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ABSTRACT. – LetΓ be a geometrically finite Kleinian group, relative to the hyperbolic spaceH = Hd+1,
and letδ denote the Hausdorff dimension of its limit set, that we suppose here strictly larger thand/2.
We prove a central limit theorem for the geodesic flow on the manifoldM := Γ \H, with respect to the
Patterson–Sullivan measure. The argument uses the ground-state diffusion and its canonical lift to the frame
bundle, for which the existence of a potential operator is proved. 2001 Éditions scientifiques et médicales
Elsevier SAS
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1. Introduction

Consider the hyperbolic spaceH = Hd+1, endowed with some geometrically finite Kleinian
group Γ . The Hausdorff dimensionδ ∈ [0, d] of its limit set (see [13,17] or [18]) plays a
fundamental role. Whenδ is larger thand/2, δ(δ − d) is the highest eigenvalue of the Laplacian
on a fundamental domain. The associated eigenstateΦ plays an important role in the study of
the quotientM = Γ \ H and of its geodesic flow. The corresponding ground-state diffusionZΦ

t ,
which we call “Φ-diffusion”, is then also a natural object and tool in this framework: see [17,
2–4].

As in [3], where the problem of the asymptotic law of windings in cusps of hyperbolic surfaces
has been treated, we approximate the Patterson–Sullivan measurem by the images under the
geodesic flowθt of a quasi-invariant measureν, which is stationary for the lift of the ground-
state diffusionZΦ

t to T 1M. An important step, which was not needed in [3], but which extends
the proof given in [9] for the finite volume case, is the existence of a potential operatorV for the
lift of the Φ-diffusion.

Denote byL0 the Lie derivative along the geodesic flow, and byL1, . . . ,Ld the Lie
derivatives along the stable horocycle flows (which are no longer defined on the tangent
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bundle T 1M, but only on the frame bundleOM). Let f1, . . . , fd denote the conjugate
functions of any given functionf having bounded derivatives onOM; they are defined by:
fj := − ∫∞

0 e−sLj f (· θs)ds. Setf0 := f for convenience. Let us also introduce the canonical
projectionπ2 from OM ontoM, and the divergence operatorK:

Kf := 1

2

d∑
j=0

Lj fj +
d∑

j=0

(Lj logΦ ◦ π2)fj − d

2
f.

Our main result, assuming thatδ > d/2, is the following central limit theorem for the geodesic
flow onT 1M, relating to the Patterson–Sullivan measurem:

THEOREM. – Let us fix a real functionf onT 1M, such that
∫
f dm = 0, and of classC2 with

bounded and Hölderian derivatives. Then for alla ∈ R we have:

lim
t→∞

∫
T 1M

exp

(
a
√−1√

t

t∫
0

f (ξθs)ds

)
dm(ξ) = m(T 1M)× exp

(
−a2

2
V(f )

)
,

whereV(f ) :=∑d
j=0

∫
(fj +LjVKf )2 dν vanishes if and only iff is aL0-derivative.

“F Hölderian on OM” precisely means: there exists somer > 0 such that
dist(ξ, ξ ′)−r |F(ξ) − F(ξ ′)| is bounded on{(ξ, ξ ′) ∈ OM2 | 0< dist(ξ, ξ ′) < 1}.

Equivalently, our result reads (withc(δ) given in Corollary 1):for all a ∈ R we have:

lim
t→∞m

[
ξ ∈ T 1M

∣∣∣∣
t∫

0

f (ξθs)ds � a
√
tV(f )

]
= ‖Φ‖2

2c(δ)
−1 × (2π)−1/2

a∫
−∞

exp
(−s2/2

)
ds.

The particular case ofM being convex-cocompact, that is to say without cusp, or associated
with a groupΓ without parabolic element, can be handled by the coding method of [15]. See
also [1,8] and [19].

The particular case ofM having finite volume (corresponding toδ = d) was handled in [9],
the Patterson–Sullivan measure being in this case just the Liouville measure. Our result concerns
the more general cased/2< δ � d , in whichM may have both infinite volume and cusps.

For dealing with this new case, we use here globally the same strategy as in [9], which
consists roughly in comparing the geodesics with the paths of a diffusion onT 1M, for which the
existence of potentials has to be exhibited. But the infinite volume case is much more involved,
sincem is not invariant under the horocycle flows and is distinct ofν, which is only quasi-
invariant under the geodesic and stable horocycle flows.

Finally note that the remaining caseδ � d/2 cannot be handled in the same way, since in
that case there does not exist any fundamental diffusionZΦ

t associated withδ on the base
manifoldM.

2. Notations and basic data

Let H denote the hyperbolic spaceHd+1, with boundary∂H, unitary tangent bundleT 1H, and
orthonormal frame bundleOH.

Let us identifyH with its Poincaré half-space modelRd × R∗+, and the current pointz ∈ H

with its canonical coordinates(x, y) = (x1, . . . , xd, y) ∈ Rd × R∗+. Sete0 := (0,1). Recall that
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the metric ofH is given by:|dz|2 = (|dx|2 + dy2)/y2, that its Riemannian volume measure is
given by: dṼ := y−d−1 dx dy, and that its (hyperbolic) Laplacian is given by:

∆ = y2 ×
(

∂2

∂y2
+ 1− d

y
× ∂

∂y
+

d∑
j=1

∂2

∂x2
j

)
.

Let us denote byG the Möbius group of orientation-preserving isometries ofH, which is
generated by the following elements:

– the translationsθ+
x = θ1

x1
. . . θd

xd
, for x = (x1, . . . , xd) ∈ Rd ;

– the homothetiesθt (= the linear dilatation byet ), for t ∈ R;
– the Euclidian rotationsRi,j

t (= the rotation byt in the plane(xi, xj ));

– the hyperbolic rotationsR0,j
t (defined by:R0,j

t (x1, . . . , xj , . . . , xd, y) = (x1, . . . , x
′
j , . . . ,

xd, y
′),

with x ′
j + y ′√−1 = [(xj + y

√−1)cos(t/2)+ sin(t/2)]/[cos(t/2)− (xj + y
√−1)sin(t/2)].

Let us set, for anyz = (x, y) ∈ H:

Tz := θ+
x θLogy.

Observe the following important classical relation:

T(x,y)Tz′ = T(x,0)+yz′.(1)

This means in particular that the set{Tz | z ∈ Rd × R∗+} constitutes a group, isomorphic to a
subgroup of the affine group ofRd .

Observe that the Euclidian rotations above generate the subgroup SOd of G, and that SOd
and the hyperbolic rotations together, generate a subgroup ofG isomorphic to SOd+1, which
we identify with SOd+1. So SOd+1 is the subgroup of thoseg ∈ G which fix e0, and SOd is
the subgroup of thoseg ∈ SOd+1 whose differential ate0 fixes ∂

∂y
. This identifiesT 1H with

OH/SOd , andH with OH/SOd+1.
As usual, we identify anyg ∈ G with (g,

dg
|dg|) operating onT 1

H or OH. As there exists a
uniqueg ∈ G mapping a givenξ ∈ OH to another given frame ofOH, we may and do identify
G with OH, by identifying anyg ∈ G with the image it gives of the canonical frame ate0.

We have a unique decomposition of anyg ∈ G: g = TzRR′, with z ∈ H, R an hyperbolic
rotation in the plane( ∂

∂y
,dge0(

∂
∂y

)), and R′ ∈ SOd . In particular, we have an identification

betweenOH andT 1H × SOd .
Note that these identifications have two important consequences:
– Firstly, the base-point of the frameξ is π2(ξ) = ξ(e0), π2 being the canonical projection

from OH ontoH. Andπ2(ξTz) = ξ(z), for anyz ∈ H and anyξ ∈ OH.
– Secondly, the right multiplication byθt moves any frameξ by the geodesic flow of algebraic

lengtht , in the direction of the vector dξe0(
∂
∂y

). And similarly, the right multiplication by

θ
j
t moves the frameξ by the horocycle flow of algebraic lengtht , in the direction of the

vector dξe0(
∂

∂xj
).

Indeed, this is clear whenξ is the unit element ofG, that is to say the canonical frame ate0,
and this remains clear for the other frames by invariance ofπ2 and of the flows under isometries.

