @b,) ® - @ ay.

Here g= /%" and 1 <i<n. Suppose that f : .o/ — </ is an w-derivation and
¢ :g— gis given by

¢(al®"'®an):Zal®"'®f(aj)®"'®an-
=1

J
Then ¢ is a derivation with respect to w;, for any 1 <i <n.
Proof. One has
(1@ Ry, bi® - ®by)) =p(a1® - Qw(a;,51® - @ by) @ - @ ).
Since f'is an w-derivation, we see that this expression is equal to
fla)®: - @w(an,b ® - ®@by) @+ @ay+ -+

+a1®"'®w(f(ai)7bl®"'®bn)®"'®an+
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ta® - Qo(a, f(b1)@  ®@by) @ - @ay+---+
0 ® - Quanb @ - @f ()@ @ay+ -+
+a® - o(a,b ® - ®b)® - ®f(an)
On the other hand the expression
ti(p(ar ® -+ @ an),b1 @ - @ by) + (a1 @ -+ ® an, p(b1 @ - -+ ® by)),

is clearly equal to the previous expression thanks to the definition of x; and ¢. This
proves that ¢ is a derivation with respect to ;.

3 Leibniz n-algebras

A Leibniz algebra of order n, or simply a Leibniz n-algebra, is a vector space &

equipped with an n-linear operation [—,...,—]: Z®" — & such that for all
X1,...,X,—1 the map ad(x,...,x,-1): %L — &£ given by ad(xi,...,x,—1)(x) =
[x,x1,...,x,-1] is a derivation with respect to [—,...,—]. This means that the fol-

lowing Leibniz n-identity holds:

(3.1)  [[X1,X2, - Xu)s V1 V2, oo Vi)

[X]7~--7Xi—], [xiay]ay27'"ayn—l}axiJrla"wxn]-

s

i=1

We let ,Lb be the category of Leibniz n-algebras. Let us observe that for n = 2 the
identity (3.1) is equivalent to (1.1). So a Leibniz 2-algebra is simply a Leibniz algebra
in the sense of [4], and so Leibniz 2-algebras are called just Leibniz algebras, and we
use Lb instead of ,Lb.

Clearly a Lie algebra is a Leibniz algebra such that [x,x] = 0 holds. Similarly
for n >3 an n-Lie or an n-Nambu-Lie algebra is a Leibniz n-algebra such that
[X1y. ooy Xty Xig1y .-, %) =0 as soon as x; = x;4; for 1 <i<n—1. Such algebras
appear in what is known as Nambu mechanics and there exists several interesting
papers about them (see [1], [2] and references given there).

Another big class of Leibniz 3-algebras which were considered in the literature
are the so called Lie triple systems. Let us recall that a Lie triple system [3] is a
vector space equipped with a bracket [—, —, —] that satisfies the same identity (3.1)
and, instead of skew-symmetry, satisfies the conditions

[, ¥, 2] + [y, 2,X] + [z,x,5] = 0
and

[x,»,y] = 0.
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Proposition 3.2. Let g be a Leibniz algebra. Then g is also a Leibniz (n + 1)-algebra

1) s g given by

with respect to the operation o : g®(
(X0, X1y -« vy Xp) 1= [X0, [X1, - - - [Xn—1, Xn]]-
Proof. From the definition of Leibniz algebra we know that

ad(x) = [-,x] : g — g

is a derivation with respect to the 2-bracket. By Proposition 2.2 we know

that it is also a derivation with respect to w. Since for all xj,x,..

LXp €EZ

one has ad(xi,xz,...,X,) = [X1,...[Xn_1,%s] - -] the Proposition follows. Here

ad(xi, X2, ..., xXp) = O(—,X1,X2,...,X) : g — &
Proposition 3.2 shows that there exists a ‘“forgetful” functor
U, : Lb — ,Lb.

Here are more examples of Leibniz 3-algebras.

