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Onpenenernue. ['pynna xoc B, — amo 2pynna,
NOPONCOEHHAT 00PAZYIOWUMU T1,09, . . . , Op_1]
U COOMHOUEHUTMU

0,0, =004, ecau |i—j| > 1,

0,00, = 0,0;05, ecau |i—j|=1.

['pymma Koc Onlia BBeneHa APTUHOM B
1920-p1x Tomax. B macrTosmee BpeMs oHa
SABJIsIeTCA BaKHLIM OOLEKTOM B aJjarebpe,
TOIO-JIOTUM, TEOPUU I'PYIII, aJredpandyecKon
reOMeTPpUr, U Aake B KPUNTOTPA(UMN.

Ilpyrue onpenejeHUs:
® I'PYIIIa IT'€OMETPUUIECKUX KOC

e TDYIINa KJIACCOB OTOOpasKeHUN (map-
ping class group) TpoKOJIOTOrO OUCKA

e GyHIAMEHTAJbLHAA IPyINa KOHPULY-
PaAnMOHHOI'O IPOCTPAHCTBA 7, TOYUEK B IJIOC-

ROCTH



HoBble pe3ynbTaThbl:

o [I. Jlexopuya (P. Dehornoy) u3 Kana (Caen,
France) 8 1991-92 r. moka3saJ, 4TO

B,, umeem uneapuanmHul AUHEUHBLU
nopsdox (linear ordering).

DTOT HEOKUIAHHLIN Pe3yJILTAT ABJIAET-
CsI HOOOYHLIM IPOIYKTOM COBPEMEHHLIX UC-
CcJeIOBAHUN B TEOPUM OOJLIIUX KaPANHAJIOB
(Teopus MHOKECTB).

o /I. Kpammep (D. Krammer) uz Bazess
(Basel, Switzerland) u C. Buremoy (S. Bigelow)
n3 Beprmu (Berkeley, USA) 8 2000 r. mo-

Ka3aJ, 4YTO

B,, umeem mournoe KOHEYHOMEPHOE AU-
HeUuroe NpedcmasieHiue.

(cm. B. I'. Typaes, Faithful linear represen-
tations of the braid groups, Tpymor Cemu-
Hapa Bypbaku 878 3a 2000 r.)



Dehornoy’s linear ordering;:

DEFINITION. a) A braid is called o-positive if
it can be represented by a braid word in which
the generator with lowest index appears only
with positive powers.

b) B is o-negative if and only if 3~ is
o -positive.

EXAMPLE. 010201_1 = 02_10102 1s o-positive

THEOREM (Dehornoy, 1991-92). A braid is
either 1, or o-positive, or o-negative.

It is not obvious at all that a o-positive
braid is not trivial or o-negative, nor that a
braid # 1 is either o-positive or o-negative.



Consequences:

e Define 3 < 3 if 3713’ is o-positive. Then
< 1s a linear ordering on B,,, invariant under
left multiplication

e B, is a torsion-free group

e If R is a ring without zero divisors, then the
group ring R|B,] has no zero divisors (Ka-
plansky conjecture), and any invertible ele-
ment of R|B,] is of the form r3, where r € R*
and (€ B,

e Dehornoy constructed a very efficient algo-
rithm based on this ordering to solve the word
problem in B,
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DEFINITION. A LSD-set is a set equipped
with a binary law S X S — § satisfying

ax(bxc)=(axb)x*(axc). (LSD)

EXAMPLE. Take S = Z[t,t'] and
axb=(1—1t)a+tb.

We get the Burau representation
B, — GL,(Z[t,t™1]).

This is an example of a LSD-set S in
which left multiplications are bijective. Such
a LSD-set gives rise to an action of the group
B,, on the power-set 5".

DEFINITION. A LSD-set S is acyclic if

((Cb*bl)*bg)*bg...#a

for all a,by,by,b3,... € S.



An acyclic LSD-set in set theory

AXIOM. There exists a rank E with an ele-
mentary embedding 7 : F/ — E.

Elementary embedding: an injection that is
not bijective and preserves all properties of F
that can be defined using basic set-theoretical
properties.

Rank: set considered in set theory with the
property that (roughly) any function £ — E
can be considered as an element of F.

Take the set S of all elementary embed-
dings of the rank E: S # (.

If i,j € S, define i x j = i(j) € S. This
binary laws satisfies Condition (LSD).

PROPOSITION (Laver, 1989). For any j €
S, the sub-LSD-set of S generated by 7 is an
acyclic LSD-set.



THEOREM (Dehornoy, 1991). The free LSD-
set D1 on one generator is acyclic.

Elements of D, are equivalence classes of
r, rxx, r*(x*x), (x*xx)*x,... modulo
the (LSD) Relation, or, equivalently, modulo
the action of the group G with the following
presentation:

Generators: V., where o runs over all
finite sequences of 0 and 1

Relations:

Va0 Valy = Vaiy Vaog
Va0 Va = Va Vai103 Vaoogs
ValOﬁ Va — va valOB
Va113Va = Vo Vaiis
Val VaVal Vao = Va Vai Ve
There exists a surjective homomorphism
of groups m = G — By = U,, B,, defined by
{ 1 if o contains 0

Va) =
7T( ) oiy1 fa=11...1 (z times)