Note that sinceθt commutes with the Euclidian rotations, the geodesic flow still makes sense
onT 1H. On the contrary, the horocycle flow makes sense only onOH.
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Given(z, z′, u) in H ×H × ∂H, denote by log[Bu(z, z
′)] the Busemann function, that is to say

the algebraic hyperbolic distance, on any geodesic ending atu, from the stable horocycleH(z,u)

determined byz to the stable horocycleH(z′, u).
In the Poincaré half-space model, we haveBu(z, z

′) = p(z′, u)/p(z,u), p(z,u) denoting the
Poisson kernel:p(z,u) = y × |z − u|−2 if u �= ∞ andp(z,∞) = y.

We have the cocycle property:Bu(z, z
′′) = Bu(z, z

′)×Bu(z
′, z′′).

We shall use on the unitary tangent bundleT 1H the two following systems of coordinates:
– firstly, (z, u) ∈ H × ∂H, the geodesic running fromz to u determining the unitary tangent

vector at the base pointz; this identifiesT 1H with H × ∂H;
– secondly, given a reference pointz0 ∈ H, the point(z, u) of T 1H can be represented by the

triple (u, v, s) ∈ ∂H × ∂H × R, where
– v is the starting point of the geodesic ending atu and running throughz;
– s is the algebraic hyperbolic distance fromz to the orthogonal projectionz1 of z0 onto

the geodesic−→vu.
Note that the first coordinates above extend to the following global coordinates onOH:

(z, u, r) ∈ H × ∂H × SOd , by means of the identification betweenOH andT 1H × SOd .
Denote by dist(ζ, uv) the hyperbolic distance fromζ ∈ H to the geodesic−→vu.
The following well-known identity is valid for anyζ in H, any distinctu,v in ∂H, and anyz

on the geodesic−→vu running fromv to u.

ch2(dist(ζ, uv)
)= Bu(ζ, z)Bv(ζ, z).(∗)

(Indeed, since this is an intrinsic formula, we may consider the half-space model withu = ∞
and v = 0. Denoting then by(X,Y ) the Euclidian coordinates ofζ in this model, and by
(0, y) those ofz, it is elementary thatBu(ζ, z) = y/Y,Bv(ζ, z) = (|X|2 + Y 2)/(yY ), and, using
the classical formula for the distance (see [13]), thatch2(dist(ζ, uv)) = ch2dist(ζ, (0, |ζ |)) =
(|X|2 + Y 2)2/(Y |ζ |)2 = 1+ |X|2/Y 2 = Bu(ζ, z)Bv(ζ, z).)

Let Γ be a discrete torsion-free (non-elementary) subgroup ofG, that we suppose geometri-
cally finite. LetΛ = Λ(Γ ) denote its limit set, with Hausdorff dimension sayδ. Recall thatδis
also the critical convergence exponent of the Poincaré series relative toΓ (see for example ([18],
Theorem 1)). Obviouslyδ � d .

We make here the assumption thatδ > d/2.
Let {µz | z ∈ H} denote the family of Patterson (finite) measures onΛ associated withΓ . It

can be defined, up to a multiplicative constant (that we definitively fix), as the only family of
measures onΛ satisfying the following geometric “conformal density” property:

dµz′(u) = Bδ
u(z, z

′)dµz(u) for anyz, z′ in H

together with the invariance property by the groupΓ , in the sense that:

γ ∗µz = µγz for anyγ in Γ andz in H,

with the conventionγ ∗µ := µ ◦ γ−1.
See for example ([13], Lecture 2), [18], or ([11], Sections 3.4 and 4.7).
Set

Φ(z) :=
∫

dµz = µz(∂H) = µz(Λ), and λ0 := δ(δ − d)/2.

It is aΓ -invariant function onH which verifies∆Φ = 2λ0Φ. See ([13], Theorem 1, p. 301).
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Define the Patterson–Sullivan measurem̃ onT 1H by

dm̃(u, v, s) := ch2δ(dist(z0, uv)
)
dµz0(u)dµz0(v)ds.

Note that by the geometric property for(µz) and by the identity(∗) above,m̃ does not depend
on the choice of the reference pointz0. Hence it is intrinsic (it depends only on the subgroupΓ ),
and then it isΓ -invariant. Moreover it is plainly invariant with respect to the geodesic flow. It is
also called Bowen–Margulis measure.

The Liouville measurẽλ onT 1
H can be expressed for any reference pointz0, by:

dλ̃(u, v, s) = ch2d(dist(z0, uv)
)
dµh

z0
(u)dµh

z0
(v)ds,

whereµh
z denotes the harmonic measure atz. Recall that we have in the half-space model:

dµh
z(u) = pd(z,u)du.
Note that the above geometric property holds for harmonic measures, by changingδ into d:

dµh
z′(u) = Bd

u (z, z
′)dµh

z(u) for anyz, z′ in H.
This and the identity(∗) show the irrelevance of the reference pointz0 in the expression of the

Liouville measurẽλ above. As can be verified by a direct elementary computation, the expression
of λ̃ in the(z, u) coordinates is: d̃λ(z,u) = dµh

z (u)dṼ (z).

λ̃ is naturally lifted to the Liouville measureλ′ onOH, by takingλ′ uniform on each fibre SOd .
This Liouville measureλ′ is the Haar measure onG, and thus it is invariant by the horocycle and
geodesic flows.

We are interested in the quotient manifoldM := Γ \ H.
It is known that whenδ > d/2,Φ is square-integrable with respect to the Riemannian volume

measure dV of M, and is the fundamental eigenstate onM. See ([13], Theorem 1, p. 301).
Note that as a consequence, the volume ofM is finite if and only ifδ = d .
Denote byπ the canonical projection from the unitary tangent bundleT 1M = Γ \ T 1H

ontoM, by π1 the canonical projection from the orthonormal frame bundleOM = Γ \ OH

onto T 1M, and byπ2 = π ◦ π1 the canonical projection fromOM onto M. By taking the
left quotient byΓ , we see that the identifications at the level ofH give at the level ofM:
T 1M ≡ OM/SOd andM ≡ OM/SOd+1, and

π2(ξTz) = ξ(z) for anyξ ∈ OM andz ∈ H.(3)

In particular, we identify from now on the functions onT 1M with the SOd -invariant functions
onOM.

Recall that anyΓ -invariant measurẽn onT 1H induces a measuren onT 1M.
In particular, denote byλ the Liouville measure induced byλ̃, and bym the Patterson–Sullivan

measure induced bỹm. Similarly, denote by dV = π∗λ the volume measure onM, induced
by dṼ .

Observe that since the flows act on the right-hand side, whileΓ acts on the left-hand side,
these two actions commute. Thus the geodesic flow makes sense onT 1M and onOM, and the
horocycle flow makes sense onOM.

Let us introduce then the Lie derivatives: for any smooth functionF onOM, anyξ in OM,
0� i < j � d we set:

L0F(ξ) := d0

dt
F (ξθt ), LjF (ξ) := d0

dt
F
(
ξθ

j
t

)
, Li,j F (ξ) := d0

dt
F
(
ξR

i,j
t

)
.(4)

d0/dt means and will mean the derivative att = 0 with respect tot .
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We get from the definitions that for 1� i, j � d and 0� k � d :

[L0,Lj ] = Lj , [Li ,Lj ] = 0, [Lk,Li,j ] = 1{i=k}Lj − 1{j=k}Li ,

(5)
[L0,L0,j ] = Lj −L0,j , [Li ,L0,j ] = 1{i �=j}Lj,i − 1{i=j}L0.

It also follows immediately from(3) that:

L0F(ξT(x,y)) = y
∂

∂y
F(ξT(x,y)), LjF (ξT(x,y)) = y

∂

∂xj
F (ξT(x,y)).(6)

3. An intrinsic measure on T 1M

We introduce an intrinsic measureν onT 1M, which was already used in [2–4]. Its interest is
to be smooth along the stable leaves and quasi-invariant under the geodesic and stable horocycle
flows, and to be an invariant measure for two dual diffusions onOM, which are both projected
by π2 onto theΦ-diffusion.

DEFINITION 1. – Let ν̃ be theΓ -invariant measure onT 1H defined by:

dν̃(z, u) = Φ(z)dµz(u)dṼ (z).

Denote byν the measure it induces onT 1M.
Denote byν′ the unique measure onOM which has marginalν on T 1M and whose

conditional laws on the fibres are the normalized Haar measure onSOd ≡ OM/T 1M.
Set alsodVΦ(z) := Φ2(z)dV (z).

Remark1. – Observe that by definition ofΦ we haveπ∗
2ν

′ = π∗ν = VΦ , and then thatν and
ν′ are finite (sinceδ > d/2), with mass‖Φ‖2

2.
Observe also that, due to the geometric property, the Patterson measureµz, seen as a measure

on T 1
z H by means of the coordinate system(z, u), makes sense onT 1

z M as well. So in the
preceding definition the second coordinateu can be seen as a unit tangent vector based atz, and
the expression for̃ν (with Ṽ replaced byV ) can then be understood directly as the expression
for ν.

