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and lets denote the Hausdorff dimension of its limit set, that we suppose here strictly larged tRan
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1. Introduction

Consider the hyperbolic spaée= H¢+1, endowed with some geometrically finite Kleinian
group I'. The Hausdorff dimensiod € [0, d] of its limit set (see [13,17] or [18]) plays a
fundamental role. Whe#is larger thani/2, (8 — d) is the highest eigenvalue of the Laplacian
on a fundamental domain. The associated eigengighéays an important role in the study of
the quotientM = I \ H and of its geodesic flow. The corresponding ground-state diffusfon
which we call “@-diffusion”, is then also a natural object and tool in this framework: see [17,
2-4].

As in [3], where the problem of the asymptotic law of windings in cusps of hyperbolic surfaces
has been treated, we approximate the Patterson—Sullivan meadwyehe images under the
geodesic flows; of a quasi-invariant measure which is stationary for the lift of the ground-
state diffusionZt‘pto T1M. An important step, which was not needed in [3], but which extends
the proof given in [9] for the finite volume case, is the existence of a potential opétdtorthe
lift of the @-diffusion.

Denote by Lo the Lie derivative along the geodesic flow, and By,..., L; the Lie
derivatives along the stable horocycle flows (which are no longer defined on the tangent
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bundle TIM, but only on the frame bundl®@M). Let f1,..., f4 denote the conjugate
functions of any given functiory having bounded derivatives o M; they are defined by:
fi=- f(;’o e °L; f(-05)ds. Set fo := f for convenience. Let us also introduce the canonical
projectionsro from O M onto M, and the divergence operatkr.

1 - d
Kf:= éZﬁ,-f,- +Y (Ljlog® om) fj — >/

j=0 j=0

Our main result, assuming that- d/2, is the following central limit theorem for the geodesic
flow on 71 M, relating to the Patterson—Sullivan measure

THEOREM. —Let us fix a real functiorfon 71 M, such that/ f dm = 0, and of classC? with
bounded and Hoélderian derivatives. Then forak R we have

/_ p 2
lim / exp(“—\/;l/f(ges)ds>dm(s)=m(T1M)xexp(—%wf)),
0

—>0o0

TM

whereV(f) := Z?:()f(fj +L; VK f)2dv vanishes if and only ifis a Lo-derivative.

“F Holderian on OM” precisely means: there exists some > 0 such that
dist(&, ")~ |F (&) — F(¢')| is bounded or (¢, £') € OM? | 0 < dist(, £') < 1}.
Equivalently, our result reads (witt{§) given in Corollary 1)for all a € R we have

a

t
[imoom[é eTM ‘ / f(£6s)ds < a\/tV(f)j| = ®5¢(8) "t x (2r)"V/? / exp(—s2/2) ds.
0

—00

The particular case of1 being convex-cocompact, that is to say without cusp, or associated
with a groupI” without parabolic element, can be handled by the coding method of [15]. See
also [1,8] and [19].

The particular case of1 having finite volume (corresponding $o= d) was handled in [9],
the Patterson—Sullivan measure being in this case just the Liouville measure. Our result concerns
the more general cagg'2 < § < d, in which M may have both infinite volume and cusps.

For dealing with this new case, we use here globally the same strategy as in [9], which
consists roughly in comparing the geodesics with the paths of a diffusi@rt s, for which the
existence of potentials has to be exhibited. But the infinite volume case is much more involved,
sincem is not invariant under the horocycle flows and is distinctvpfwhich is only quasi-
invariant under the geodesic and stable horocycle flows.

Finally note that the remaining case< d/2 cannot be handled in the same way, since in
that case there does not exist any fundamental diffugiinassociated witt$ on the base
manifold M.

2. Notationsand basic data

Let H denote the hyperbolic spaé¥*+1, with boundaryH, unitary tangent bundl&1H, and
orthonormal frame bundl®@H.

Let us identifyH with its Poincaré half-space modBf x R* , and the current point € H
with its canonical coordinates, y) = (x1, ..., x4, y) € RY x R?% . Seteg := (0, 1). Recall that
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the metric ofH is given by:|dz|? = (|dx|? + dy?)/y?, that its Riemannian volume measure is
given by: o := y~?~1dx dy, and that its (hyperbolic) Laplacian is given by:

d

92 1—-d 9 92
A:yzx —+t—XxX—+ — |-
(e 505 i)

Let us denote byG the Mobius group of orientation-preserving isometriegipfwhich is
generated by the following elements:

— the translationg;” =0 ...0¢ , forx = (x1,...,x4) € RY;

— the homothetieg, (= the linear dilatation by!), forr e R;

— the Euclidian rotation®,/ (= the rotation by in the plane(x;, x));

— the hyperbolic rotation®>’ (defined by:R?”(xl,...,xj,...,xd,y) SHCTRPE

Xd, y'),

with x;. +y'V/=1=[(xj+ yv/—1codr/2) +sint/2)]/[cost/2) — (x; + y+/—1) sin(t/2)].

Let us set, for any = (x, y) € H:

TZ = ejeLogy.
Observe the following important classical relation:

1) T )T = Tx,0)4yz'-

This means in particular that the sgft. | z € RY x R?* } constitutes a group, isomorphic to a
subgroup of the affine group &¢.

Observe that the Euclidian rotations above generate the subgroppfS@, and that SQ
and the hyperbolic rotations together, generate a subgrodpisbmorphic to SQ. 1, which
we identify with SQ4+1. So SQ.1 is the subgroup of thosg € G which fix eg, and SQ is
the subgroup of thosg € SO;1 whose differential atq fixes % This identifies71H with
OH/SQy;, andH with OH/SOy;41.

As usual, we identify any € G with (g, lg—il) operating on7*H or OH. As there exists a
unigueg € G mapping a giver§ € OH to another given frame a@H, we may and do identify
G with OH, by identifying anyg € G with the image it gives of the canonical framerat

We have a unique decomposition of agye G: ¢ = T.RR’, with z € H, R an hyperbolic
rotation in the plane(%,dgeo(%)), and R’ € SQ;. In particular, we have an identification

betweenOH and71H x SQ;.
Note that these identifications have two important consequences:
— Firstly, the base-point of the frangeis 72(¢) = £(ep), 2 being the canonical projection
from OH ontoH. And 72(£T;) = £(z), for anyz € H and any¢ € OH.
— Secondly, the right multiplication i moves any framé by the geodesic flow of algebraic
lengthz, in the direction of the vector&do(a%). And similarly, the right multiplication by
6] moves the framé by the horocycle flow of algebraic lengthin the direction of the
vector cfeo(ij).
Indeed, this is clear whehis the unit element of;, that is to say the canonical frameeat
and this remains clear for the other frames by invarianee@nd of the flows under isometries.

