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Abstract

We show how to generalize the result given in [Eisele, K.-Th., 2006. Recursions for compound phase distributions. Insurance: Math. Econom.
38, 149-156] to the multivariate case, i.e. we find a Panjer-like recursion principle for the distribution of a multivariate compound phase variable.
Recursion formulas and procedures for the bivariate case are given in detail. We give a possible application for agricultural risks and calculate

concrete examples via a VB-program.
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0. Introduction

Variables of phase-type — in what follows simply called
phase variables — are very nice, easy to handle tools in
actuarial modeling and calculations (e.g. Bladt (2004) and
Rolski et al. (2000)). With nearly the same setting, discrete
and continuous phase variables can be treated, and in many
cases they allow for explicit formulas, for instance for the
ruin probability (see Asmussen (2000), Asmussen and Rolski
(1991) or Schmidli (2005)). In Assaf et al. (1984), multivariate
phase distributions were probably investigated for the first time.
We believe that these advantages of uni- or multivariate phase
variables will become even more important in the future (see
e.g. Cai and Li (2005)).

Phase variables are almost equivalent to variables having
rational generating functions (for the continuous case, see
Asmussen (2000), p. 241). We used this fact in Eisele (2006)
to show a recursion principle of Panjer’s type for univariate
compound phase variables. In a different context, Hipp showed
in Hipp (2006) that Panjer’s recursion is reduced to one of a
local depth if the severity distributions are of phase type.
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For a long time, Panjer’s recursion principle has been
generalized to various multivariate cases (see Hesselager
(1996), Sundt (1999), Vernic (1999), Sundt (2000) and the
forthcoming extensive book by Sundt and Vernic (in press)).
Using the ideas in Eisele (2006), it is therefore obvious
to look for recursion formulas for multivariate compound
phase variables. In fact, the generalizations turn out to be
straightforward. Though, at first sight, the recursion formulas
seem to be complicated, a general VB-program is presented
to calculate the common distribution of a bivariate compound
phase variable. In Section 5, we describe a possible application
for this recursion principle in the context of an insurance with
agricultural risks.

1. Discrete multivariate phase variables

The basis of discrete phase variables is a discrete
homogeneous Markov chain (X (¢))sen,, No = {0,1,...},

\gvvith state space D = {0,1,2,...,d}, a transition matrix
P = (Pjt)ocjseq and a starting distribution ¥ =
(g, 71, ..., mg) = (mg, ). The extra state 0 is assumed to

be an absorbing and attracting point: i.e.

(i) Poj =0forall j € D:={1,2,...,d} (absorption at 0),
(i) there exists a power t of the transition matrix P such that
P ].TO > 0 for all j € D (attraction of 0).
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In the univariate case, a phase variable 7 is defined as the
survival time of the Markov process X (¢) in the transient part
D of the state space:

T = min{t € No, X(¢) & D). (1.1)

Since we have X () = 0 for ¢t — oo almost surely, the phase
variable T is finite. We can replace the singleton {0} by an
absorbing subset A of D, where we call a subset A € D
absorbing if

P(X(t) & A for some ¢ > 0] X (0) € A) = 0. (1.2)

The complement C = D \ A of an absorbing set is called
inaccessible. Of course, D is inaccessible. Moreover, since 0
is absorbing and attractive, we must have that 0 € A for any
absorbing subset A; hence

cchD

for any inaccessible set C. The obvious generalization of (1.1)
is

Tc =min{t > 0, X(t) € C}. (1.3)

To define now a multivariate discrete phase variable, we simply
take a sequence C = {Cy,..., Cy} of inaccessible subsets
(Cy)v=1,..m of D to get the multivariate phase variable

T=(,.,T,) =g, .., Tc,)- (1.4)

Since 0 € ™, D \ C, and the elements of the last set are
irrelevant for the phase variables 7, we may assume in what
follows without loss of generality that

m .
D=|]Jc, uio. (1.5)
v=1
The following notation will be useful in what follows:
For C C D, let A€ € R?*“ be defined by
oo |l ifj=kecC
(A%)jx = {o else. (1.6)
and
n=(,..., D" e R (1.7)
Let
P= (ij)lsj’ksd (1.8)

be the sub-matrix of P suppressing the first line and the first
column. Therefore

~ 1 0...0

PZ((Id—P)n P ) (1.9)
and forr € Ny

~ 1 0...0

Pt:((]d—P’)n pt ) (1.10)

2. Distributions of discrete bivariate phase variables

In the following, we shall concentrate on the bivariate
case. With minor modifications, the results hold also in
the multivariate case; however, the formulas become rather
complicated to write down.