Remark2. – In the finite volume case, we haveδ = d , Φ constant, dµ(u) is proportional to
the uniform measure du, and then our measureν is proportional to the Liouville measureλ (and
to the Patterson–Sullivan measurem).

PROPOSITION 1. – The measureν′ is quasi-invariant under the geodesic and positive
horocycle flows:

d(T ∗
z ν

′)
dν′ (ξ) = y(d−δ) × Φ ◦ π2(ξT

−1
z )

Φ ◦ π2(ξ)
for anyξ ∈ OM andz = (x, y) ∈ R

d × R
∗+.

Note that this quasi-invariance property is what remains from the invariance of the Liouville
measureλ′ u nder the flows, in the finite volume case. The proof was already given in [4] (and in
[3] in the case of surfaces).

The following theorem appeared already in [3] ford = 1. The same proof is valid, with only
obvious modifications.
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THEOREM 1. – The measureν can be expressed by a convolution ofm along the stable
horocycles ofT 1M. Precisely, we have:

ν =
∫
Rd

(
θ+
x

)∗
m
(
1+ |x|2)−δ dx.

Note that the right-hand side above is well defined as a measure onT 1M, althoughθ+
x does

not act onT 1M, since one integrates with respect to a SOd -invariant measure. This right-hand
side can also be thought withm replaced by its liftm′ to OM, uniform on each fibre SOd .

Using Remark 1, we immediately deduce from Theorem 1:

COROLLARY 1. – Let us setc(δ) := ∫
Rd (1+ |x|2)−δ dx.

Then(for δ > d/2) the mass of the measurem onT 1M equals‖Φ‖2
2/c(δ).

We also deduce, as in [3], the following approximation result on the measurem:

COROLLARY 2. – The measureθ∗
Sν converges asS → +∞, in the sense of the evaluation

on each bounded function onT 1M which is continuous along the horocycles, towards the
normalized Patterson–Sullivan measurec(δ)m.

4. Diffusions on M and on OM

This section is essentially taken from [4].

4.1. The diffusions Zδ
t , ξδ

t and ZΦ
t

Let (wt ,Wt ) denote a Brownian motion onR × Rd , defined on(Ω,F ,P). Set

yt := exp
[
wt + (δ − d/2)t

]
, xt :=

t∫
0

ys dWs, Zδ
t := (xt , yt ) ∈ H.

For allδ, Zδ
t is the diffusion onH starting frome0 = (0,1), with invariant measurey2δ−2d dx dy,

and generator:

1

2
∆δ := 1

2
∆ + δy

∂

∂y
= y2

2

(
∂2

∂y2
+ 2δ + 1− d

y
× ∂

∂y
+

d∑
j=1

∂2

∂x2
j

)
.

Similarly, denote byZb
t = (xb

t , y
b
t ) the analogous process withδ replaced byb ∈ [0, d]. In

particular,Z0
t is the Brownian motion onH.

By formula (2), we see thatπ2(ξTZ0
t
) = ξ(Z0

t ) is a Brownian motion onM, started from
π2(ξ), for anyξ ∈ OM. As a consequence, denoting byPt the Brownian semi-group onM, we
haveE(f ◦ π2(ξTZ0

t
)) = Ptf (π2(ξ)).

Observe then thatTZ0
t

is a right Brownian motion on a subgroup of the affine group ofRd .
Indeed, for anyb ∈ [0, d],

T −1
Zb
t

TZb
t+s

= T( xbt+s−xbt

ybt

,
ybt+s

ybt

) = TZb
s
◦ >t

is independent of the sub-σ -fieldFt generated by the coordinates until timet .
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DEFINITION 2. – For anyξ ∈ OM, setξδt := ξTZδ
t
.

Set∆Φ := Φ−1∆ ◦ Φ − 2λ0 = ∆ + 2(∇ logΦ) · ∇, andPΦ
t := exp( t

2∆
Φ).

Denote byZΦ
t and call “Φ-diffusion” the diffusion onM with generator12∆

Φ .

By the preceding observation,ξδt is a diffusion onOM, starting fromξ .
From (5) we get∆δ[F(ξTz)] = (DδF )(ξTz), where

Dδ :=
d∑

j=0

L2
j + (2δ − d)L0 = D0 + 2δL0.(7)

Then the generator of the diffusionξδt is 1
2D

δ .
Moreover, note that theΦ-diffusion is symmetrical and has invariant measureV Φ and semi-

groupPΦ
t . In the finite volume caseδ = d , this is just the Brownian motion.

Remark3. – We have for any test-functionF onOM:

D0(F ◦ π2)(ξT·) = ∆
[
F ◦ π2(ξT·)

]= ∆(F ◦ ξ) = (∆F) ◦ ξ = (∆F) ◦ π2(ξT·),

whenceD0(F ◦ π2) = (∆F) ◦ π2.

4.2. ν′ as an invariant measure

We deduce now from the quasi-invariance property ofν′ an adjonction property forν′, and
thus its invariance with respect to two dual diffusions onOM.

The following results were already in [4]:

PROPOSITION 2. – We have for allδ and all test functionsF,G onOM:∫ (
DδF

)
Gdν′ =

∫
F
(
DΦG

)
dν′,

with DΦ :=∑d
j=0L2

j − dL0 + 2
∑d

j=0(Lj logΦ ◦ π2)Lj = (Φ ◦ π2)
−1D0 ◦ (Φ ◦ π2)− 2λ0.

COROLLARY 3. – For ξ ∈ OM and eachδ > d/2 we have:
(i) underP, the diffusionξδt admits the invariant measureν′;
(ii) underν′ ⊗ P, ξδt extends to a stationary diffusion defined for all realt , and ξδ−t is the

stationary diffusion associated with the infinitesimal generator1
2D

Φ , sayξΦt .

Remark4. – (i) We see from Remark 3 and from theh-process form ofDΦ in Proposition 2
above that we have for any test-functionF onOM: DΦ(F ◦ π2) = (∆ΦF) ◦ π2.

(ii) The h-process form ofDΦ shows thatξΦt can be defined by the following formula, where
0= t0 < t1 < · · ·< tn, F0, . . . ,Fn are test-functions onOM, andξ0

t = ξTZ0
t
:

∫ ∫ n∏
j=0

Fj

(
ξΦtj

)
dν′(ξ)dP =

∫ ∫
e−λ0tn

Φ ◦ π2(ξ)
× Φ ◦ π2

(
ξ0
tn

)×
n∏

j=0

Fj

(
ξ0
tj

)
dν′(ξ)dP.

Letting F0 go to 1{ξ }, we get the law ofξΦt started fromξ . Then takingFj = fj ◦ π2 for
j � 1, and using thatπ2(ξ

0
t ) = ξ(Z0

t ) is a Brownian motion starting fromξ(e0) = π2(ξ), and the
h-process form of∆Φ in Definition 2, we deduce the following:
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PROPOSITION 3. – Under P, the projectionπ2(ξ
Φ
t ) of the diffusionξΦt starting fromξ on

OM is theΦ-diffusion starting fromπ2(ξ) onM.

5. Existence of potentials along the stable foliation

Here we establish the existence of a kind of spectral gap for the degenerate foliated diffusion
ξΦt , in order to ensure that enough regular functions possess a potential along its paths. This will
be crucial for proving our main result.

Precisely, the aim of this section is to establish the following:

THEOREM 2. – Let us denote byQΦ
t the semi-group of the diffusionξΦt .

For any Borelian bounded functionF on T 1M which is rotationally Hölderian(this means:
there exists somer > 0 such that|F(ξg) − F(ξ)|/d(g,SOd )

r is bounded independently from
g ∈ SOd+1 − SOd andξ ∈ T 1M), and such that

∫
F dν = 0, there exists someB > 0 such that

we have: ‖QΦ
t F‖L2(ν) � B−1e−Bt for all t � 0.

By means of the coordinates(z, u), we have for eachz ∈ H an identification between∂H

andT 1
z H. This allows to consider the Patterson measureµz as a measure onT 1

z M, and then to
localize the measureν′ as follows:

DEFINITION 3. – For eachξ ∈ OM and each Borelian bounded functionF onOM, set

F
(
π2(ξ)

) :=
∫

SOd+1

F(ξg)dνξ (g) := Φ
(
π2(ξ)

)−1 ×
∫

T 1
π2(ξ)

M

F ◦ π1 dµπ2(ξ).