Examples 3.3. i) Let g be a Leibniz algebra with involution ¢. This means that o is an

automorphism of g and > = id. Then
& ={xeg|x+o(x) =0}

is a Leibniz 3-algebra with respect to the bracket

b, ys 2] = [, [y 2]l

ii) Let V be a 4-dimensional vector space with basis i,j,k,/. Then we define

[x,y,z] := det(A), where 4 is the following matrix

i j ko
X1 X2 X3 Xa
Yo y2 ¥z 4

A zy zZ3 Za

One sees that this gives rise to a Leibniz 3-algebra. Moreover it is a Nambu-Lie al-
gebra. Here x = x;i + x5/ + x3k + x4/ and so on. One easily generalizes this example
to obtain an n-Nambu-Lie algebra starting with an (n + 1)-dimensional vector space.
This example was a starting point for investigating n-Lie (or Nambu-Lie) algebras.

Let % be a Leibniz n-algebra. Thanks to Proposition 2.1 i) we know that

Ger(L)={f: ¥ — Z| [ is a derivation}

is a Lie algebra.
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Proposition 3.4. Let & be a Leibniz (n + 1)-algebra. Then 2,(%) = " is a Leibniz
algebra with respect to the bracket

1 ® @bl ® - @by = a1 ® - ® [ar,b1,..., b, ® - Ry
i=1

Moreover

ad : L°" — Ger(¥L), x1® - ®x, — ad(x1,X2,...,X,)
is a homomorphism of Leibniz algebras.
Proof. Fix x1,...,x, € . We have to prove that

0: D L) = Du(2)

given by
P ® - Qa)=> a1 @ Qf(a) ® - ® ay,
j=1

is a derivation with respect to [—, —]. Here f' = [—, x|,...,x,] : & — %. Thanks to
Proposition 2.4 we know that ¢ is a derivation with respect of all i;, 1 <7 < n, where

ﬂi(al®"'®ambl®"'®bn) :a1®"'®w(ai,bl®"'®bn)®"'®an-
Then ¢ is also a derivation with respect to [—, —] = Y. | », thanks to Proposition 2.1

ii) and the first part of the Proposition follows. Let us show that ad is a homo-
morphism of Leibniz algebras. Indeed, one sees that

ad([ay @ -+ ® ay, b1 ® - @ byl)(a) = [a,[ar,. .., [aibi1,... by, ... 4]

i=1
On the other hand
lad(a) ® -+ @ ay),ad(b1 @ - -+ ® bn)](a)
=ad(a ® -+ ® ay)ad(by @ - -- ® by)(a)
—ad(b; @ - Q@ by)ad(a; @ -+ @ a,)(a)
=lla,br,....b0) a1 @ @ ay] — [[a,a1 @ - ® ay), by, ..., bl

Therefore (3.1) shows that
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ad([a) ® - @ @y, b1 ® - @ by]) = [ad(a1 @ - -- R ap),ad (b ® --- ® by,)].
Hence ad : 2, — Yer(¥) is a homomorphism of Leibniz algebras.

Remark 3.5. One can prove that if .o/ is a Leibniz (kn + 1)-algebra, then .«/®* is a
Leibniz (n + 1)-algebra with respect to the following bracket

[Xo1 @ X02 -+ @ Xoky -+, X1l @ X2+ -+ @ Xk
= [X01, X115+ o5 X1y - o o5 Xnls - -+ Xk @ X2 @ - -+ @ Xo
+ 4 X0 ® - ® Xok—1 @ [Xok, X115 - -+ 5 Xk

By Proposition 3.4 the map ¥ — 2,(%) from Leibniz (n + 1)-algebras to Leibniz
algebras is a functor that we denote by &,. More generally, by Remark 3.5, there
exist functors 77, : gy 1Lb — ,.1Lb (where 7, = 2!) and we have 2! 0 2! = 2] .