Let (D, P, 7, C) with C = {Cy, C3} be the characteristics of
a discrete bivariate phase variable.

Theorem 2.1. We have
(i)

P(Ty = T» = 0) = 7, 2.1)
and forv =1or?2,
(i)reN
P(T, =0, Ts_y = 1) = n AP\ P~ (1d — P)p
P(T, =0, T3, > 1) = 1 AP\Cv Py, (2.2)
(ii)0 <ty <tr eN
P(T, =11, T3y = 1)
=g P AC pAC-A\G pami=l (14 — pyy
P(T, > 11, T3—y > 12) = w P AC» P21 AC3-vyy (2.3)
(iv)0<teN
P(T) =T, =1) = P~ A (14 — P)y
P(Ty = 1) = o+ w(Id — P) ' A2 (g — Py, (2.4)

Proof. (i) is evident. (ii) Setting v = 1, we get for t > 0 with
(1.5)

P(T; =0, T, = 1)

> PX(0) = HP(X(t— 1)
jeD\Cy
keCy

kIX(©0) = HP(X(®) =0|X(t —1) =k)
=g AP\ p=TAC (14 — Py
=g AP\C p=l(1q — Pyn.

The second equation of (ii) follows similarly.
(iii) With 79 = 0, we get

P(Ti=n.Th=0)= Y
Jo€D

kyeCy,v=1,2

J1€D\C},jr=0

P(X(0) = jo)

2
JIPx @ =1 =kIX 1) = ji-DPX (1)

v=1
= jv|X(tv — 1) =kl
=a P A PAPNC Pt AC (1g — Py
=g P11 AC P ACNC p=ti=lpq — pyp,

the second equation of (iii) being similar.
(iv) Here, we find

P(i=Th=0= Y PX©O0=j)PX¢-1
keé‘elgcz

= k|X(©0) = HP(X (@) =0|X@ —1) =k)
=g P ACC (g — Py,
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and
P(T) =Ty >0) = Y aP ' AC"%1d — Py
t>1

=n(ld—P) ' A" (1d — Pyy. O
3. The generating function

For the discrete bivariate phase variable T = (77, 72) with
inaccessible sets {C1, C2}, we want to calculate the generating
function

Dr(z1,22) =E (zf‘z?) : 3.1)

First, we get

Theorem 3.1.

O1(z1,220) =m0+ 7 [ Z A\ (17~ — py!
v=1,2

+Id(miz) ' = P)TTAY"C 4 (i) - Py
x§:<A“PAQ”W%hk;U—PYQ]
v=1,2

(Id — P)n (3.2)
and for v = 1, 2 the marginal generating function
b1, (2) = E(z7) = (o + w A\

+x(dz"" = P)"'d — P)A®y. (3.3)
Proof. We divide the sum of the generating function into the

following partial sums:

Pr(zi,22) =m0+ P(Ti = j, To = k)z{z5
/kaj’zkl

= 70 + S(0=11<1%) (21, 22) + S=n<1)) (21, 22)
+ S0<1,=1) (21, 22)
+ S0<1<1) (21, 22) + S<n<1) (21, 22). (3.4)
From (2.2), we get
So=1,<1) (21, 22) = ZnACz\C' P’_lztz(ld — P)p

O<t
=g A\ (1dzyt — PN 1d - Py (3.5)
Similarly, from (2.4)

So<r=ry (21, 22) = Y 7P (2122)' AT (1d — P)n
O<t
=r(ld(zi1z2)~ = P)~' A9 (1d — Py
and finally from (2.3)
So<r<my(@,z2) = Y, aP"ziz2)" AP

O<t1<tip
x AC\CLpR=h =127 (1d — Py
=n(ld(ziz2)”" = P) 1 ACP
x A\ (1dz;! — Py~ (1d — P)n.
(3.7)

(3.6)

These expressions give us (3.2). There are two ways to get
(3.3): either directly from the definition, or — slightly more
complicatedly — by setting v = 1,z = zy and 2o = 1 in
32). O

Now, we introduce the characteristic polynomial of P:

C(z) =det(Idz — P) = boz? + b1z + -+ + by with (3.8)
bp=1 andfori=1,...,d 3.9)
b = (=1)’ > - ka—i)), (3.10)

1<k <ky<-<kg_i<d
where z € C and P(ky, kp, ..., kq_;) denotes the sub-matrix
of P, where we have deleted the kyth up to the k;_;th lines and
columns. In particular, we have

det(P(k1, ko, ..

by = —trace(P) and by = (—1)¢ det(P).