This defines a probability measureνξ onSOd+1 and a functionF onM.

Remark5. – (i) The measureνξ depends only onπ1(ξ), and then its restriction to any fibre
of SOd+1/SOd is uniform.

(ii) We have, forF Borelian and non-negative onT 1M:

∫
M

F dVΦ =
∫
M

∫
T 1
z M

F ◦ π1 dµzΦ(z)dV (z) =
∫

T 1M

F ◦ π1 dν =
∫

OM

F dν′.

Hence ifF ∈ L2(T 1M, ν) and
∫
F dν = 0, thenF ∈ L2(M,V Φ) and

∫
F dVΦ = 0.

We shall use the following commutation relation inG:

LEMMA 1. – For all g ∈ SOd+1 and z ∈ Rd × R∗+, there exists a uniquegz ∈ SOd+1 such
thatgTz = Tg(z)gz.

Denoting byu = u(g) := gθ∞ ∈ Rd the extremity of the half-geodesicgθR+ started fromg,
and settingu′ = gzθ∞ andg(z) = (x ′, y ′) ∈ Rd × R∗+, we haveu′ = (u− x ′)/y ′.

Proof. –Each element ofG can be writtenTz′g′, and in particulargTz. This implies that
z′ = π2(Tz′g′) = π2(gTz) = g(z), andu = gθ∞ = gTzθ∞ = Tz′g′θ∞.

Let us identifyg to (φ,σ, r) ∈ [0,π] × S
d−1 × SOd , the point(φ,σ ) ∈ S

d being the image
underg of the north pole ofSd . An elementary computation shows thatu = σ cotg(φ/2),
and similarlyu′ = σ ′ cotg(φ′/2) if g′ ≡ (φ′, σ ′, r ′) andu′ = g′θ∞. It also showsTz′g′θ∞ =
x ′ + y ′σ ′ cotg(φ′/2). Whenceu = x ′ + y ′u′. ✷



162 N. ENRIQUEZ ET AL. / J. Math. Pures Appl. 80 (2001) 153–175

Remark6. – If g ∈ SOd , which is equivalent tou(g) being ∞, we havegz ∈ SOd by

Lemma 1, and then ifF = F ◦ π1 we getQΦ
t F (ξg) = e−λ0t

Φ◦π2(ξ)
× E[F × Φ ◦ π2(ξTg(Z0

t )
)] =

QΦ
t F (ξ), which shows thatQΦ

t acts onT 1M.

By definition ofQΦ
t F and ofQΦ

t F , we have:

QΦ
t F (ξ) = e−λ0t

Φ ◦ π2(ξ)
E
[
F ×Φ ◦ π2

(
ξ0
t

)]
and

QΦ
t F

(
π2(ξ)

)=
∫

e−λ0t

Φ ◦ π2(ξg)
E
[
F ×Φ ◦ π2(ξgTZ0

t
)
]
dνξ (g)

=
∫

e−λ0t

Φ ◦ π2(ξ)
E
[
F ×Φ ◦ π2(ξTg(Z0

t )
gZ0

t
)
]
dνξ (g)

=
∫

e−λ0t

Φ ◦ π2(ξ)
E
[
F ×Φ ◦ π2(ξTZ0

t
gg−1(Z0

t )
)
]
dνξ (g)

=
∫

e−λ0t

Φ ◦ π2(ξ)
E
[
Φ ◦ π2

(
ξ0
t

)× F
(
ξ0
t g

′
t

)]
dνξ (g),

whereg′
t := gg−1(Z0

t )
. Therefore we have:

QΦ
t F (ξ) − QΦ

t F
(
π2(ξ)

)=
∫

e−λ0t

Φ ◦ π2(ξ)
E
[
Φ ◦ π2

(
ξ0
t

)× (
F
(
ξ0
t

)− F
(
ξ0
t g

′
t

))]
dνξ (g).

Let us fix 0< ε < 2δ − d , and set fort � 0 andg ∈ SOd+1:

a1
t := 1{y0

t >exp[(δ−d−ε)t/2]}, a2
t := (

1− a1
t

)× 1{|x0
t −u(g)|�y0

t eεt/6]}, a3
t := 1− a1

t − a2
t ,

and for 1� j � 3:

A
j
t (ξ) :=

∫
e−λ0t

Φ ◦ π2(ξ)
E
[
Φ ◦ π2

(
ξ0
t

)× (
F
(
ξ0
t

)− F
(
ξ0
t g

′
t

))× a
j
t

]
dνξ (g).

Of course we have‖QΦ
t F − QΦ

t F ◦ π2‖L2(ν) �
∑3

j=1 ‖Aj
t ‖L2(ν).

Moreover, using thatQΦ
t 1= 1, we have:

∥∥Aj
t

∥∥2
L2(ν)

� 4‖F‖2∞ ×
∫

e−λ0t

Φ ◦ π2(ξ)
E
[
Φ ◦ π2

(
ξ0
t

)× a
j
t

]
dνξ (g)dν(ξ).

Using Proposition 1, we get first:

∥∥A1
t

∥∥2
L2(ν)

� 4‖F‖2∞ × E

[
a1
t × e−λ0t

∫
Φ ◦ π2(ξ

0
t )

Φ ◦ π2(ξ)
dν(ξ)

]

= 4‖F‖2∞ × e−λ0t × E
[
a1
t × (

y0
t

)d−δ]= 4‖F‖2∞ × e−(d−δ)2t/2

×
∞∫

(δ−ε)t/2

e(d−δ)y−y2/2t dy/
√

2πt
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= 4‖F‖2∞ ×
∞∫

(2δ−d−ε)
√
t/2

e−y2/2 dy/
√

2π =O
(
exp

[−(2δ − d − ε)2t/8
])
.

Then for dealing withA2
t we need the following:

LEMMA 2. – We have for anyξ ∈ OM and anyz ∈ Rd × R∗+:

Φ ◦ π2(ξTz)

Φ ◦ π2(ξ)
=

∫
SOd+1

pδ
(
z,u(g)

)
p−δ

(
e0, u(g)

)
dνξ (g),

whereu(g) ∈ Rd ∪ {∞} denotes the extremitygθ∞ of the half-geodesicgθR+ .
(Let us recall that we have inRd × R∗+: SOd+1 ≡ T 1

e0
(Rd × R∗+), with e0 = (0,1).)

Proof. –Let us choose the half-space model forH, in such a way thatξ be the unit element of
G. So that in particularu(g) = ξgθ∞, and then

Φ ◦ π2(ξ)

∫
pδ
(
z,u(g)

)
p−δ

(
e0, u(g)

)
dνξ (g) =

∫
pδ(z,u)p−δ(e0, u)dµe0(u)

=
∫

dµz = Φ(z). ✷
This lemma implies the following corollary, analogous to the celebrated Sullivan’s “shadow

lemma”.

COROLLARY 4. – We have for anyξ ∈ OM, a � 1, andz = (x, y) ∈ Rd × R∗+:

νξ
({
g ∈ SOd+1 | ∣∣u(g)− x

∣∣� ay
})

� Φ ◦ π2(ξTz)

Φ ◦ π2(ξ)
× (2y)δ × a2δ.

Proof. –We merely use Lemma 2, observing that:

pδ(z,u)p−δ(e0, u) = y−δ
(
1+ |x − u|2y−2)−δ(1+ |u|2)δ � 2−δy−δa−2δ on{|u− x| � ay

}
. ✷

Applying this to‖A2
t ‖2

2, we obtain:

∥∥A2
t

∥∥2
2 � 4‖F‖2∞

∫
e−λ0t

Φ ◦ π2(ξ)
E
[
Φ ◦ π2

(
ξ0
t

)
× (

1− a1
t

)× νξ
({
g | ∣∣u(g)− x0

t

∣∣� y0
t eεt/6})]dν(ξ)

� 22+δ‖F‖2∞ × e−λ0t

∫
E

[
Φ2 ◦ π2(ξ

0
t )

Φ2 ◦ π2(ξ)
× (

y0
t

)δeεδt/3 × 1{y0
t �e(δ−d−ε)t/2}

]
dν(ξ)

� 22+δ‖F‖2∞ × e−εδt/6
∫

E

[
Φ2 ◦ ξ(Z0

t )

Φ2 ◦ ξ(Z0
0)

]
dν(ξ)

= 22+δ‖F‖2∞ × e−εδt/6
∫

Eπ2(ξ)

[
Φ2(Z0

t )

Φ2(Z0
0)

]
dν(ξ)

= 22+δ‖F‖2∞ × e−εδt/6
∫

PtΦ
2 dV = 22+δ‖F‖2∞ × e−εδt/6 × ‖Φ‖2

2 =O
(
e−εδt/6).