4 The main theorem

The goal of this section is to prove that the functor &, : ,,1Lb — Lb sends free
objects to free objects. For more specific statements see Theorem 4.4 and Theorem
4.8 below. Since 2, is nothing but the identity functor, we have to consider the case
n > 2. To avoid long formulas we will first restrict ourself to the case » = 2 and,
second, we indicate how to modify the argument for n > 3.

Let us recall (see [8]) that a magma .# is a set together with a map (binary
operation)

MXM— M, (X,Y) = XK Y.

Let Y be the free magma with one generator e. We recall from [8] the construction of
Y. First one defines the sequence of sets (Y),),,- as follows:

Y1:{€}7 Ym: H pr an (m227p7q21)
prg=m

We let Y be the disjoint union

Y = H Ym-

m>1

One defines x: ¥ x ¥ — Y by means of

Y,xY,— Y, Y.

Then Y is a magma, which is freely generated by e. Let C,, be the number of elements
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of Y,,41. Clearly Cy = 1,C; =1 and

Cm+1 = Z th

i+j=m
Hence the function /(1) = Y, C,,t™ satisfies the functional equation
@41 f)—-1=17).

Of course this equation is well known, as well as the fact that C,, is equal to the
Catalan number, that is

(2m)!

S = lm + 1)1

So one has
Co=1,C1=1,C=2,C3=5,C4 =14,C5s =42,Cs = 132,...

If w € Y, then we say that w is of length m and we write /(w) = m. Clearly if w € Y,
then w = e or @ = w; * wy, with unique (w1, w;) € ¥ x Y. Moreover /(w) = I(w;) +
/(7). Recall that the elements of Y, can be interpreted as planar binary trees with n
leaves. Under this interpretation the operation % is simply the grafting operation
(join the roots to a new vertex and add a new root).

The following proposition is the analogue for Leibniz 3-algebras of Lemma 1.3 in

[5] concerning Leibniz algebras.

Proposition 4.2. Let K[Y] be the vector space spanned by Y. Then there exists a unique
structure of Leibniz 3-algebra on K[Y] such that

(01, w2, €] = w1 % w;.
Moreover K[Y] with this structure is a free Leibniz 3-algebra generated by e.

Proof. We use the method devised in [5] for the case of Leibniz algebras. Let us
observe that (3.1) for Leibniz 3-algebras is equivalent to

(4.2.1) [a,b,[c,x,)]] = [[a,b,c],x,y] — [[a, x,¥],b,c] — [a, [, x,], c].

The 3-bracket [w;, m,, w3] has been already defined for w; = e. If w3 # e, then it is of
the form w * @’ for some elements w and «’. Hence

[CO],CL)Z,UJ}] = [CO],UJz,CO*UJl] = [601,(/027 [60,60’,6]],

and one can use (4.2.1) to rewrite it with 3-brackets whose last variable is either w or
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o’. Since /(w) and /(w') are less than /(w3), we get, by recursivity, the element
[@1, @y, w3] as a unique algebraic sum of elements in Y.

We now have to prove that, with this definition, the 3-bracket satisfies the Leibniz
3-identity (4.2.1). Clearly it holds when y = e, since it is precisely this formula which
was used to compute the left part. So we can work by induction with respect to /().
If /(y) > 2 then y = y| % y, and therefore

[a7b7 [Cv x,y]] = [avbv [c,x, [J’n)’z,em

= [a,b, [[Ca x7y1],y2,€“ - [avbv HcvyZ’e]vx?yl]] - [Cl,b, [C’ [x,yz,e],y1]]

= Haaba [Cv xayl]]vyb e] - [[avybe}vbv [Cv x,y1]] - [aa [bvy27e]7 [caxayl]]
- [[a,b, [vaZae]]axvyl] + [[a,x,y1],b, [C7y27eH + [a7 [b’x7y1]7 [vaz’e]]
- [[[aaba C]v [xvyZ,e]ayl] + [[av [xvyb e]ayl]vbv C] - [av [b7 [xayzv C]’ylhc]