For the calculation of the coefficients of the polynomial, we
recall Newton’s identity:

Proposition 3.2. Let

gx = trace( P¥) (3.11)
fork=1,...,d. Then
gk +bigk—1 + -+ bk—191 + kb =0

forl <k <d and (3.12)
g +b1gr—1+ - +baqk—a =0 fork >d. (3.13)
See Cohn (1993) for a proof.
Remark 3.3. If we write (3.12) like

=

bie=—7 ;bzq;ﬁz, (3.14)

then the coefficients of the characteristic polynomial satisfy a
recursion principle quite similar to Panjer’s one. Indeed, the
proofs are also similar.

We also define

@) =¢@ H =14biz 4+ by’ (3.15)

With these notations, we get
Theorem 3.4. The generating function (3.1) is rational in 7 =
(z1, 22),; more precisely,
1
+ = -
C (Zl ZZ)C (Zl )C (ZZ) 0<j.k<2d

1<j+k

Dr(z1,22) = 1o ajkz{zlz‘, (3.16)

where T is given in (3.15).

Proof. Let us look at the expressions (Id 77— P)f1 in

(3.5)—(3.7). By Cramer’s rule, we get with certain coefficients
ar(j, k), ...,aq(j, k):
((Udz™' = Py = (= 1)/ **
1
¢(z7h

X

(D + a0 P et aa(b)
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: 1

- (—1)f+’<_—) (z+ @l 2+ + a2
Using this equation in the formulas (3.5)—(3.7), we can rewrite
them with coefficients o;, ;, y; fori = 1,..,d and i, njx
with 1 < j, k <2d as

1
S0=T<1)(21,22) = = ) (alzz +os+ -+ Otdzg)

22

1
T (/31 21+ Bazt + -+ﬂdz‘f)

So=1y<1) (21, 22) =

So<1=1) (21, 22)

(V1 (z122) + 2 (z122)* + -+ - + Vd(ZlZZ)d)

! j+k
So<1<m)(21,22) = =————=— 8jkz]z)
e 7 (122)¢ (22) 15%;31

B £(z122)

Jt+k_k
So<Ty<1) (21, 22) = njkzy  Zp-

1
C(z122)¢(21) 4 Z

<j.k=d

these formulas over the common denominator
we get (3.16). O

Joining
S
2(2122)0 (2L (22)”

‘We rewrite the common denominator as

Proposition 3.5.
()TNt = Y bzl (3.17)
0<j,k<2d
With by = 1 and b; from (3.8), the coefficients in (3.17) are
min(d, j,k)
bjp =byj = bibj_iby_; (3.18)

i=max(0, j—d,k—d)

for 0 < j,k < 2d. Here, ?:p(...) =0ifp > q. In
particular, by = 1.
Proof. We have

(212202 (2T (z2) = (1 + b1 (z122) + - - - + ba(z122)%)

X(14b1z1 + -+ bazd)(1 4+ b1za + - - - + baz)
min(d, j,k)
= Y ( > bibj_ibi— l>z1z§ O
0<j.k<2d \i=max(0,j—d k—d)

Having calculated the coefficients b j; of the denominator, we
are left to determine those of the numerator from (3.16) since
we want to use them in our recursion formula for bivariate
compound phase variables.

Theorem 3.6. For0 < j, k <2d,1 < j+k

ajp = Z binP(Ti = j —1,T» =k —m), (3.19)
o<l<j

in particular

aw=P(T =1, =0) =7 A\ (1d — P)p

ap =P(T1 =0, T, =1) =7 A\C1 (1d — P)p, (3.20)

where we get the last equations from Theorem 2.1.