Finally, using thatF = F ◦ π1, and thatu(g′
t ) = (u(g) − x0

t )/y
0
t , we get:
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∣∣A3
t

∣∣2(ξ) �
∫

e−λ0t

Φ ◦ π2(ξ)
E
[
Φ ◦ π2

(
ξ0
t

)× ∣∣F (ξ0
t

)− F
(
ξ0
t g

′
t

)∣∣21{|u(g′
t )|>eεt/6}

]
dνξ (g)

� E

[
sup

g∈SOd+1

∣∣F (ξΦt )−F
(
ξΦt g

)∣∣2 × 1{d(g,SOd )=O(e−εt/6)}
]

=O
(
e−εrt/3),

by the Hölderian hypothesis made on the functionF (in Theorem 2).
So far, we just proved the following:

PROPOSITION 4. – For any bounded measurable functionF on T 1M which is rotationally
Hölderian, there exists someB > 0 such that we have:

∥∥QΦ
t F − QΦ

t F ◦ π2
∥∥
L2(ν)

� B−1e−Bt for all t � 0.

We now complete the proof of Theorem 2.
On one hand we have∥∥QΦ

t F
∥∥

2 �
∥∥QΦ

t/2

(
QΦ

t/2F − QΦ
t/2F ◦ π2

)∥∥
2 + ∥∥QΦ

t/2

(
QΦ

t/2F ◦ π2
)∥∥

2

�
∥∥QΦ

t/2F − QΦ
t/2F ◦ π2

∥∥
2 + ∥∥PΦ

t/2

(
QΦ

t/2F ◦ π2
)∥∥

L2(V Φ)

=O
(
e−Bt

)+ ∥∥PΦ
t/2

(
QΦ

t/2F ◦ π2
)∥∥

L2(V Φ)
,

by Propositions 3 and 4, and on the other hand we have:

∫
QΦ

t/2F ◦ π2 dVΦ =
∫

QΦ
t/2F dν =

∫
QΦ

t/2F dν′ =
∫

F dν′ =
∫

F dν = 0,

whence by the spectral gap property ofM (see [12] and [7]), there existsη > 0 such that for any
t � 0 ∥∥PΦ

t/2

(
QΦ

t/2F ◦ π2
)∥∥

L2(V Φ)
� e−ηt

∥∥QΦ
t/2F ◦ π2

∥∥
L2(V Φ)

= e−ηt
∥∥QΦ

t/2F
∥∥
L2(ν)

� e−ηt
∥∥QΦ

t/2F
2
∥∥1/2
L1(ν)

= e−ηt‖F‖L2(ν).

6. From geodesic flow to stochastic flow

Let us consider a bounded Borelian functionf onT 1M, that is to say a SOd -invariant function
onOM, such that

∫
f dm = 0 and such thatLj f andL2

j f are bounded for 1� j � d .

6.1. The conjugate functions

We construct here functionsfj onOM which are conjugate to the functionf , in order to get
on OM a 1-formω which hasf as first coordinate and has a closed restriction to each stable
leaf. This will be crucial to replace geodesics by diffusion paths.

DEFINITION 4. –
(i) Denote by{L′

j | 0� j � d} the dual basis(in Λ1(OM)) of {Lj | 0 � j � d}.
(ii) SetUqφ(ξ) := ∫∞

0 e−qsφ(ξθs)ds, for anyq ∈ N∗, ξ ∈ OM, andφ bounded measurable
onOM.

(iii) For 1 � j � d , setfj := −U1Lj f , and set also(for convenience) f0 := f .
(iv) Setω :=∑d

j=0fjL′
j . (This is a bounded1-form onOM.)
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(v) For eachξ ∈ OM, let ξ̃ denote the map fromH into OM defined bỹξ(z) := ξTz, and
let ωξ := ξ̃∗ω denote the pull-back ofω by ξ̃ .

LEMMA 3. – The1-formωξ is closed and bounded onH, for eachξ ∈ OM. Moreover the
Lifj exist and are bounded onOM for 0 � i � d and1 � j � d , and we have:

ωξ (z) = y−1f (ξTz)dy + y−1
d∑

j=1

fj (ξTz)dxj .

Proof. –By (5) we havey ∂
∂y

(f ◦ ξ̃ ) = (L0f ) ◦ ξ̃ , and theny ∂
∂y

◦ ξ̃∗ = ξ̃∗ ◦ L0, whence

by duality y−1 dy = ξ̃∗L′
0, and then(f ◦ ξ̃ )y−1 dy = ξ̃∗(fL′

0). Since the same works with
(fj ,dxj ,Lj ), we get indeed the right expression forωξ .

Then the commutation relation(1) between the flows implies that:

LjUqφ(ξ) = d0

dt

∞∫
0

e−qsφ
(
ξθ

j
t θs
)
ds =

∞∫
0

e−qs d0

dt
φ
(
ξθsθ

j

te−s

)
ds = Uq+1Lj φ(ξ)

for 1 � j � d , and that:

L0Uqφ(ξ) =
∞∫

0

e−qs d

ds
φ(ξθs)ds = qUqφ(ξ) − φ(ξ).

This implies existence and boundedness of theLifk , by taking φ = −Lkf , and also that
Lj fk −Lkfj = U2[Lk,Lj ]f = 0, and thatL0fj −Lj f − fj = 0.

Therefore, using(5) again, we have finally:

y2 dωξ =
d∑

j=1

(L0fj −Lj f − fj )(ξTz)dy ∧ dxj

+
∑

1�j<k�d

(Lj fk −Lkfj )(ξTz)dxj ∧ dxk = 0. ✷

6.2. A contour deformation

We take here advantage of the closedness of the formωξ to change the integration path in∫ t

0 f (ξθs)ds: we substitute the diffusion path{ξΦs | 0 � s � (δ − d/2)−1t} for the geodesic
ξ [0, t] := {ξθs | 0 � s � t}. In this contour deformation three residual terms appear, that we
prove to be negligible.

PROPOSITION 5. – For any reala, the following difference goes to0 ast → ∞:

c(δ)

∫
T 1M

exp

(
a
√−1√

t

t∫
0

f (ξθs)ds

)
dm(ξ)− E

[∫
exp

(
a
√−1√

(δ − d/2)t

∫
Zδ[−t,0]

ωξ

)
dν(ξ)

]
.

Proof. –Let us sett ′ := (δ − d/2)t . Using Corollary 2, we have almost surely:
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c(δ)

∫
exp

(√−1√
t ′

t ′∫
0

f (ξθs)ds

)
dm(ξ)= lim

S→∞

∫
exp

(√−1√
t ′

t ′+logyδ
S∫

logyδ
S

f (ξθs)ds

)
dν(ξ)

= lim
S→∞

∫
exp

(√−1√
t ′

(0,yδ
Set

′
)∫

(0,yδ
S)

ωξ

)
dν(ξ).

Then, using Lemma 3, we get:

(0,yδ
Set

′
)∫

(0,yδ
S)

ωξ =
Zδ
S+t∫

Zδ
S

ωξ +
Zδ
S∫

(0,yδ
S)

ωξ −
Zδ
S+t∫

(0,yδ
S+t )

ωξ −
(0,yδ

S+t )∫
(0,yδ

Set ′ )

ωξ ,

and sincefj is bounded:

Zδ
u∫

(0,yδ
u)

ωξ = (
yδ
u

)−1
d∑

j=1

1∫
0

(
xδ
u

)j × fj
(
ξθ

j

s(xδ
u)

j θlogyδ
u

)
ds =O

(∣∣∣∣xδ
u

yδ
u

∣∣∣∣
)

law= |W1| ×O
( u∫

0

(
yδ
s

)2(
yδ
u

)−2 ds

)1/2
law= |W1| ×O

( u∫
0

e2ws−(2δ−d)s ds

)1/2

,

which is almost surely bounded. Hence, uniformly with respect toS � 0 and toξ ∈ T 1M,

t−1/2
∫ Zδ

S

(0,yδ
S)
ωξ andt−1/2

∫ Zδ
S+t

(0,yδ
S+t )

ωξ go to zero in probability ast → ∞.