= Haabac]7x7y1]>y2ae] - [[[aa XvJ/l]>b>C]7J’276’] - Haa [b7an’1]7C]7J/2,€]
- [[[aayzve]vbvdvx’yl] + [[[avyz,e]’xvyl]vbvd + Ha’y27e]7 [b7x7yl]’c]
- [[av [bay27e]vc}7x7yl] + [[avxayl]v [b7y27e]7c} + [a7 [[b7y27e],x,y1],c]
- [[[aabac]7y2ve]vxayl] + [[[avy%e]’b’c]vx»yl] + Ha’ [b,yz,e],c},x,yl]
=+ [[[a,x,yl],b,c],yz,e] - [[[avxvyl}ayzae]vbvc} - Ha’ x7y1]7 [b,yz,e},c]

+ [[av [b’xvyl]vc]vybe] - [[a,yz,eL [b,x7y1],c] - [av [[b,x,yl],yz,e],c]

- [[a,b,c], [x,yz,e],yl] =+ [[Cl, [x,yz,e],yl],b,d + [a7 [bv [xvy%e]ayl]’c]'

One sees that 2 and 13 as well as 3" and 16", 4" and 117, 6" and 17", 7 and
12 8™ and 15" terms cancel. Hence we have

[a,b, ¢, x, y]]
= [[[a,b,c},x,yl],yz,e] + [[[a,yz,e},x,yl],b,c] + [a’ [[bvyZae]’xvylLd
—[lla, b, c], ya, el, x, y1] = [[[a, x, 1], 2, €], b, ] — [a,[[b, x, y1], 2, €], ]

- [[a,b,c]7 [X7y2,6’]7)’1] + [[(l, [%)’276]7)/1],[?,0} + [a7 [b7 [X,yzﬂf],yl},(f].
On the other hand we have

[[a,b; ], x, ¥]

= H[aab,c}axvyl]vy%e] - [Haa ba C]7y27e]3x7y1] - Ha,b,c}a [xay27e]ayl}«
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Similarly
_[[07%)’]71’7 C]

= _H[avxvyl}ayﬁe]?b’c] + [Haay27e]vx7yl]’b’ C] + [[Cl, [x,yz,e],yl],b,c]
and
_[aa [b7x7y]7 C}
= _[aa [[bvxvyl]ay%e]ac] + [aa Hbay2ve]7xay1]v C] + [Cl, [bv [xvyZae]vyl]vc]'
One checks that after substitution in (3.1) all terms cancel and therefore K[Y] has a
well defined structure of Leibniz 3-algebra. If % is any Leibniz 3-algebra and x € £,
then by induction one can check that there exists a unique homomorphism
f:K[Y]|- <%
such that f'(¢) = x and Proposition 4.2 is proved.

Now we can formulate the following

Theorem 4.3. The vector space spanned by the set Y = Y — {e} has a unique Leibniz
algebra structure such that

[x*xp,zxe]=(x*z)*ky+x% (y*2z).

It is a free Leibniz algebra over the set Y' = {x%e|xe€ Y} = Y. Moreover one has
isomorphisms of Leibniz algebras

Z,(K[Y])

[

K[Y] = T(K[Y']).
Proof. 1*" Step: Uniqueness. Assume that such a Leibniz algebra structure exists.
Then ad(u) = [—, u] is uniquely determined when u = x x e. We will prove by induc-
tion on /(g) that ad(u) is uniquely determined when u = xx ¢. If /(¢) > 1, then
q = y % z and by assumption

u=[xxy,zxe|— (x*kz)*y.
Therefore

ad(u) = —ad((x*x z) % y) + ad[x x y,z % €]

=—ad((x*z)xy)+ad(zxe)-ad(xxy)—ad(x*y)-ad(z*e)

and by induction assumption ad(u) is uniquely determined.
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2" Step: Bijection. There is a linear isomorphism K[Y]® K[Y] = K[Y], which is
given by