Proof. Since bgy = 1, we get from (3.4)

Z a]kZIZZ

Z b kZ1Z2 0</k<2d
+k

Pr(z1,22) = mo +

0<j,k<2d
Hence,
& _ _ ok
1(21, 22) — 70 ajkz2,
0<j.k<2d
1<j+k
i _k
= Z bjkz{z5(mo — P1(21,22))
0<j.k<2d
1<j+k

=" Z Z b, P(Th = jo, Th = kz)z“J”2

0<j1.k <2d 0<jp.ky<c0
1<ji+k;  1<jothky

« Z12q+kz
Using the set of indices
Ei={U,m);0<I<jAn2d,0<m<kA2d,
I<l+m<j+k},
the last expression can be written as
— Z Z binP(Ty = j — 1, Ty = k — m)z] 25
0=/, "<°° (.m)eZj

2<j+

Therefore,

Y (BT =j. T =k) — a0zl
0<j,k<2d
1<j+k

== > > bwP(Ti=j-1Ty=k-mz]d,
Ozi"@o (.m)eZj
which gives us
ap=P(T1 =1,T, =0)
an =P(T1 =0, T, = 1),
andfor2 < j+k
ajp =P(Th = j, T, =k)
+ Z biwP(Ty = j —1,T» =k —m).

(.m)eZj;

This is identical to (3.19), since bgo = 1. O

Example 3.7. In the most simple case d = 1 and P = p €
©0,1), m=m; =1,C; = {1} and C, = @, we have

bp=1 and by = —p.
From (3.18) and (3.19), we get

1 —p 0
B=(jozjixa=|-p —-pl—p) p° and (3.21)
0 p2 _p3
A = (ajk)o<jk<2
0 0 0
=|(l-p —pd-p 0 (3.22)
0 —p—p) p’d-p
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4. Recursion for bivariate compound phase variables

Let us look at the bivariate compound phase variables

T I
SIZZXZ’ SZZZYH
t=1 t=1

where

A.1)

o T = (T}, T>) is a discrete bivariate phase variable,

e (X;);>1 and (Y;);>1 are two families of iid variables with
distributions Py and Py, respectively,

o T, (X;);>1 and (Y;);>1 are mutually independent.

For the common distribution of S = (S, $>), we are going
to give a Panjer-like recursion, where we restrict ourselves here
to the equidistant case (see also the Remark 4.2), i.e.

X, Yr eN. 4.2)

Theorem 4.1 (The Bivariate Recursion Formula). Using the
coefficients aji and b j; from Theorem 3.4, Proposition 3.5, and
Theorem 3.6, we have
P(S; =8 =0)=m (4.3)
andfor j,k >0, 1 <j+k

P(S1 = 7,82 =k

0<l<jn2d

0<m<kn2d
1<l4+m

aim Pyt (J)Pywm (k) — bim

XY Pya(p)Pym(@P(S1 = j — p. 2=k —q)
ek
pHq<j+k
“4.4)
Proof. By (3.16), we have
Ds(z1, 22) = Pr(Px(21), Py (22)
2d
> am Py (z1) P (22)
o 1<l+m
= mo + 2 l )
1 + Z blm QX(Zl)égln(ZZ)
1<l+m
hence,
2d
Ps(z1,22) Mo = Y @ Py (1) Py(22)
1<m+l
2d
— Y bim By (2) B (22)(Ps (21, 22) — 70)
1<l4+m
or
, 2d
Yo [P(Sl =j. 2=k = Y anPyu(j)Pym (k)}
1<j+k 1<l+m

=— D bin®yu(21) Py (22)(Ps(21, 22) — 70)

0<I<2d
0<m<2d
1<l4+m

= - Z z‘{zé Z Z bimPx« (p)

1<j+k 0<I<jn2d I=<p=j
- 0<m<kA2d  m=<q<k
1<l+m prq<j+k

X Py (@)P(S1=j—p,S2=k—q)

Comparison of coefficients gives (4.4). O

Remark 4.2. In the case where the distributions of (X;) and
(Yy) have densities on (0, co0), we can derive a continuous
version of (4.4), similar to Proposition 3.4. in Eisele (2006).

5. Applications and examples

One possible application of dependent compound variables
may be the following:
Let us consider an insurance company specialized in
agricultural risks. For one line of business, it holds contracts
in two neighbouring regions A and B. Quite a number
of casualties in these regions have common causes, like
thunderstorms or flood disasters hitting both regions equally,
while other damages are independent for every region.
Therefore, it seems to be reasonable to model the numbers of
casualties T4 and Tp for region A, resp. B, as

Tho=T1+T, and

Tg =T + T3, (5.1

where T), 7> and 73 are numbers of casualties due
to independent causes. For example, (7;);=123 may be
independent negative binomial variables with natural numbers
as shape parameters, in which case the pair (T4, Tp) is
a bivariate phase variable. If the amounts of casualties
are described by two independent families of iid variables
(X4,j)j>1and (Xp, ;) j>1, then the total losses of the insurance
company are