Then we have:

(0,yδ
S+t )∫

(0,yδ
Set ′ )

ωξ =
wS+t+(δ−d/2)(S+t )∫
wS+(δ−d/2)(S+t )

f (ξθs)ds =
wS+t−wS∫

0

f (ξθs+wS+(δ−d/2)(S+t ))ds,

and thus for some standard Brownian motionw′ independent ofw we have:

E

[∫
exp

(√−1√
t

(0,yδ
S+t )∫

(0,yδ
Set ′ )

ωξ

)
dν(ξ)

]
= E

[∫
exp

(√−1√
t

w′
t∫

0

f (ξθs+wS+(δ−d/2)(S+t ))ds

)
dν(ξ)

]

which, thanks to Corollary 2, goes asS → ∞ to

c(δ)E

[∫
exp

(√−1√
t

w′
1

√
t∫

0

f (ξθs)ds

)
dm(ξ)

]
t→∞−→ c(δ)E

[∫
exp

(√−1w′
1

∫
f dm

)
dm

]

by ergodicity, the last quantity being equal to‖Φ‖2
2, since

∫
f dm = 0. Finally



N. ENRIQUEZ ET AL. / J. Math. Pures Appl. 80 (2001) 153–175 167

lim
t→∞ c(δ)E

[∫
exp

(√−1√
t

t∫
0

f (ξθs)ds

)
dm(ξ)

]

= lim
t→∞ lim

S→∞ E

[∫
exp

(√−1√
t ′

Zδ
S+t∫

Zδ
S

ωξ

)
dν(ξ)

]

= lim
t→∞E

[∫
exp

(√−1√
t ′

Zδ
0∫

Zδ−t

ωξ

)
dν(ξ)

]

by Corollary 3 . ✷
Now observe that by Definition 4 we have:

∫
Zδ[−t,0]

ωξ =
∫

ξ̃ (Zδ[−t,0])
ω =

∫
ξδ[−t,0]

ω.

Hence by reversing the time we deduce from Corollary 3 and Proposition 5 the following:

COROLLARY 5. – We have for any reala,

lim
t→∞

{
c(δ)

∫
T 1M

exp

(
a
√−1√

t

t∫
0

f (ξθs)ds

)
dm(ξ)−ν⊗E

[
exp

(
−a

√−1√
(δ − d/2)t

∫
ξΦ [0,t ]

ω

)]}
= 0.

7. The central limit theorem on T 1M

Let us fix a Borelian functionf of classC2 onT 1M, with bounded and Hölderian derivatives,
and such that

∫
f dm= 0.

Remark7. – A careful reading of our arguments below shows that indeed the following
slightly weaker regularity hypothesis is sufficient to guarantee our result:

(H) f andL0f are bounded, rotationally Hölderian onT 1M, and continuous along the
stable leaves, and, for 1� j � d , Lj f andL2

j f are bounded and Hölderian onOM.

Recall that “F rotationally Hölderian onT 1M” means: there exists somer > 0 such that
d(g,SOd)

−r |F(ξg) − F(ξ)| is bounded independently fromg ∈ SOd+1 − SOd andξ ∈ T 1M,
d denoting here any distance on SOd+1, and that “F Hölderian onOM” precisely means: there
exists somer > 0 such that dist(ξ, ξ ′)−r |F(ξ) − F(ξ ′)| is bounded on{(ξ, ξ ′) ∈ OM2 | 0 <

dist(ξ, ξ ′) < 1}.

7.1. The divergence of ω with respect to ξΦ
t

LEMMA 4. – If φ is a bounded Hölderian function onOM, thenU1φ andU2φ are bounded
and Hölderian onOM.
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Proof. –Let us considerϕs := exp[s∑d
j=1 ajL0,j ], for s > 0 and for fixed realaj ’s. Fix an

Hölder exponent forφ, sayr ∈]0,1[. We have forq = 1 or 2:

s−r
∣∣Uqφ(ξϕs)− Uqφ(ξ)

∣∣�
∞∫

0

e−qt s−r
∣∣φ(ξϕsθt )− φ(ξθt )

∣∣dt,

which is bounded with respect to(s, ξ) if
∫∞

0 e(r−q)t s−r |φ(ξϕse−t θt )− φ(ξθt )|dt is, and thus if
s−r |φ(ξϕse−t θt )− φ(ξθt )| is bounded with respect to(s, t, ξ).

Now this will be so if we prove thatD(θ−t ϕse−t θt , Id) = O(s), u niformly with respect tot ,
D denoting some metric onG, which we can choose left invariant.

Then observe that it is sufficient to consider the case ofϕs = exp[sL0,j ].
Now we have the Campbell–Hausdorff formula:d0

ds (θ−t exp(sL0,j )θt ) = exp[ad(−tL0)]L0,j ,
and (4) gives the matrix of ad(L0) in the base(L0,j ,Lj ), which has its square equal to the unit
matrix. So we see that exp[ad(−tL0)]L0,j = etL0,j − (sht)Lj , and thus that

d

ds
(θ−tϕse−t θt ) = θ−tϕse−t θt × d0

ds
(θ−tϕse−t θt ) = θ−tϕse−t θt ×

(
L0,j −

(
1− e−2t

2

)
Lj

)
,

which by left invariance ofD shows the boundedness ofd
dsD(θ−tϕse−t θt , Id). This shows that

Uqφ is rotationally Hölderian onOM. Finally, observe that we get from (4):

d0

ds

(
θ−t exp(sLj )θt

)= e−tLj

if 1 � j � d (andL0 if j = 0). Thus we get also the boundedness ofd
dsD(θ−t exp(se−tLj )θt , Id),

and of d
dsD(θ−t exp(se−tLi,k)θt , Id), for 1 � i < k � d , since [L0,Li,k] = 0. The result

follows. ✷
Recall that the diffusionξΦt admits the generator12D

Φ = 1
2

∑d
j=0L2

j +∑d
j=0hjLj , where

hj := Lj (logΦ ◦ π2)− d
21{j=0}, for 0� j � d .

Now we have the following general lemma, more or less known:

LEMMA 5. – Consider a1-formΩ of classC1 onOM. We have for anyt � 0:

∫
ξΦ [0,t ]

Ω = MΩ
t +

t∫
0

divΩ
(
ξΦs
)
ds, with divΩ = 1

2

d∑
j=0

Lj

(
Ω(Lj )

)+
d∑

j=0

hjΩ(Lj );

MΩ
t is a continuous martingale having increasing process:

〈
MΩ

t

〉=
t∫

0

d∑
j=0

Ω(Lj )
2(ξΦs )ds.
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Proof. –By linearity, it is sufficient to considerΩ = GdF , for F of classC1 andG of class
C2 onOM. Now we have by Itô formula:

dF
(
ξΦs
)= dMF

s + 1

2
DΦF

(
ξΦs
)
ds, with d

〈
MF

s

〉= d∑
j=0

(LjF )2
(
ξΦs
)
ds

and then

∫
ξΦ [0,t ]

Ω =
t∫

0

G
(
ξΦs
) ◦ dF

(
ξΦs
)=

t∫
0

G
(
ξΦs
)
dMF

s +
t∫

0

G×DΦF

2

(
ξΦs
)
ds + 1

2

〈
MG

t ,MF
t

〉
.

Therefore we get the formula of the statement, with:

2 divΩ = G×DΦF +
d∑

j=0

LjG ×LjF and d
〈
MΩ

s

〉= d∑
j=0

(G×LjF )2
(
ξΦs
)
ds.

This gives the wanted formula, sinceΩ = GdF andDΦ =∑d
j=0L2

j + 2
∑d

j=0hjLj imply:

Ω(Lj ) = GLjF and

d∑
j=0

Lj

(
Ω(Lj )

)= G

d∑
j=0

L2
jF +

d∑
j=0

LjGLjF = 2 divΩ − 2
d∑

j=0

hjΩ(Lj ). ✷
Let us apply this Lemma 5 toω (see Definition 4(iv)). Observe that this is licit by Lemma 4.

We get

∫
ξΦ [0,t ]

ω = Mω
t +

t∫
0

Kf
(
ξΦs
)
ds,(F)

with

Kf := 1

2

d∑
j=0

Lj fj +
d∑

j=0

(Lj logΦ ◦π2)fj − d

2
f =

(
d

2
−δ

)
f − 1

2

d∑
j=0

Lj fj −
d∑

j=0

L∗
j fj ,(F′)

whereL∗
j := −Lj −Lj (logΦ ◦π2)+ 1{j=0}(d − δ) is the adjoint ofLj with respect toν (this is

the infinitesimal version of Proposition 1), and whereMω
t is a continuous martingale having its

increasing process given by

〈
Mω

t

〉=
t∫

0

d∑
j=0

f 2
j

(
ξΦs
)
ds.(F′′)

LEMMA 6. – The functionKf is SOd -invariant, bounded, and Hölderian.