(x,y) —x%xy, forx,yeY.
It yields indeed a bijection because

K[Y|@K[Y]= D K[Y,|®K[Y]= D K[Y,x Y]
pq=1 Pq=1

>~ @ @ K[V, xY,]= @ K[V, =K[7].

m>2 p+q=m m>2

37 Step: Algebra isomorphism 9,(K[Y]) = K[Y]. Let us consider K[Y] as a Leibniz
algebra induced by the linear isomorphism from Step 2. Since x x y and z % ¢ are the
images of x ® y and z ® e € K[Y] ® K[Y] under the isomorphism of Step 2, we have
to show that, in this algebra, the following identity

[Xxxpy,zxe]=(xxz)ky+x*x(y*xz)
holds. By definition of the functor &, one has
x®y,zQ€ =[x,2,]@y+xQ@[y,z,6] = (x*2) ®y + x @ (y % 2)

and this element goes to (x % z) x ¥+ x % (¥ % z) under the isomorphism of Step 2.
This proves also the existence part of the Theorem.

4" Step: Y' generates K[Y]. Indeed let X be the subalgebra of K[Y] generated by Y'.
We have to prove that ¥ = X. Let x % y be an element in Y. We will show by in-
duction on /(y) that xx ye X. If /(y) =1, then x*xy=x%eec V' < X. If /(y) > 1,
then y = y; % z and by the assumption

Xxy=—(x*z)*xy1+ [xky,zxe]

But, by the induction assumption, one has (x % z) % y1, X * y1, z* e € X. Therefore
xxye X as well.

5" Step: K[Y] as a graded Leibniz algebra. For x € Y we let d(x) to be /(x) — 1. Then
K[Y] can be considered as a graded vector space by declaring that the degree of an
element x € Y is d(x). We claim that under this grading K[Y] is a graded Leibniz
algebra, that is, if d(x) = k and d(y) = m, then [x, )] is a linear combination of ele-
ments of degree k 4+ m. The claim is clear when y = x’ x y’ and /(»’) = 1 and it can

be proved by the same induction arguments as in Step 1.

6™ Step: Y' freely generates K[Y]. Let us recall from [5] that for a vector space U
the free Leibniz algebra generated by U is the unique Leibniz algebra structure on
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T(v) = @ v

m>1

such that for any u € U one has

[x,ul=x®u, xeT(U).
Take U = K[Y']. Then we obtain the natural epimorphism

¢: T(K[Y']) = K[Y].
We have to show that ¢ is injective. The vector space K[Y'] is a graded subspace
of K[Y]. Therefore T(K[Y']) is also graded and ¢ is a morphism of graded Leibniz
algebras. Since each component is of finite dimension, it is enough to show that the
degree p part of T(K[Y']) and K[Y] have the same dimension.

The dimension of the degree p part of K[Y] is equal to C, (the Catalan number),

while the dimension of the degree p part of T(K[Y"]) is equal to the coefficient of #”
in the expansion of

g(t) = nil (kil Ckllk>m,

because the degree m part of K[Y’] is of dimension C,_;. Hence we have to prove
that g(¢) = f(¢) — 1. But

_ & m __ [f(t)
g9(1) = mX:)l(ff(t)) 170

and it is equal to f(¢) — 1, thanks to (4.1).
Let us now show the following parametrized version of Theorem 4.3.

Theorem 4.4. Let V be a vector space, and put

F(V):= @ K[Y,| ® v®m-1

m>1
(i) There exists a unique Leibniz 3-algebra structure on F(V') such that
(01 @ X1, ® X2, ® x| = (01 % 02) ® x1 @ X2 R X,

where @ € K[Y,], x1 € VO wy e K[Y,], x€ VO~V and x e V.