Note that sinc®, commutes with the Euclidian rotations, the geodesic flow still makes sense

on T1H. On the contrary, the horocycle flow makes sense onlph
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Given(z, 7/, u) in H x H x dH, denote by lo§B, (z, z’)] the Busemann function, that is to say
the algebraic hyperbolic distance, on any geodesic endimgiatm the stable horocyclH (z, u)
determined by to the stable horocycl# (7', u).

In the Poincaré half-space model, we hagz, z’) = p(z’,u)/p(z, u), p(z, u) denoting the
Poisson kernelp(z, u) = y x |z — u| 2 if u # oo and p(z, o0) = y.

We have the cocycle propert®; (z,z”) = B, (z,7') x B,(z',7").

We shall use on the unitary tangent bun@fH the two following systems of coordinates:

— firstly, (z, u) € H x 9H, the geodesic running fromto u determining the unitary tangent

vector at the base poibt this identifiesTH with H x 91H;

— secondly, given a reference poigte H, the point(z, «) of T1H can be represented by the

triple (u, v, s) € 0H x oH x R, where

— v is the starting point of the geodesic endingiand running througb;

— s is the algebraic hyperbolic distance framo the orthogonal projectiopy of zg onto
the geodesidi.

Note that the first coordinates above extend to the following global coordinate3Hin
(z,u,r) € H x 9H x SO;, by means of the identification betweé&H and71H x SO;.

Denote by disiz, uv) the hyperbolic distance from e H to the geodesidt.

The following well-known identity is valid for any in H, any distinctu, v in 0H, and anyz
on the geodesiez running fromv to u.

(%) ch?(dist(¢, uv)) = Bu(¢, 2) By (S, 2).

(Indeed, since this is an intrinsic formula, we may consider the half-space model witio
and v = 0. Denoting then by X, Y) the Euclidian coordinates af in this model, and by
(0, y) those ofz, it is elementary thaB, (¢,z) = y/Y, B,(¢,z) = (X2 + Y?)/(yY), and, using
the classical formula for the distance (see [13]), Wia(dist(z, uv)) = ch2dist(z, (0, |¢])) =
(X12+Y32/(Y|c))2 =1+ X2/ Y2 = B, (£, 2) Bu({, 2).)

Let I be a discrete torsion-free (non-elementary) subgrou@,¢hat we suppose geometri-
cally finite. Let A = A(I") denote its limit set, with Hausdorff dimension s&yRecall thatsis
also the critical convergence exponent of the Poincaré series relafivéstee for example ([18],
Theorem 1)). Obviously < d.

We make here the assumption that d/2.

Let {u; | z € H} denote the family of Patterson (finite) measuresfoassociated with™. It
can be defined, up to a multiplicative constant (that we definitively fix), as the only family of
measures o satisfying the following geometric “conformal density” property:

duy(u) = BX(z,2) du(u) foranyz,z in H
together with the invariance property by the grdupin the sense that:

Y u: =p,, foranyyinI" andzin H,

with the conventiony*u := o y L.

See for example ([13], Lecture 2), [18], or ([11], Sections 3.4 and 4.7).
Set
D(z):= /duz = u.(0H) = u.(A), and rg:=8(8 —d)/2.

Itis a I"-invariant function orHl which verifiesA® = 210®. See ([13], Theorem 1, p. 301).
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Define the Patterson—Sullivan measdren 71H by
dm(u,v,s) = ch® (dist(z(), uv)) dizo () dpezy (v) ds.

Note that by the geometric property fQr,) and by the identityx) above;n does not depend
on the choice of the reference poit Hence it is intrinsic (it depends only on the subgrdup
and then it isI"-invariant. Moreover it is plainly invariant with respect to the geodesic flow. It is
also called Bowen—Margulis measure.

The Liouville measure on T1H can be expressed for any reference penby:

di(u, v, s) = ch® (diSt(zO, uv)) dy,?o(u) dué’o(v) ds,

where u! denotes the harmonic measurezatRecall that we have in the half-space model:
d,ué’(u) = p?(z, u) du.

Note that the above geometric property holds for harmonic measures, by charigtogd:
dul, (u) = B (z. 2') dul (u) for anyz, 2/ in HL.

This and the identityx) show the irrelevance of the reference painin the expression of the
Liouville measure. above. As can be verified by a direct elementary computation, the expression
of & in the (z, u) coordinates is: b(z, u) = du/ (u) dV (2).

X is naturally lifted to the Liouville measupé on OH, by takingx’ uniform on each fibre S
This Liouville measure.” is the Haar measure ai, and thus it is invariant by the horocycle and
geodesic flows.

We are interested in the quotient manifold := I" \ H.

Itis known that wher$ > d /2, @ is square-integrable with respect to the Riemannian volume
measure & of M, and is the fundamental eigenstate/oh See ([13], Theorem 1, p. 301).

Note that as a consequence, the voluma-ofs finite if and only ifé =d.

Denote byr the canonical projection from the unitary tangent bunfifet = I \ T1H
onto M, by w1 the canonical projection from the orthonormal frame burdl® = I" \ OH
onto 7'M, and byn, = 7 o 71 the canonical projection fron® M onto M. By taking the
left quotient by I", we see that the identifications at the levellbfgive at the level ofM:
TIM = 0M/SQ; and M = O M /SQy,1, and

) m(ET,) =&(z) foranyé € OM andz € H.

In particular, we identify from now on the functions @M with the SQ-invariant functions
on OM.

Recall that any"-invariant measurg on T1H induces a measureon 71 M.

In particular, denote by the Liouville measure induced By and bym the Patterson—Sullivan
measure induced byi. Similarly, denote by # = 7*2 the volume measure aM, induced
by dv.

Observe that since the flows act on the right-hand side, whikcts on the left-hand side,
these two actions commute. Thus the geodesic flow makes serise\drand onO M, and the
horocycle flow makes sense enM\1.