Proof. –We already observed in Lemma 3 that thefj and theLj fj are bounded. Moreover we
have also that theLk logΦ ◦ π2 andL0,jLk logΦ ◦ π2 are bounded, showing the boundedness
of Kf . Indeed, by(4) and sinceL0,j logΦ ◦ π2 = 0, it is sufficient to verify the first assertion.
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Now it is straightforward to see that|y ∂
∂y

logp(z, v)| � 1 and|y ∂
∂xj logp(z, v)| � 1, which in

turn implies that|Lj logΦ ◦ π2| � δ, using that by (5)

Lj logΦ ◦ π2(ξ) = ∂0

∂xj

∫
pδ(ξ((x,1)), u)

pδ(e0, u)
dµe0(u) = ∂0

∂xj

∫
pδ((x,1), ξ−1(u))

pδ(ξ−1(e0), ξ−1(u))
dµe0(u).

Then the SOd -invariance follows from the observation thatξΦt is SOd -invariant, and that the
form ω is equivariant with respect to the SOd -action onOM.

It remains to show thatKf is Hölderian. Now, by the beginning of this proof, we only have to
ensure thatU2L2

j f andU1Lj f are Hölderian. But this follows immediately from Lemma 4.✷
PROPOSITION 6. – We have

∫
Kf dν = 0.

Proof. –By the very definition (4(iii)) offj , we have:

fj (ξ) = − lim
S→∞

S∫
0

e−sLj f (ξθs)ds = − lim
S→∞

S∫
0

e−s d0

dt
f
(
ξθsθ

j
t

)
ds

= − lim
S→∞

S∫
0

e−s d0

dt
f
(
ξθ

j
tes θs

)
ds = − lim

S→∞

S∫
0

d0

dt
f
(
ξθ

j
t θs
)
ds

= − lim
S→∞Lj

( S∫
0

f (· θs)ds

)
(ξ).

Whence by formula(6) (definingDδ , in Section 4.2)

d∑
j=1

Lj fj = − lim
S→∞

d∑
j=1

L2
j

( S∫
0

f (· θs)ds

)
= lim

S→∞
[−Dδ +L2

0 + (2δ − d)L0
]( S∫

0

f (· θs)ds

)

= lim
S→∞

(
−Dδ

( S∫
0

f (· θs)ds

)
+

S∫
0

[
L2

0 + (2δ − d)L0
]
f (· θs)ds

)

= lim
S→∞

(
−Dδ

( S∫
0

f (· θs)ds

)
+L0f (· θS)−L0f + (2δ − d)f (· θS)− (2δ − d)f

)
.

Therefore:

(
d

2
− δ

)
f − 1

2

d∑
j=0

Lj fj = lim
S→∞

(
1

2
Dδ

( S∫
0

f (· θs)ds

)
− 1

2
L0f (· θS)+

(
d

2
− δ

)
f (· θS)

)
.

Finally, using the duality with respect toν, that is to say Proposition 2, the fact thatDΦ1 =
Lj1 = 0, Corollary 2, and the hypothesis (H) onf , we deduce that:

∫
Kf dν = lim

S→∞

((
d

2
− δ

)∫
f dθ∗

S ν − 1

2

∫
L0f dθ∗

S ν

)
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=
(

d

2
− δ

)∫
f dm− 1

2

∫
L0f dm = 0. ✷

7.2. End of proof of the main result (the theorem in Section 1)

Let us fix a sequence{Fn | n ∈ N} of compactly supported and smooth functions onT 1M,
such that:

(i) Fn converges inL2(ν) towardsKf asn → ∞;
(ii) eachFn is Hölderian, with the same constants asKf ;
(iii) the Fn are uniformly bounded and have zero mean with respect toν.

Note that this is possible by using Lemma 6 and Proposition 6, and by using a partition of unity
and some convolution. Observe then that by Theorem 2 and its proof (see Section 5), there exists
someB > 0 such that

∥∥QΦ
t F

∥∥
2 � B−1e−Bt for t � 0 andF = (Kf or anyFn).(7)

DEFINITION 5. – SetVbF := ∫ b

0 QΦ
t F dt , for 0< b < ∞ andF = (Kf or anyFn), and write

VF for V∞F .

Formula (7) shows that the convergence ofVF holds inL2(ν). Moreover, it shows that for
b > 0 andF = (Kf or Fn), we have:

∥∥(V − Vb)F
∥∥

2 �
∞∫
b

∥∥QΦ
t F

∥∥
2 dt � B−2e−Bb

and in the same vein:

‖VKf − VFn‖2 �
∞∫

0

∥∥QΦ
t (Kf − Fn)

∥∥
2 dt �

∞∫
0

min
{‖Kf − Fn‖2,2B−1e−Bt

}
dt

= B−1‖Kf − Fn‖2 log
(
2 eB−1‖Kf − Fn‖−1

2

)
.

This shows thatVbFn converges towardsVKf in L2(ν) asb,n ↑ ∞.

LEMMA 7. – For any smooth bounded functionF with bounded derivatives onOM and for
anyt � 0, QΦ

t F is also smooth onOM, with boundedLj -derivatives.

Proof. –Let us first observe that for anyn, k ∈ N, ξ ∈ OM andt � 0, we haveE(|x0
t |n(y0

t )
−kΦ

◦π2(ξ
0
t )) < ∞. (Recall from Section 4.1 thatZ0

t = (x0
t , y

0
t ) and from Remark 4 thatξ0

t = ξTZ0
t
.)

Indeed we use Schwarz inequality, and the two following facts:
– on one handE(Φ2 ◦π2(ξ

0
t )) = PtΦ

2 ◦π2(ξ) is continuous andλ′-integrable, by invariance
of the Brownian semi-groupPt , and thus finite;

– on the other hand it is clear from the expression ofy0
t thatE((y0

t )
k) is finite for anyk ∈ Z,

and for anyn ∈ N, we have using Doob inequality:

E
(∣∣x0

t

∣∣2n)� cnE

[( t∫
0

exp[2ws − ds]ds

)n]
� cnt

n
E
[

sup
0�s�t

exp[2nws − nds]]

� cn(t)E
[(

sup
0�s�t

exp
[
nws − n2s/2

])2]
� c′

n(t)E
[
exp

[
2nwt − n2t

]]
< ∞.
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Then, recall from the proof of Lemma 6 that theLj -derivatives of logΦ ◦ π2 are bounded
by δ. Thus, we see thatLj (Φ ◦ π2 × F)/Φ ◦ π2 is smooth bounded for 0� j � d , and that

Φ ◦ π2(ξθ
j
s ) � eδΦ ◦ π2(ξ) for 0 � j � d (hereθ0

s := θs ), |s| � 1 andξ ∈ OM.

Observe yet that by the commutation formula(2) we have:θj
s TZ0

t
= TZ0

t
θ
j

s/y0
t

andθsTZ0
t

=
TZ0

t
θ+
(es−1)x0

t /y
0
t

θs . Therefore we can differentiate under the expectation and get by using

Remark 4 and the above:

L0Q
Φ
t F (ξ) = e−λ0t

Φ(ξ)
×
(

E

[(
L0 + (

y0
t

)−1
d∑

j=1

(
x0
t

)jLj

)
(ΦF)

(
ξ0
t

)]

− E
[
(ΦF)

(
ξ0
t

)]
L0 logΦ(ξ)

)

(we write hereΦ for Φ ◦ π2) and for 1� j � d :

LjQ
Φ
t F (ξ) = e−λ0tΦ(ξ)−1 × (

E
[(
y0
t

)−1Lj (ΦF)
(
ξ0
t

)]− E
[
(ΦF)

(
ξ0
t

)]
Lj logΦ(ξ)

)
.

This proves the existence of the first-order derivatives, and also of the higher-order derivatives,
since they will have the same form as the first-order ones above, but with powers of(x0

t )
j and

(y0
t )

−1.
To prove thatLjQ

Φ
t F is bounded, we use again thatL0 logΦ ◦ π2 is bounded byδ, to get

the uniform estimate:Φ ◦π2(ξ
0
t )/Φ ◦π2(ξ) � exp[δ × distM(π2(ξ

0
t ), π2(ξ))]. Now recall from

Section 4.1 thatπ2(ξ
0
t ) = ξ(Z0

t ) is a Brownian motion onM starting fromπ2(ξ) = ξ(e0), so
using thatξ is an isometry, we get:

Φ ◦ π2
(
ξ0
t

)
/Φ ◦ π2(ξ) � exp

[
δ × distH

(
e0,Z

0
t

)]
.