(ii) Equipped with this structure F(V) is a free Leibniz 3-algebra generated by V.
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(iii) The Leibniz algebra 2,(F(V)) is isomorphic to the free Leibniz algebra generated
by the vector space

E= @ K[Y,|® V&

m>1

Proof. The proof is similar to the proof of Theorem 4.2. At the end, in order to show
that the vector spaces F(V) and T(E) have the same dimension we use the following
identity of formal power series:

@
(XX 2+ 557+ 14x7 + - )2 = S (2 xt - 2x0 5P 14x10 4 )™

m=1

which is an immediate consequence of the functional equation (4.1).

Let us now state the results for (n + 1)-Leibniz algebras. Since the proofs follow the
same pattern as in the case n + 1 = 2 + 1, we mention only the main modifications.
By definition an n-magma is a set ./ together with a map (n-ary operation)

(—yeeiy =) il XX M— M.
—_—

n copies

Let Z be the free n-magma with one generator e. It can be described as follows. The
sequence of sets (Z,),, is given by:

Zl :{6}7 Zm: H Zpl X"'sz”, (mZZ,plZI)
pi1tetpp=m

Observe that Z,, = J unless m = (n — 1)k + 1 for some k > 0. We let Z be the
disjoint union

Z=11 Zn.

m=1
One defines (—,...,—) : Z X --- X Z — Z by means of
Zin-tha+t X X Lttt = L=ty othy )41 S £

Then Z is a n-magma, which is freely generated by e. Let D; be the number of
elements of Z(,_y)i41. Clearly Dy = 1, D; = 1 and

Disi= Y. Dy Dy,
ek =k

Hence the function f(7) = Y_;, Dit* satisfies the functional equation

45 SO -1=1@0"
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If w € Z(,_1)k41, then we say that o is of length k and we write /(w) = k. Clearly if
weZ, then w=e¢ or v = (wy,...,w,), for some unique elements w,...,w, in Z.
Moreover /(w) = I(w;) + - - + [(wy) + 1. Recall that the elements of Z,, can be in-
terpreted as n-ary planar trees, that is each vertex has one root and n leaves. Under
this interpretation the operation (—, ..., —) is simply the grafting operation. Observe
that the number of vertices (resp. edges) of a tree in Z,_1)c is k (resp. kn + 1).

Proposition 4.6. Let K[Z] be the vector space spanned by Z. Then there exists a unique
structure of (n + 1)-Leibniz algebra on K[Z] such that

[@1,...,0n e = (w1,...,04).

Moreover K[Z] with this structure is a free (n + 1)-Leibniz algebra generated by e.

Theorem 4.7. The vector space spanned by the set Z = Z — {e} has a unique Leibniz
algebra structure such that

[(a)la"'7wn)7(w{7'~-awr/hlve)] =

M=

(01,..., (w5, o,...,0)_1),...,0).
1

As a Leibniz algebra it is free over the set Z' = {(wy,...,w,_1,€)|w; € Z}. Moreover
one has isomorphisms of Leibniz algebras:

Proof. Let us just mention the computation of the dimensions of the vector
spaces. Let Ej be the number of n-ary trees with k vertices which are of the form
(w1, ...,m,_1,€). One has

EkZ Z Dkl X---XD/('H.
ki+-Aky1+1=k

Hence we get 3 Ext* =t Dy, t%1--- Dy, "1 = tf (1)""". Therefore the generating
o ()" : . .

%. By the functional equation (4.6) this is equal to
—tf(t

f(¢) — 1, which is the generating series for K[Z].

series for T(K[Z']) is

Theorem 4.8. Let V be a vector space, and put

F(V):= ](GBOK[Z(nfl)kJrl] ® ek,
>

(i) There exists a unique (n + 1)-Leibniz algebra structure on F(V) such that
[0 @ X1,..., 0, ®Xp,e @ x| = (01,...,0,) X1 ® -+ ® X, ® x,

where w; € K[Zy_1)41),Xi € VO and x e V.
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(i) Equipped with this structure F(V) is a free (n+ 1)-Leibniz algebra generated
by V.