Let us introduce then the Lie derivatives: for any smooth funclioon O M, any& in O M,
0<i<j<dweset

d d ; d i
@)  LoF(€):= d—fnset), LiF():= d—?F(sef), LijF(€):= d—‘;F(éR;’).

do/dr means and will mean the derivativerat O with respect ta.
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We get from the definitions that ford i, j <d and 0< k < d:

(Lo, Lj]1=L;, [Li, L£;]1=0, [Li, Lij) = Li=y £ — Lj=xy Li,
(5)
(Lo, Lojl=Lj—Loj.  [LisLojl=LiixjLji — Li=jyLo

It also follows immediately fron{3) that:

0 0
(6) »COF(";:T(x,y)) = y@F(éT(x,y)), »Cj F(ST(x,y)) = ygF(ST(x,y))-
J

3. Anintrinsic measureon T M

We introduce an intrinsic measuveon 71 M, which was already used in [2—4]. Its interest is
to be smooth along the stable leaves and quasi-invariant under the geodesic and stable horocycle
flows, and to be an invariant measure for two dual diffusion®oW, which are both projected
by 72 onto the®-diffusion.

DEFINITION 1.— Let? be thel -invariant measure off 1H defined by
di(z, u) = @ (2) dueo () dV (2).

Denote by the measure it induces ait M.
Denote byy’ the unique measure o® M which has marginalv on 72M and whose
conditional laws on the fibres are the normalized Haar measur8@p= OM /T M.
SetalsadV?(z) := @2(z) dV (2).

Remark1. — Observe that by definition @ we haver;v’ = 7*v = V?, and then that and
v’ are finite (since > d/2), with mass| @ 3.

Observe also that, due to the geometric property, the Patterson mgasseen as a measure
on Tle by means of the coordinate systegm u), makes sense oﬁzlj\/l as well. So in the
preceding definition the second coordinatean be seen as a unit tangent vector basedatd
the expression fob (with V replaced byV) can then be understood directly as the expression
for v.

Remark2. — In the finite volume case, we ha¥e= d, ¢ constant, g (1) is proportional to
the uniform measureud and then our measuteis proportional to the Liouville measure(and
to the Patterson—Sullivan measuig

PrROPOSITION 1.— The measure)’ is quasi-invariant under the geodesic and positive
horocycle flows

d(TFv) €)=y 5 D oma(ET 1)

dv’ 0 for anyt € OM andz = (x,y) e R x R

Note that this quasi-invariance property is what remains from the invariance of the Liouville
measure.” u nder the flows, in the finite volume case. The proof was already given in [4] (and in
[3]in the case of surfaces).

The following theorem appeared already in [3] b= 1. The same proof is valid, with only
obvious modifications.
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THEOREM 1. — The measure can be expressed by a convolutionmfalong the stable
horocycles off ! M. Precisely, we have

V= /(6‘;)*m(1+ |)c|2)_‘S dx.
R4
Note that the right-hand side above is well defined as a measuré .o, althoughd does
not act onT1 M, since one integrates with respect to a;S@variant measure. This right-hand

side can also be thought with replaced by its lifin’ to O M, uniform on each fibre SO
Using Remark 1, we immediately deduce from Theorem 1.

COROLLARY 1.— Letus set(s) := [pa(1+ |x[2)~°dx.
Then(for § > d/2) the mass of the measureon T2 M equals||®|15/c(8).

We also deduce, as in [3], the following approximation result on the measure

COROLLARY 2. - The measur@gv converges as — +oo, in the sense of the evaluation
on each bounded function oM which is continuous along the horocycles, towards the
normalized Patterson—Sullivan measu(é)m.

4. Diffusonson M and on OM
This section is essentially taken from [4].
4.1. Thediffusions Z¢, &3 and Z?

Let (w,, W;) denote a Brownian motion dR x R¢, defined on§2, F, P). Set

'
V= exF{w,—}—(S—d/Z)t], Xt ::/ys dws, Zf = (xy, yr) € H.
0

For all$, Z? is the diffusion orf starting fromeg = (0, 1), with invariant measure®—24 dx dy,
and generator;

d

1 1 a  y2[ 9% 264+41-d 9 92
—ASZZ—A 5 —_— = — [ — — .
2 2 + y8y 2<8y2+ y X8y+j2_£8x12

Similarly, denote byz? = (x?, y?) the analogous process wishreplaced byb [0, d]. In
particular,z? is the Brownian motion ofi.

By formula (2), we see thatra(§7T,0) = é(Z?) is a Brownian motion onM, started from
m2(§), foranyé € OM. As a consequtence, denoting Bythe Brownian semi-group oM, we
haveE(f o m2(5§T0)) = Pi f (2(§)).

Observe then thal o is a right Brownian motion on a subgroup of the affine groufRéf
Indeed, for any € [0, af],

-1
T ,T =T =T, 06
le’ th+s b S b ~?b S Z? O[

is independent of the sub-field 7, generated by the coordinates until time
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DEFINITION 2.— Foranyé € OM, set&f :=§TZ;5.
SetA? := @ 1A0® —200=A+2(Vlog®) -V, and P? :=exp(5A?).
Denote byZ? and call “@-diffusion” the diffusion onM with generator%Ad’.

By the preceding observatiogf, is a diffusion onO M, starting fromé.
From (5) we getA®[F(¢T.)] = (D’ F)(¢T:), where

d
7) D= " L3+ (28 —d)Lo= D°+ 25Lo.
j=0

Then the generator of the diffusigp is 3 D°.
Moreover, note that thé-diffusion is symmetrical and has invariant measut® and semi-
groupP,‘p. In the finite volume cas&= d, this is just the Brownian motion.

Remark3. — We have for any test-functiaf on O M:
D(F om)(¢T) = A[Foma((T)| = A(F 0§) =(AF) o0& = (AF) oma(§T),

whenceD(F o 0) = (AF) o 2.
4.2. v asan invariant measure

We deduce now from the quasi-invariance property’cdn adjonction property for’, and
thus its invariance with respect to two dual diffusions@n1.
The following results were already in [4]:

PropPOSITION 2. — We have for alb and all test functiong”, G on O M:
/(D‘*F)de/sz(DQDG)du’,

with D? := ;?:0 Lf —dLo+ zzfzo(ﬁj log® o 2) L = (P o12) " 1D%0 (@ 0 72) — 2)0.

COROLLARY 3.— For& € OM and each$ > d/2 we have

(i) underP, the diffusiort? admits the invariant measure;

(i) underv’ ® P, &} extends to a stationary diffusion defined for all reaband £, is the
stationary diffusion associated with the infinitesimal genergto® , says,?.

Remark4. — (i) We see from Remark 3 and from theprocess form oD? in Proposition 2
above that we have for any test-functisron OM: D® (F o p) = (A® F) o 5.