Ta Tp
SA:ZXA’j and SB=ZXB,j~
j=1 j=1

The common distribution of S4 and Sp can be calculated by
a recursion principle similar to Theorem 4.1. In particular, if
we assume for simplicity the variables X4 ; and Xp ; having
values in equidistant lattices Ny = hy - N, resp. Npg = hp - N
with some positive step widths 44 and & p, then formula (4.4)
gives the common probability P(Sq4 = hy - j, Sp = hp - k) for
Jsk = 0. See also Example 5.2.

Another example for the dependence structure of discrete phase
variables would be

(5.2)

Ty = Ty +min(T,, T3) and

Tg = Ty +min(Ts, Ts) (5.3)
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with 7;, i = 1,..,4, independent discrete phase variables.
While it is known that continuous bivariate phase variables have
in general copulas or tail-copulas of Marshall-Olkin type (see
Hipp (2005)), not much is known in the discrete case.

For more concrete examples, we start with the easiest case:

ExampleS.1.Letd = 1, P = p € (0,1),7r = 1 = 1,
C1 = {1}, and C, = @. We have the following simple situation:

1-p
(0
C4
Then
bp=1 and b} = —p.

From (3.18) and (3.19), we get

1 —-p 0
B=0psji2=|-p —p1—p) p> | and (54)
0 P’ -p’
A = (ajK)o<j k<2
0 0 0
=|l-p —p(d-p) 0 (5.5
0 —p-p p*1-p
The common distribution of T = (T, T>) is of course the

geometric distribution (starting from 1) for 77, while 7, = 0
almost surely:

P(Ty = j, T» = k) = L) InGH(A — p)p/ . (5.6)

We get this result also from (4.4), if we put X = Y = 1 with
probability 1.

Example 5.2. We put d = 3, C; = {1,2}, C, = {1, 3},
7 = (1,0, 0) and with parameters «, 8, v, € (0, 1), such that
O<a+pB8<1,

l—a—pB o B
P = 0 y O 6.7
0 0 ¢

The Markov chain can be characterized by the following
diagram:

We remark that this diagram almost corresponds to the situation
described by (5.1) if we let 71, 7> and 73 be independent
geometric variables with parameters 1 — « — B, y and §,

respectively. Here, however, we would have P(T» = 0,73 =
0)=0.

The characteristic polynomial of P has the coefficients

bop=1, bi=—-(1—-a—-p+y+9),
by=(0—-a—pB)(y +3 +y4,

and b3 =—-(1—a—p)ys.

This gives us the symmetric matrix (we only write the upper
triangle) as given in Box L.

Passing to numerical data withae = 8 =02and y =6 = 0.3,
we find B =

1 -1,200 0,450 -0,054 0 0 0
-1,200 0,240000 0,900000 -0,475200 0,064800 0 0
0,450 0,900000 -1,075500 0,083700 0,124740 -0,024300 0

-0,054 -0,475200 0,083700 0,353916 -0,149040 0,004860 0,002916
0 0,064800 0,124740 -0,149040 0,009866 0,018225 -0,003499
0 0 -0,024300 0,004860 0,018225 -0,009623 0,001312
0 0 0 0,002916 -0,003499 0,001312 -0,000157

for the matrix of probabilities
M= @P(Ty = j, To = k)o<jk<2d =
0 0 0 0 0 0
0 0,140000 0,042000 0,012600 0,003780 0,001134
0,140000 0 0,084000 0,025200 0,007560 0,002268
0,042000  0,084000 0 0,050400 0,015120 0,004536
0,012600 0,025200 0,050400 0 0,030240 0,009072
0,003780 0,007560 0,015120 0,030240 0 0018144
0,001134 0,002268 0,004536 0,009072 0,018144 0

o o ©o © o o o

and for A =

0 0 0 0 0 0
0 0,140000 -0,126000 0,025200 0,000000 0,000000

0

0

0 0,140000 -0,336000 0,130200 0,037800 -0,015120 0,000000
0 -0,126000 0,130200 0,088200 -0,097776 0,011340 0,002268
0 0,025200 0,037800 -0,097776 0,035078 0,008392 -0,003402
0 0,000000 -0,015120 0,011340 0,008392 -0,008573 0,001633
0 0,000000 0,000000 0,002268 -0,003402 0,001633 -0,000245

Finally, if for X and Y we use the distributions

(1)/3 forl<j<3 and

]P(X:j):{ else

. 1/5 forl<j <5
P(YZJ)Z{O/ else ==

the common probabilities S = (P(S] = j, S2 = k)) (here
restricted to 0 < j, k < 11) are given in Table 1.