(i) The Leibniz algebra 2,(F (V) is isomorphic to the free Leibniz algebra generated
by the vector space

E=@ K[Zj 1yjs1] @ VEED,
k>0

Remark 4.9. By the same kind of argument one can show that the functor
9,’;1 umae1 Lb — 1 Lb sends free objects to free objects.

5 Cohomology of Leibniz n-algebras

An abelian extension of Leibniz n-algebras
51) 0-M-—-H—>F—0

is an exact sequence of Leibniz n-algebras such that [ay,...,a,] = 0 as soon as ¢; € M
and a; e M forsome 1 <i#j<n. Herea,...,a, e A Clearly then M is an abelian
Leibniz n-algebra, that is the bracket vanishes on M. Let us observe that the converse
is true only for n = 2.

If (5.1) is an abelian extension of Leibniz n-algebras, then M is equipped with n
actions

[~ PO QM@ L s M, 0<i<n-—1

satisfying (2n — 1) equations, which are obtained from (3.1) by letting exactly one of
the variables xi, ..., X, ¥1,...Vn—1 be in M and all the others in Z.

By definition a representation of the Leibniz n-algebra ¥ is a vector space M
equipped with 7 actions of [—,...,—]: Z®" @ M ® £®"1"" — M satisfying these
(2n — 1) axioms. For example % is a representation of . The notion of represen-
tation of a Leibniz n-algebra for n = 2 coincides with the corresponding notion given
in [5]. Let . be a Leibniz n-algebra and let M be a representation of .£. Let

() 0—-M-—-H—>%—0

be an abelian extension, such that the induced structure of representation of ¥ on M
induced by the extension is the prescribed one. If this condition holds, then we say
that we have an abelian extension of % by M. Two such extensions (#") and (#"")
are isomorphic when there exists a Leibniz n-algebra map from .# to "' which is
compatible with the identity on M and on #. One denotes by Ext(.%, M) the set of
isomorphism classes of extensions of ¥ by M.
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Let f : #®" — M be a linear map. We define an n-bracket on ¥ = M @ % by

[(my,x1), (M2, x2) ..., (My, x,)]

= (i[xl,...,mi,...,xn]+f(x1,...,xn),[xl,...,x,,]).

i1
Then " is a Leibniz n-algebra if and only if

(52) f([xla"'7xn}ayla"'>yn—l) + [f(xla"'7xl’l)7yla"'ayn—l]

o

Il
-

=3 (f(x1,- s [Xi 01y Vna1]y ey Xn)

1

+ [x17"'7f(xi>yl -~->J/n71)7---,xn]>

for all xp,...,x;,V1,...,¥n1 € L. If this condition holds, then we obtain an
extension

O—-M—-H—L—0

of Leibniz n-algebras. Moreover this extension is split in the category of Leibniz
n-algebras if and only if there exists a linear map g : ¥ — M such that

M=

(53)  f(x1yee0x0) =[xty 9(xi)y oy xn] — g(fx1, - -, X))

1

An easy consequence of these facts is the following natural bijection:
(54) Ext(¥ M)=Z(¥,M)/B(Z,M).

Here Z(#,M) is the set of all linear maps f : #®" — M satisfying (5.2) and
B(Z, M) is the set of such f which satisfy (5.3) for some k-linear map g : ¥ — M.

Let ¥ be a Leibniz n-algebra and let M be a representation of ¥. A map
f: % — M is called a derivation if

Sfary ) = lar, ..., flai),. .. an).

i=1

We let Der(#, M) be the vector space of all derivations from % to M.