(i) The h-process form oD?® shows that? can be defined by the following formula, where
O=rm<t<--<ty, Fo,..., F, are test-functions ow M, and‘;&,0 = STZlo:

n —A0ln n
// [1F (g,f’)dv/(g)d]}»:// cbeTz(S) x @ oma(&0) x [ Fi(8) dv'&) dP.
j=0 j=0

Letting Fo go to g, we get the law oEt‘p started fromé&. Then takingF; = f; o o for
j >1,and using thazt'z(’g‘to) = g(Z?) is a Brownian motion starting frof(eg) = m2(¢), and the
h-process form ofA? in Definition 2, we deduce the following:
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PROPOSITION 3. — Under P, the projectionrz(£) of the diffusions? starting fromé on
O M is the @ -diffusion starting fromr2(£) on M.

5. Existence of potentials along the stable foliation

Here we establish the existence of a kind of spectral gap for the degenerate foliated diffusion
#in order to ensure that enough regular functions possess a potential along its paths. This will
be crucial for proving our main result.
Precisely, the aim of this section is to establish the following:

THEOREM 2. — Let us denote b the semi-group of the diffusiazf .

For any Borelian bounded functioA on T*M which is rotationally Hélderiar(this means
there exists some > 0 such that|F(§g) — F(&£)|/d (g, SQy;)" is bounded independently from
g € SOy41 — SO; andé € TIM), and such thaf F dv = 0, there exists some > 0 such that
we have | Qf F|| 2., < o *e @ forall t > 0.

By means of the coordinates, ), we have for each € H an identification betweeaH
andTXH. This allows to consider the Patterson measur@s a measure ofit M, and then to
localize the measurg as follows:

DEFINITION 3. — For eaché € O M and each Borelian bounded functidhon O M, set

F(m2(8)) := / F(§g)dve (g) 1=¢(ﬂ2(§))_1x / F o1 Qitry(e).-

SQ 1
d+1 Tﬂz(E)M

This defines a probability measure on SO;+1 and a functionF on M.

Remark5. — (i) The measure: depends only omr1(£€), and then its restriction to any fibre
of SOy+1/SQy is uniform.
(i) We have, forF Borelian and non-negative ait M:

/7dV¢=/ / Fomdu,®(z)dV(z) = / Fomdy= / Fdv.

M MTIM TiM oM

Hence ifF € L2(T*M, v) and [ F dv =0, thenF € L?(M, V®) and [ FdV® =0.
We shall use the following commutation relationGh

LEMMA 1.— Forall g € SO;41 andz € R? x R*%, there exists a uniqug, € SO;+1 such
thathZ = Tg(z)gz-

Denoting byu = u(g) := gb € R the extremity of the half-geodesiér . Started fromg,
and setting:’ = g.0, andg(z) = (x', ") e RY x R* , we haver = (u — x')/y’.

Proof. —Each element of5 can be writtenT, g’, and in particularg7,. This implies that
=Ty 8) =m2(gT:) = 8(2), andu = ghoo = gT:000 = T/ g 0o

Let us identifyg to (¢, o, r) € [0, 7] x ST x SQy, the point(¢, o) € S being the image
underg of the north pole ofS?. An elementary computation shows that= o cotg(¢/2),
and similarlyu’ = o’ cotg(¢'/2) if ¢’ = (¢',0',r") andu’ = g’0. It also showsT, g'0, =
x'+y'a’cotg(¢’/2). Whenceu =x"+ y'v'. O
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Remark6.— If ¢ € SOy, which is equivalent ta:(g) being co, we haveg, € SO; by
Lemma 1, and then i = F o 71 we getQ? F(£g) = x E[F x @ o m2(§T,(50))] =
0% F (&), which shows thap? acts onT M.

e—kol
Pomz(§)

By definition of 0 F and of 0% F, we have:

— Aot
?F(g):mE[F X (poﬂz(gto)] and
e—)»ot
QP F(m2(8)) = / mE[F X®Po ﬂz(ngzp)] dve (8)

ef)hot
ef)hot
- / mE[F x®o ”2(‘§TZng*1(z,0))] dve (8)

e 0 0 _s
~ [ oo Bl omale?) x F (e8] duc o)

whereg; := 8g-1(20)- Therefore we have:

—Aot
07 F(&) — OF F(m2(6)) = / #z(s)mqj oma(§) x (F(§) = F(£81)) | dve (2)-

Letusfix O<e <25 —d, and setfor > 0 andg € SOy41:

1. 2. 1 3._ 1 2
a =10 oqo—a—onzy G =1=a) X Lo i< pevay @ i=1-a; —ap,

and for 1< j < 3:

Al €)= / LWIE[qb o m2(82) x (F(82) — F(82¢})) x a/]dve (g).
t ¢O7T2(§) t t t &t t

Of course we havg QP F — QF F o m2|l2(,) < Z?:l IA] 122y
Moreover, using thaD 1 = 1, we have:

— Aot

471z < 4112 % [ o B[@ omalef) x o Jdbe o) o).

Using Proposition 1, we get first:
® oma(&)
P oma(§)
_ d—§5 —(d—8)2
=4 F|1% x €79 x E[al x (y0) ] = 4| F||2, x e @~/
o0

X / e(df‘s)yfyz/z dy/v2nt
(§—e)t/2

|17, <4112 < E[al o [ e
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o0
=4|F|%, x / e /2y /27 = O(ex—(25 — d — £)°1/8)).
(28—d—e)/1/2
Then for dealing withA,2 we need the following:

LEMMA 2.— We have for ang € OM and anyz € RY x R%:

@on’z(éTZ)_ 5 y
DomE) / P° (2. u(®)) P~ (e0. u(g)) dve (),

SQi+1

whereu(g) € R? U {oo} denotes the extremigfs, of the half-geodesigdr, .
(Let us recall that we have iRY x R : SOy11 =T} (R? x R*), witheg = (0, 1).)

Proof. —Let us choose the half-space modelffhrin such a way thag be the unit element of
G. So that in particulan(g) = £g0, and then

@ o ma(£) / P (z,u(9)) p~° (e0, u(g)) dve (g) = / PP (z,u) p ™8 (eo, u) ditey (1)

:/duzzqﬁ(z). O

This lemma implies the following corollary, analogous to the celebrated Sullivan’s “shadow
lemma”.