6. The multivariate case

It is not very difficult to see that the procedure given in
Section 4 also holds in the multivariate case, where

va) =(TC17~~7TCm)

for inaccessible subsets Cy, ..., Cy,, € D. The crucial point is
the rationality of the generating function

T=(Ty,... (6.1)

Grz1s .o zm) = Bz ..zl (6.2)

doi:10.1016/j.insmatheco.2006.12.006
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1 by by b3
by +b7 b 4biby b1by + b1b3
by + b? + b% byby + b%bz + bob3

0 0 0
b1b3 0 0
b3 4 b3bs babs 0

B = b3 + be% + blb% + b% bib; + b%bl + b1byby  b3by + b1babs b%
b3b} + b3 +bib3  bibybs + b3by  bib3
b3b3 + byb3  bab3
b3
Box I.
Table 1
(] 0 0 0 0 (] 0 0 0 0 0 0
0 0 0,001867 0,003845 0,005943 0,008166 0,010523 0,009287 0,007866 0,006240 0,004392 0,002298
0 0,003111 0,004978 0,007031 0,009282 0,011743 0,011315 0,010501 0,009376 0,007912 0,006075 0,003831
0 0,006533 0,008524 0,010777 0,013309 0,016142 0,012761 0,012275 0,011371 0,010001 0,008109 0,005638
0 0,010298 0,010684 0,011298 0,012164 0,013306 0,004450 0,005448 0,006116 0,006394 0,006219 0,005520
0 0,008216 0,009014 0,009982 0,011146 0,012536 0,005967 0,006311 0,006472 0,006382 0,005964 0,005133
0 0,005616 0,006618 0,007747 0,009029 0,010494 0,006557 0,006482 0,006315 0,005991 0,005437 0,004570
0 0,002413 0,003378 0,004431 0,005592 0,006885 0,005926 0,005640 0,005317 0,004912 0,004369 0,003620
0 0,001625 0,002274 0,003035 0,003921 0,004952 0,004524 0,004612 0,004589 0,004427 0,004087 0,003522
0 0,000965 0,001351 0,001842 0,002451 0,003192 0,003120 0,003414 0,003593 0,003633 0,003505 0,003167
0 0,000500 0,000700 0,000981 0,001353 0,001831 0,001932 0,002275 0,002542 0,002709 0,002749 0,002627
0 0,000309 0,000433 0,000606 0,000840 0,001149 0,001239 0,001498 0,001737 0,001932 0,002054 0,002069
In fact, using the modified characteristic polynomial E(z) from and for ji, ..., jm =0, ZZ’ZI Jv=>1

(3.15), we find that &t has the following form:

Proposition 6.1.

1
@T(Zl, ceoyZm) = 1o + m
I I1 £(zj, ---25,)
v=11<ji<..<jy<m
I l
X Z aly . dpy2y - Ty
0<ly--lp<2m—la
Il ++lm
I /
> a1,y ---m
0<ly..lm<2m=1d
I<ly++m
= 7{0 —|—

1 I *
bl]...lmZ]l e Zm

I+ >

0<ly..dm<2m=1q
1<ty ++m

(6.3)

Once we have the rationality of the generating function, it is
now awkward, but straightforward, to get the general recursion
principle for multivariate compound phase variables,

T Tin
S=15 =ZX]i,...,Sm=ZXmi ,

i=1 i=1

6.4)

with (X,;);>1 iid random variables with values in N, 1 < v <

m, and mutually independent families (X1;);, ..., (Xmi)i, T.
Theorem 6.2. We have
PSS =---=8Sn=0)=mo (6.5)

PSSy =ju, 1 <v<m)

- ¥

0<kp<jyr2m—la

1<Y kv

1<v<m

m
Aok | | Pyst (o) = iy ko
v=1

m
x> JPen GRS, = jy =L 1 <v <m)
kv=lv=jy v=1

Skv<djv

I<v<m

(6.6)

We omit proofs in this section since they are direct
generalizations of those given in Section 4.
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