Hence we see, using the above expressions forLjQ
Φ
t F and the Schwarz inequality, that the

proof will be complete if we show thatE(exp[2δ × distH(e0,Z
0
t )]) is finite for anyt . Now, we

have (using the classical formula for the distance, see [13]):

exp
[
2δ × distH

(
e0,Z

0
t

)]
� 4δch2δ[distH

(
e0,Z

0
t

)]= (∣∣x0
t

∣∣2 + (
y0
t

)2 + 1
)2δ × (

y0
t

)−2δ

and thus we only have to use again thatE(|x0
t |n(y0

t )
k) is finite, forn ∈ N andk ∈ Z. ✷

This Lemma 7 allows to write for anyb > 0 andn ∈ N:

QΦ
b Fn − Fn =

b∫
0

d

dt
QΦ

t Fn dt = 1

2

b∫
0

DΦQΦ
t Fn dt = 1

2
DΦVbFn,

whence:

DΦVbFn = 2
(
QΦ

b Fn − Fn

)
.(8)

Thus replacingω by ω + d(VbFn) in the formula (F) of Section 7.1, we get:

∫
ξΦ [0,t ]

ω + VbFn

(
ξΦt
)− VbFn(ξ) = M

b,n
t +

t∫
0

(
Kf − Fn + QΦ

b Fn

)(
ξΦs
)
ds,(9)
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whereMb,n
t is a continuous martingale having as increasing process:

〈
M

b,n
t

〉=
t∫

0

d∑
j=0

(fj +LjVbFn)
2(ξΦs )ds.(10)

We want to go to the limit in the formula(9) above, asb,n ↑ ∞. But for that, we need to
control also theLj -derivatives, in the convergence ofVbFn to VKf .

LEMMA 8. – The potentialVKf admitsLj -derivatives inL2(ν′), andLjVKf is the limit
in L2(ν′) of LjVbFn asb,n ↑ ∞, for 0 � j � d .

Proof. –Let us first observe that by using the adjointL∗
j mentioned in the formula (F′) of

Section 7.1, we have:
∑d

j=0L∗
jLj = −(DΦ + Dδ)/2, and that by using Proposition 2 this

implies:
∫ ∑d

j=0 |LjF |2 dν′ = −∫ F × DΦF dν′.
Using this and formulas (8), (7), we get on one hand, for anyb, c > 0 andn ∈ N:

∫ d∑
j=0

∣∣Lj (Vb − Vc)Fn

∣∣2 dν′ = −
∫

(Vb − Vc)Fn ×DΦ(Vb − Vc)Fn dν′

=
∫

(Vc − Vb)Fn × 2
(
QΦ

b − QΦ
c

)
Fn dν′

�
∥∥(Vb − Vc)Fn

∥∥
2 × 2

(∥∥QΦ
b Fn

∥∥
2 + ∥∥QΦ

c Fn

∥∥
2

)
� ‖VFn‖2 × 2B−1(e−Bb + e−Bc

)
� 4B−3(e−Bb + e−Bc

);
and on the other hand, for anyb > 0 andn,p ∈ N:

∫ d∑
j=0

∣∣LjVb(Fn − Fp)
∣∣2 dν′ = −

∫
Vb(Fn − Fp)× DΦVb(Fn − Fp)dν′

= −
∫

Vb(Fn − Fp)× 2
(
QΦ

b (Fn − Fp)− (Fn − Fp)
)
dν′

� 2
(‖VbFn‖2 + ‖VbFp‖2

)× (∥∥QΦ
b (Fn − Fp)

∥∥
2 + ∥∥(Fn −Fp)

∥∥
2

)
� 8B−2 × ∥∥(Fn − Fp)

∥∥
2.

This shows thatLj VbFn is Cauchy inL2(ν′), and then proves the result.✷
We can now go to the limit in formulas (9) and (10), thereby showing the following:

PROPOSITION 7. – We have
∫
ξΦ [0,t ] ω = VKf (ξ) − VKf (ξΦt )+ Mt , whereMt is a contin-

uous martingale, with as increasing process

〈Mt 〉 =
t∫

0

d∑
j=0

(fj +LjVKf )2
(
ξΦs
)
ds.

COROLLARY 6. – As t → ∞, the law of t−1/2
∫
ξΦ [0,t ]ω converges towards the centered

Gaussian law with varianceV(f ) := ∫ ∑d
j=0(fj +Lj VKf )2 dν′, which vanishes if and only

if f equalsL0h, for someh ∈ L2(T 1M, ν).
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Proof. –Firstly, t−1/2(VKf (ξ)− VKf (ξΦt )) goes to zero inL2(ν ⊗ P)-probability as
t → ∞, sinceVKf (ξΦt ) is stationary. Hence, applying Proposition 7, we see that we have
to deal with limt→∞ ν′ ⊗ E[exp(a

√−1Mt/
√
t)]. Now, observe that by Lemma 8 we have

lim{b,n↑∞} ‖(Mt −M
b,n
t )/

√
t‖2

L2(ν ′⊗P)
= lim{b,n↑∞}

∑d
j=0 ‖Lj VKf −Lj VbFn‖2

L2(ν ′) = 0. Thus

lim
t→∞ν′ ⊗ E

[
exp

(
a
√−1Mt/

√
t
)]

= lim
b,n↑∞ lim

t→∞ν′ ⊗ E
[
exp

(
a
√−1Mb,n

t /
√
t
)]

(11)

= lim
b,n↑∞ lim

t→∞ν′ ⊗ E
[
exp

(
a
√−1Mb,n

t /
√
t + a2〈Mb,n

t

〉
/2t
)
exp

(−a2〈Mb,n
t

〉
/2t
)]
.

We now need some ergodic property for the degenerate diffusionξΦt , which is not clear in
the present context. So let us show that〈Mb,n

t 〉/t converges inL2(ν′ ⊗ P) as t → ∞, towards
Vb,n(f ) := ∫ ∑d

j=0(fj +LjVbFn)
2 dν′, for everyb > 0 andn ∈ N.

Indeed, we see from formula (10) that〈Mb,n
t 〉/t − Vb,n(f ) = t−1

∫ t

0 Hb,n(ξ
Φ
s )ds, with Hb,n

smooth bounded onOM by Lemma 7, and such that
∫
Hb,n dν′ = 0.

Then applying Itô’s Formula toVcHb,n(ξ
Φ
t ), and going to the limit asc → ∞, we get as for

the proof of Proposition 7:

t∫
0

Hb,n

(
ξΦs
)
ds = VHb,n(ξ)− VHb,n

(
ξΦt
)+ M

b,n,∞
t ,

whereMb,n,∞
t is a continuous martingale having as increasing process

〈
M

b,n,∞
t

〉=
t∫

0

d∑
j=0

(LjVHb,n)
2(ξΦs )ds.

Therefore

∥∥∥∥∥t−1

t∫
0

Hb,n

(
ξΦs
)
ds

∥∥∥∥∥
2

L2(ν ′⊗P)

� 4t−2‖VHb,n‖2
2 + 2t−1

d∑
j=0

‖Lj VHb,n‖2
2 =O

(
t−1).

As a consequence, we get the convergence inL1(ν′ ⊗ P) of exp(−a2〈Mb,n
t 〉/2t) towards

exp(−a2Vb,n(f )/2). Finally, we know from Lemma 7 that for eachb > 0, n ∈ N, 〈Mb,n
t 〉/t is

uniformly bounded, and thus that the continuous martingale exp(a
√−1Mb,n

t /
√
t+a2〈Mb,n

t 〉/2t)
is bounded and has expected value one.

Hence we conclude from formula (11) and Lemma 8, by:

lim
t→∞ν′ ⊗ E

[
exp

(
a
√−1Mt/

√
t
)]= lim

b,n↑∞ exp
(−a2Vb,n(f )/2

)= exp
(−a2V(f )/2

)
. ✷

Finally, the central limit theorem stated in the introduction follows from Corollaries 1, 5 and 6,
even under the slightly weaker assumption (H) of Remark 7:f andL0f are bounded, rotationally
Hölderian onT 1M, and continuous along the stable leaves, and, for 1� j � d , Lj f andL2

j f

are bounded and Hölderian onOM.
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