COROLLARY 4.— We have forang € OM, a >1,andz = (x, y) e R? x R%:

D oma(éT,)

s 28
& om@) X (2y)° x a.

ve ({g € SQuy1 | |u(g) — x| <ay}) <

Proof. —We merely use Lemma 2, observing that:

PP p e, u) =y (1+1x —ulPy?) " (1+1u?)’ > 2%y ?a® on
{|u —x| < ay}. O

Applying this to A2|3, we obtain:
212 2 e—)\ot 0
[ 43 Hz<4||F||oo/Fom@)m[mnz@,)
x (L—a) x ve({g | Ju() —xP| < yP&'/?}) ] dv(®)

P20 ma(E)) 5
248 2 —Aot t 0 8t/3
< 2 ”F”OO x @ *0 /E|:7¢2 07[2(5) X (yt) e X 1{},P<e(5,d,g),/2} dl)(r‘;:)

_ P2 0£(ZD)
2+ 2 £81/6 t
<2°PF|IS, x e /E[iqﬂos(zg)}du@

@279
_ 9248 2 —£51/6 t
=2 ”F”oo x e ¢ t /Eﬂz(f)[m} d\)(f)

— 22+5”F”§O X e—85t/6/ P[@Zdv — 22+5”F”§o X e—S(SZ/G X ”45”% — O(e—85t/6).

Finally, using thatF = F o 711, and thau(g)) = (u(g) — x2)/y°, we get:
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2 e—)\ot ,
‘Ats‘ &< / WE[GD o JTZ(SJ_tO) X \F(&,O) — F(&‘tog;)’ 1{\u(g;)|>e€t/6}] dvg(g)
< E[ sup |F(‘§t¢’) - F(§,<Pg)|2 X 1{d(g,SOd)=O(e—5’/5)}] = O(e—srt/3)’
8€SQs41

by the Holderian hypothesis made on the functiofin Theorem 2).
So far, we just proved the following:

PROPOSITION 4. — For any bounded measurable functidhon 1AM which is rotationally
Hdlderian, there exists some> 0 such that we have

|Qf F = 0P Foma s, <o 'e® foralli>0.

We now complete the proof of Theorem 2.
On one hand we have

|07 Fll, < [|QF2(0F2F — Q) oF o m2) [, + [ 072(Qf 2 F o 72) |,
< H Q?/ZF - Qf;zF C>7"2”2‘*' H Ptq/)z(ngF 0”2) ||L2(V<P)

=0(e?) +]| Ptq/)Z(Qf;ZF o 12) ||L2(V<P)’
by Propositions 3 and 4, and on the other hand we have:

/Q;‘}ZFonzdvd’:/ijdeu=/Q;‘;deu/szdu’szdu=o,

whence by the spectral gap property/ef (see [12] and [7]), there exists> 0 such that for any
t>0

| PT2(0F) o F o m2) | 12ye) <€ QFoF o 72| 2oyo) =€ " [ QF2F | 2,
<e | 08P 5 =€ IF 20

6. From geodesic flow to stochastic flow

Let us consider a bounded Borelian functipon 71 M, that is to say a S@invariant function
on OM, such that/ f dm = 0 and such thaf ; f andﬁ?f are bounded for ¥ j <d.

6.1. Theconjugatefunctions

We construct here functiorg on O M which are conjugate to the functigfy in order to get
on OM a 1-formw which hasf as first coordinate and has a closed restriction to each stable
leaf. This will be crucial to replace geodesics by diffusion paths.

DEFINITION 4. —
(i) Denote by{ﬁ’j | 0< j < d} the dual basigin A1(OM)) of {£;10<j<d).
(i) Setsi¢p(&):= f0°°e—qS¢(§9s) ds, for anyg € N*, £ € O M, and¢ bounded measurable
onOM.
(i) Forl<j<d,setf; = —ulﬁjf, and set alsdfor conveniencefy:= f.
(iv) Setw:= Z?:o fi L. (This is a bounded-form onOM.)
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(v) Foreachf € OM, let £ denote the map frorill into O M defined by (z) := £T%, and
let wg := &£*w denote the pull-back @b by .

LEMMA 3. - Thel-form et is closed and bounded dti, for eaché € O M. Moreover the
L; f; exist and are bounded oM for 0 <i <d and1 < j <d, and we have

d
wg (D) =y T fET) Ay +y 1Y fiET) d.
j=1

Proof. —By (5) we havey%(f 0 &)= (Lof) o &, and theny% o £* = £* o Lo, whence
by duality y~1dy = £*Lp, and then(f o &)y~tdy = £*(fL(). Since the same works with
(fj, dx/, L;), we get indeed the right expression tay.

Then the commutation relatiqd) between the flows implies that:

o0 o
d ; d ;
LiU9E) = 3 / e p(£0/6,) ds = / e P(E00,, ) ds = UL 0 @)
0 0
for 1 < j <d, and that:

o]

d
Lot (&) = / e L B0 ds = gUIPE) — H(E).

0

This implies existence and boundedness of th¢;, by taking ¢ = —L¢ f, and also that
Lifi — Lefj =U Lk, £;1f =0,and thatlof; — L; f — fj =0.
Therefore, using5) again, we have finally:

d
y2 dow; = Z(ﬁofj —Lif — fHET)dy A dx/

j=1

+ Y (Lifi - LfET)de AddF =0, O
1<j<k<d

6.2. A contour deformation

We take here advantage of the closedness of the farrto change the integration path in
fé f(&0,) ds: we substitute the diffusion pat{fs‘p |0< s < (8§ —d/2)~1t} for the geodesic
&[0, 1] :={&0, | 0 < s < t}. In this contour deformation three residual terms appear, that we
prove to be negligible.

PROPOSITION 5. — For any reala, the following difference goes thasr — oo:
t
av/—1 av/—-1
TiM 0 Z5[—1,0]

Proof. —Let us set’ := (§ — d/2)t. Using Corollary 2, we have almost surely:
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t+|ogxs
V-1 «/_
«w [ exp( / reonds Jame) = i [exp( Y= [ reond)we
IOgyS
1 ©.y3¢")
= i vy - dv(&).
o ] o
©.y)
Then, using Lemma 3, we get:
(O,y§e‘/) Zgﬂ Zg Zgﬂ (O’ygﬂ)
/ wg = / wg + / wg — / wg — / We
©.y%) z8 ©.%) ©.y5,) (0.ye")
and sincef; is bounded:
z8 . g 1 } r
/ wg = (y,‘j) Z/ x fi(€ S(xg)jelogyﬁ)‘h:O( y—ié )
) =10 !
1/2 u 1/2
laW|W1|xO(/( 2(y2)” st) '2V|w1|xo</e2ws—<za-d>sds> ,
0 0

which is almost surely bounded. Hence, uniformly with respec§ t 0 and to& € T M,

r 1/2f05 5, wg andr~Y/2 (0”‘ wg gO to zero in probability as— oo.