The next goal is to construct a cochain complex for Leibniz n-algebras so that the
derivations and the elements of Z are cocycles in this complex. It turns out that this
problem reduces to the case n = 2, that is for Leibniz algebras, which was the subject
of the paper [5]. Let us recall the main construction of [5]. Let g be a Leibniz algebra
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and let M be a representation of g. We let CL*(g, M) be a cochain complex given
by

CL"(g, M) := Hom(g®", M), m>0,
where the coboundary operator d"” : CL™(g, M) — CL™*!'(g, M) is defined by

(d")(x1, -y Xmi1)

m+1 i
=[x, f(x2, o Xmp1)] + g(—l)l[f(xl,...,)Aci,...,x,,1+1),x[]

+ Z (—1)j+1f.(X1,...,Xj,1,[X,',Xj},xlurl,...,)ACj,...,Xm).
I<i<j<m

According to [5] cohomology of the Leibniz algebra g with coefficients in the repre-
sentation M is defined by

HL (g, M) := H"(CL*(g, M), d).
In order to generalize this notion to Leibniz n-algebras for n > 3 we need the fol-
lowing Proposition. Let us recall that if & is an (n+ 1)-Leibniz algebra, then the
Leibniz algebra 2,,(%) was defined in Section 3. Let % be an (n + 1)-Leibniz algebra
and let M be a representation of .. One defines the maps

[-,—] : Hom(%, M) ® 2,(¥) — Hom(¥, M)

[—,—]:2,(¥) ® Hom(¥, M) — Hom(¥, M)

[fix1 ® - ® xp](x) := [f (%), X1, .., x0) =S ([%, %1, -+, X)),
X1 ® - ® xp, f1(x)
=L X1, X)) = (), X1y X0 — - =[x, x, - f (3]

The proof of the next result is a straightforward (but somehow tedious) calculation.

Proposition 5.5. Let ¥ be an (n + 1)-Leibniz algebra and let M be a representation of
ZL. Then the above homomorphisms define a structure of representation of 2,(%£) on
Hom(¥%, M).

Let % be a Leibniz n-algebra and let M be a representation of #. One defines the
cochain complex ,CL*(¥, M) to be CL*(2,-1(¥),Hom(%, M)). We also put
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JHL (P M) := H (,CL* (%, M))

Thus, by definition one has ,HL* (¥, M) = HL*(9,_1(¥),Hom(%, M)). Let us
observe that for n = 2, one has ,CL" (¥, M) =~ CL"*' (%, M) for all m > 0. Thus

JHL™(Z M) =~ HL™ ' (¢, M), m>1

and ,HL(#, M) = Der(#, M). Comparison of the definitions shows that
ZHL (%, M) = Der(%, M)

holds for any Leibniz n-algebras #. Similarly one has
Ker(d : ,CL" (%, M) — ,CL*(¥,M)) = Z(Z, M)

and therefore

(5.6) Ext(¥,M) = HL (%, M).

Proposition 5.7. Let ¥ be a free n-Leibniz algebra and let M be a representation of £ .
Then

JHL" (L M) =0, m> 1.

Proof. The main result of Section 4 shows that &,_;(%) is a free Leibniz algebra.
Thanks to Corollary 3.5 of [5] we have HL (%, (¥),—) =0 for i > 2 and thus
WHL (L, —)=0,m > 1.

Let us recall that in [7] Quillen developed the cohomology theory in a very general
framework. This theory can be applied to Leibniz n-algebras. It has the following
description. Let % be a Leibniz n-algebra and let M be a representation of .#. Then
Quillen cohomology of .# with coefficients in M is defined by

Hpyipen( L, M) := H"(Der(P., M)).

Here P, — % is an augmented simplicial n-Leibniz algebra, such that P, — £ is a
weak equivalence and each component of P, is a free Leibniz n-algebra.

Corollary 5.8. Let £ be a Leibniz n-algebra and let M be a representation of . Then
Héuillen(g’ M) = nHL*(“(fv M)

Proof. Since P, — & is a weak equivalence, we obtain from the Kiinneth theorem

that ,CL"(P., M) — ,CL™ (¥, M) is also a weak equivalence. This fact, together

with Proposition 5.7, shows that both spectral sequences for the bicomplex
2CL*(P,, M) degenerate and give the expected isomorphism.
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