Then we have:

0.y, Wi+ @E—d/2)(S+1) Nrp——
/ wg = / f(&by)ds = / FEOsvwst5—-ds2)(s+) 0s,
(O,yge’/) ws+(8—d/2)(S+1) 0

and thus for some standard Brownian motighindependent ofv we have:

0.y, w;
/=1 ~v—1
E|:/ exP<7 / w&) dV(S)] =E[/ eXP<7 / S EOsws+6-d/2)(5+1)) dS) dv(é)j|
(0.ye") 0

which, thanks to Corollary 2, goes 8s— oo to

c(5)]E|:/ exp(%l / f(ges)ds> dm(s;)] ndg c(a)E[/ exp(d—_lwgffdm) dm:|
0

by ergodicity, the last quantity being equal|t@ ||§, since/ f dm = 0. Finally
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t
J=1
lim c(S)IE[ / exp<7 / f(él?s)ds) dm(S)]
0

)

ZS+t
. V-1
:tll)rrgOSILmooE[/exp(W / a)g) dv(&):|

8
ZS

Zg
ZIILUJOE[/ exp(? / a)g) dv(g)}
VAD

by Corollary3. O

Now observe that by Definition 4 we have:

[ on [ wn ]

Z3[—1,0] E(Z5[—1,0]) £9[—1,0]

Hence by reversing the time we deduce from Corollary 3 and Proposition 5 the following:

COROLLARY 5. — We have for any reat,

_ a1 | | ~
Scb

M

7. Thecentral limit theorem on T2 M

Let us fix a Borelian functiorf of classC? on 71 M, with bounded and Hélderian derivatives,
and such thaf f dm = 0.

Remark7.— A careful reading of our arguments below shows that indeed the following
slightly weaker regularity hypothesis is sufficient to guarantee our result:
(H) f and Lof are bounded, rotationally Hélderian &ftM, and continuous along the
stable leaves, and, ford j <d, L; f andﬁ?f are bounded and Hdélderian @anM.

Recall that ‘F rotationally Hélderian orf’ 1 M” means: there exists some> 0 such that
d(g,SQy)~"|F(kg) — F(&)| is bounded independently fromie SO, 1 — SQ; and¢ € T M,
d denoting here any distance on $Q, and that ‘F Hélderian onO M” precisely means: there
exists some > 0 such that dist, &) " |F (&) — F(¢')| is bounded or{(¢,&") € OM?2 |0 <
dist(£, £') < 1}.

7.1. Thedivergence of ® with respect to &2

LEMMA 4. — If ¢ is a bounded Holderian function aBiM, thenl/1¢ andi/2¢ are bounded
and Hdélderian onO M.
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Proof. —Let us considep; := exfs Z, 1ajLo,;]1, for s > 0 and for fixed reak;’s. Fix an
Holder exponent fop, sayr €]0, 1[. We have forg = 1 or 2:

o0

s UG (Eps) —UIPE)| < / e U™ |pEpst) — P (£6,)| o,

0

which is bounded with respect te, £) if [;° """ s™" |p(E@se6;) — ¢ (£6,)| dt is, and thus if
s p(Epge—16;) — P (£6;)| is bounded with respect @, ¢, &).

Now this will be so if we prove thab (6_;¢se—6;, Id) = O(s), u niformly with respect ta,
D denoting some metric o@, which we can choose left invariant.

Then observe that it is sufficient to consider the casg;ef expsLo ;1.

Now we have the Campbell-Hausdorff formu@(e_, exps Lo, j)0;) = expgad—tLo)] Lo,
and (4) gives the matrix of &do) in the bas€ Lo ;, £;), which has its square equal to the unit
matrix. So we see that ejgd—1Lo)]Lo,j = € Lo,j — (shr)L;, and thus that

d do 1—e 2
—(9,,g05e—1 9;) = 97[§05e—1 9; X —(G,I(pse—z@t) = 97[§05e—1 9; X ;Co’j — £] s
ds ds 2

which by left invariance ofb shows the boundedness @fD(G 1@se—t0:, 1d). This shows that
U9¢ is rotationally Holderian orO M. Finally, observe that we get from (4):

d _
d—g(e,t expsL;)0;) =€ 'L;

ifl<j <d(and£0 if j =0). Thuswe getalso the boundednes#dﬁ(@ 1 exXpise"L)6;,1d),
and of 3 4 DO rexXpise L )6, 1d), for 1 < i < k < d, since [Lo, Lix] = 0. The result
follows O

Recall that the diffusion,” admits the generatgyD® = 3 3"9_ L2 + >I_oh;L;, where
hj = ﬁj(logdﬁ o) — %1{]':0}, for0< j <d.

Now we have the following general lemma, more or less known:

LEMMA 5. — Consider al-form 2 of classC! on O M. We have for any > 0:

d
. . 1
/Q M2 + /le.Q ds, with dva:EZ .Q(LZ)—i—Zh (L))

£2[0,¢] Jj=0

MZ is a continuous martingale having increasing process

(M) = / S Qe E?) ds.
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Proof. —By linearity, it is sufficient to conside®2 = G dF, for F of classC! andG of class
C? on O M. Now we have by Ité formula:

QU

1
A () = o] + 3D ), Wit )= 3L

and then

t t

t
D
[ 2=[66)edre?)= [E)aul + [ X760y dv+ 50 mf).

£210,1] 0 0 0
Therefore we get the formula of the statement, with:

d d
2divR2 =G x D*F+) L;GxL;F and dM?)=> (G x L;F)*(&7)ds.
j=0 j=0

This gives the wanted formula, sin€z= G dF andD?® = Z?:o ﬁ? + ZZ?ZOhJLJ- imply:

.Q(ﬁj)ZGﬁjF and
d d d d
S Li(RLN)=GY LEF+Y L;GL;iF=2dv2-2) hjR(L). O
j=0 j=0 j=0 j=0
Let us apply this Lemma 5 te (see Definition 4(iv)). Observe that this is licit by Lemma 4.
We get
1
(F) / w:M,“’—l—/Kf(SSd’)ds
£%10,1] 0
with

(F) Kf:= Zﬁ f,+Z(£ Iogabonzm——f (——8>f— Zﬁ fi— Zﬁ*f,,

jO j=0

whereﬁj i=—L;—L;(log® omp) + 1{j—0y(d — 8) is the adjoint ofL ; with respect ta (this is
the infinitesimal version of Proposition 1), and whe{f¢ is a continuous martingale having its
increasing process given by

t

d
() (M) = / 3 2(E) ds
o /=0

LEMMA 6. — The functionk f is SQ,-invariant, bounded, and Holderian.

Proof. —We already observed in Lemma 3 that tfjeand theZ; f; are bounded. Moreover we
have also that th€, log® o 72 and Lo ; £x 10g® o w2 are bounded, showing the boundedness
of Kf. Indeed, by(4) and sincelq ;log® o w2 = 0, it is sufficient to verify the first assertion.
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Now. it is' straightforward to see thay{% logp(z,v)| <1 and|y% log p(z,v)| < 1, which in
turn implies thai £ ; log @ o 2| < 8, using that by (5)

dbo [ PPEx, D), u) do P((x, 1), &1 (w))
e diteq (1)

£ilog®ome®) =55 | ~ e w o =57 | 5iE o). £ )

Then the S@-invariance follows from the observation trﬁ is SQ;-invariant, and that the
form w is equivariant with respect to the $@ction onO M.

It remains to show thak f is Holderian. Now, by the beginning of this proof, we only have to
ensure thaMZﬁ?f andi/1L; f are Holderian. But this follows immediately from Lemma 42

PROPOSITION 6. — We have/ K fdv =0.
Proof. —By the very definition (4(iii)) off;, we have:
S S q
; —s ; —s Y0 j
fi€=- Sleoofe L;f(E65)ds =— Slll:noo/ e’y (56,6 ) ds
0 0
S

N

. _,do ; . do j

=~ Jim / e 2 f(56/,0)d5 = — im / O 1 (56/0,) s
0 0

N
=— lim £, (/ VAQED) ds)(é)-
0

Whence by formuldé) (definingD?, in Section 4.2)

d d S N
Zﬁjsz—snm Zﬁ?(/ £ es)ds>=slim [—D8+£%+(26—d)£0]</ £ es)ds>
=1 OOj:l 5 —00 J

S S
= lim (—05 (/f(- GS)ds) +/[£S+(2§—d)£o]f(- Gs)ds)
0 0

S
= SILmoo<_D5 (/ fe 9s)dS) + Lof(-0s) —Lof + (28 —d) f (- 0s) — (26 — d)f)-
0

Therefore:

S
d 1 (1 1 d
(5 - 5)1‘ -3 jzoﬁjfj = JL%(QDS ( / fe 9s>ds) — 5Lof(-65) + (5 - a)fc es>>.
= 0

Finally, using the duality with respect to, that is to say Proposition 2, the fact thaf’1 =
L;1=0, Corollary 2, and the hypothesis (H) ¢gin we deduce that:

/deu:sli_r)noo<<g—8)/fd9§v—%/ﬁofd%kv)
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~($-5) [ ran-2 [ roram=o

7.2. End of proof of the main result (the theorem in Section 1)

Let us fix a sequencgF, | n € N} of compactly supported and smooth functionsoh\,

such that:
(i) F, convergesin.?(v) towardsk f asn — oo;

(i) eachF, is Holderian, with the same constantsis;

(iii) the F, are uniformly bounded and have zero mean with respegt to
Note that this is possible by using Lemma 6 and Proposition 6, and by using a partition of unity
and some convolution. Observe then that by Theorem 2 and its proof (see Section 5), there exists
somep > 0 such that

7) |0 F|,<o 'e® fort>0andF = (Kf oranyF,).

DEFINITION 5.— SetV, F := fé’Q?th, forO<b <ooandF = (K f oranyF},), and write
VF for VF.

Formula (7) shows that the convergencelaf holds in L2(v). Moreover, it shows that for
b>0andF = (Kf or F,), we have:

o0
v = VP, < [ 102 Fl,dr <o %
b

and in the same vein:

o0 o
IVKf - VFn||z<fHQ?(Kf—&)szz<fmin{||1<f—anz, 207t @ }dt
0 0

=0 ' IKf — Falzlog(2e0 MK f — FullzY).
This shows thaV, F,, converges towardg K f in L2(v) ash, n 1 oc.

LEMMA 7. — For any smooth bounded functignwith bounded derivatives o@ M and for
anyt >0, Qf F is also smooth o® M, with bounded. ;-derivatives.

Proof. —Let us first observe that foramy k € N, £ € O M andr > 0, we haveE(|x?]" (y0) ~* &
om2(§))) < co. (Recall from Section 4.1 that = (x7, y?) and from Remark 4 thaf’ = §7,0.)
Indeed we use Schwarz inequality, and the two following facts:

— on one han®(®2 o 12(£0)) = P, @2 o m2(£) is continuous and’-integrable, by invariance

of the Brownian semi-groug;, and thus finite;

— on the other hand it is clear from the expressionbthatE((y0)*) is finite for anyk € Z,

and for anyn € N, we have using Doob inequality:

0<s <t

t n
E(‘x?’zn) < c,,IE|:</ exp 2w, — ds]ds) j| < cnt”E[ sup exp2nwg — nds]]
0

< c,,(t)IE[(()zls.lgt expnws — n25/2]>2] < c;(Z)E[eX[{an, — nzt]] < 0.
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Then, recall from the proof of Lemma 6 that tifg-derivatives of logb o w» are bounded
by é. Thus, we see thaf;(® o w2 x F)/® o m» is smooth bounded for & j < d, and that

Do nz(gesj) <P om(é)for0< j <d (herees0 =0), |s| <land¢ e OM
Observe yet that by the commutation formy® we have:; T Ty = Zo@ 30 and6;To =
G(eg N ofs. Therefore we can differentiate under the expectatlon and get by using
Remark 4 and the above:

*)\Of d
LoQf F@)_@@) ( [(ﬁw ) -)@F)(s?)]

j=1

—E[(@F)(&)]Lolog® (&)

SNS—

(we write here® for @ o 7r2) and for 1< j < d:

L;0PF@E) =eoE) 1 x (B[(y0) 'L, @F)(£0)] - E[(@ F)(£%)]L, logd (£)).

This proves the existence of the first-order derivatives, and also of the higher-order derivatives,
since they will have the same form as the first-order ones above, but with power® bfnd
o)) h

To prove thatl; QP F is bounded, we use again thaglog® o 72 is bounded by, to get
the uniform estimated o 72(£0)/® o m2(&) < expd x disty (r2(£0), w2(£))]. Now recall from
Section 4.1 thatry(£°) = £(Z9) is a Brownian motion on\ starting frommz(&) = &(eo), SO
using that is an isometry, we get:

Do JTZ(SIO)/CD oma(§) < EXF{S X diStH(eo, Zto)]
Hence we see, using the above expressionsﬁl}c@f’F and the Schwarz inequality, that the

proof will be complete if we show thd(exp 28 x disty(eo, Z?)]) is finite for anyz. Now, we
have (using the classical formula for the distance, see [13]):

exp[25  dist (e0, Z0)] < #ch?[distis (eo, 20)] = (|x2* + (19)* + 1) x (+0) %

and thus we only have to use again tﬁa,tx, |”(y )¥) is finite, forn e Nandk e Z. O

This Lemma 7 allows to write for any > 0 andn € N:

b b
d 1 1
Qan—FnzfanFndt E/Dd’Qt F,dr = 2qu’van,
0 0
whence:
(8) D?V,F, =2(QF Fy — Fy).

Thus replacingo by w + d(V, F,,) in the formula (F) of Section 7.1, we get:

t

9) / o+ Vo Fa(67) = Vo Fa(€) = M) + f(Kf — Fu+ O F,) (&) ds,

£10,1] 0
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whereM,b'" is a continuous martingale having as increasing process:

I g
(10) (Mf*"):/Z(f,- + LV F)?(EF) ds.

o /=0
We want to go to the limit in the formulé) above, a$, n 1 co. But for that, we need to
control also theC j-derivatives, in the convergence Gf F,, to VK f.

LEMMA 8. — The potentialV K f admits L ;-derivatives inL2(v), andL; VK f is the limit
in L2(v") of £V, F, asb,n 1 oo, for0< j <d.

Proof. —Let us first observe that by using the adjo@t mentioned in the formula (I of
Section 7.1, we haveZ‘jzoﬁ’;ﬁj = —(D® + D?%)/2, and that by using Proposition 2 this
implies: [ Y9_o|£;F|?dv' = —[F x D? Fdv'.

Using this and formulas (8), (7), we get on one hand, foriany> 0 andn € N:

d
/Z\ﬁj(vb —VOF|[*dv = —/(Vb — Vo) Fy x D®(V, — Vo) F d/
j=0

= [e-vor, x2(0f - 02)Fy v

<[ Vo = Vol x 2(| Q5 Fal, + | 02 )
<IVFull2 x 2072 (e7 + 7€) < 407 3(e79 4 e79°);

and on the other hand, for ahy> 0 andn, p € N:
d
/Z]ﬁjvb(Fn —Fp))fdv = —/Vb(Fn — Fp) x D®Vj(F, — F,)dv'
j=0

=— / Vi (Fy — Fp) x 2(QF (Fy — Fp) — (F, — Fp)) dv/

<2(1VsFullz + 1VoFpll2) x (| QF (Fu — Fp) ||y + | (Fn — Fp)|,)
<8 Fx [[(Fa = Fp)|
This shows that; V, F,, is Cauchy inL2(v’), and then proves the resulto
We can now go to the limit in formulas (9) and (10), thereby showing the following:
PROPOSITION 7. — We haveféq)[o,t] w=VKf()— VKf(g,d’) + M;, whereM; is a contin-

uous martingale, with as increasing process

I g
) = [ Y+ £ VD) .

o /=0

COROLLARY 6.— Ast — oo, the law ofr~1/2 Jeo0,@ converges towards the centered
Gaussian law with varianc®(f) := ijl:O(fj + L; VK f)?>dv’, which vanishes if and only
if / equalsCoh, for someh € L2(T1M, v).
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Proof. —Firstly, t=Y2(VKf(&) — VKf(£?)) goes to zero inL?(v ® P)-probability as
t — oo, since VKf(¢?) is stationary. Hence, applying Proposition 7, we see that we have
to deal with lim_ v ® E[explav/—1M;/+/1)]. Now, observe that by Lemma 8 we have

0451001 1M = M) 2y = i n1o0) 50 15 VK S = L5V Falz,, = 0. Thus
im v/ [exp(av=TH, V)]
o . , — b,n
) =l lm @ Elexplay/=—1u;"/V)]

=, im_lim v’ @ E[exp(av/—1IM!" |/t +a¥(MP")j20) exp(—a? (M) 21) ).
,ntoot—00

We now need some ergodic property for the degenerate diffésiorwhich is not clear in
the present context. So let us show thMr,b”l)/t converges inL2(v' @ P) ast — oo, towards
Vo (f) = [ Zfzo(fj + L;VyFy)?dv', for everyb > 0 andn € N.

Indeed, we see from formula (10) thaw,b'"m —Vyu(f)=171 [é Hp 2 (E2) ds, with Hj, ,
smooth bounded o® M by Lemma 7, and such thdtH, , dv’ = 0.

Then applying Itd’s Formula t&, Hy ,(£?), and going to the limit as — oo, we get as for
the proof of Proposition 7:

t
/Hbv"(g:s(p) ds = VHb,n(g:) — VHb’n(f;p) + MIb’”vOO’
0

whereM,b'”’Oo is a continuous martingale having as increasing process
! d
(Mtb’”’oo)z/Z(ﬁjVHb,,,)z(é;p)ds.
o /=0
Therefore

2

d
SU2\VHpalz+201) L VHpal5=0(Y).
L2(v'QP) j=0

t
;-1 / Hy (52 ds
0

As a consequence, we get the convergencélin’ ® P) of exp(—az(M,b'")/Zt) towards
exp(—a®Vy.»(f)/2). Finally, we know from Lemma 7 that for ea¢h> 0,7 € N, (M,b’")/t is
uniformly bounded, and thus that the continuous martingal@sy{p1M>" / /1 +a?(M?") /21)
is bounded and has expected value one.

Hence we conclude from formula (11) and Lemma 8, by:

lim v ® E[expav/—1M; /)] = blirTn exp(—a?Viu(£)/2) = exp(—a®V(£)/2). 0

t—>00

Finally, the central limit theorem stated in the introduction follows from Corollaries 1, 5 and 6,
even under the slightly weaker assumption (H) of Remark@ndLg f are bounded, rotationally
Hélderian onT1 M, and continuous along the stable leaves, and, farji< d, L;f andﬁ?f
are bounded and Hdélderian en\.
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