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1 Introduction

Let X = {1, ..., Zn, ...} be an infinite alphabet. The tensor algebra on X has
canonically the structure of a Lie algebra and its Lie subalgebra generated
by the elements of X identifies with the free Lie algebra on X. The structure
of the tensor algebra and of the free Lie algebra are closely related to certain
permutation statistics, as emphasized e.g. in [8] and [16]. In this setting,
the Dynkin and Klyachko idempotents are fundamental tools. For example,
they reduce the construction of basis of the free Lie algebra to the study
and counting of given words, such as Lyndon words.

The purpose of the present article is to show that these constructions,
that could be thought of as intrinsically related to the combinatorics of the
tensor bialgebra generalize in fact to all graded connected cocommutative
bialgebras. Recall that, by the Cartier-Milnor-Moore theorem, these bial-
gebras are, up to isomorphism, the enveloping algebras of graded connected
Lie algebras. We establish in particular a Baker-like identity and describe



explicitly the kernels of the natural generalizations to these bialgebras of the
Dynkin and Klyachko operators (Thm 6, Cor.7 and Th.15).

This provides new computational and conceptual tools for studying these
bialgebras. A striking consequence is the following: it is a well-known prop-
erty of the free Lie algebra that its bases are canonically in bijection with
prime circular words; the generalized Klyachko idempotent allows to ex-
tend this property to each graded bialgebra. As an application, we con-
struct a Klyachko basis of the free partially commutative Lie algebra that
is parametrized by prime conjugation classes or, equivalently, by Lalonde’s
Lyndon elements in the free partially commutative monoid.

These results rely on two general ideas that seem to be interesting on
their own. First, we introduce the notion of pseudo-coproducts for the en-
domorphisms of a graded bialgebra. It appears to be the right generaliza-
tion to endomorphisms of the usual coproduct on the descent algebra [13],
[10]. In particular, pseudo-coproducts are compatible in a strong sense (see
Th.2) with the two natural products on the endomorphisms (the convolution
and the composition products). The second key ingredient are certain re-
markable and intriguing circular identities (see Cor.9). When interpreted as
cyclotomic identities, they yield the properties of the generalized Klyachko
idempotents. In the course of the proof, we also generalize the Klyachko
congruences ([11], [16] p.198) on the major index of a permutation.

2 Pseudo-coproducts

Let A be a cocommutative bialgebra over a field F of characteristic 0. We
denote by € : F — A the unit of A, by : A — F the counit,byd: A - AQA
the coproduct and by 7: A ® A — A the product. On End(A) there exists
the associative convolution product *, defined by f*xg=mo (f ® g) 0, for
which v := € o7 is the neutral element. Recall that an element a of A is
primitive if 6(a) = a ® 1+ 1 ® a; the set of primitive elements is denoted by
Prim(A); it is a Lie subalgebra of A.

It happens that certain convolution subalgebras of End(A) have a co-
product A in such a way that they become a bialgebra. The most classical
example is the descent algebra: A being the tensor bialgebra over an infinite
dimensional vector space, the descent algebra is generated as a convolution
algebra by the graded projections of A. The coproduct A has moreover the
compatibility property

A(f)od=éof (),

for any element f of the subalgebra under consideration.



However this situation is rather rare. Even in the case of descent algebras
of graded bialgebras (see[15]), there is not always a coproduct A satisfying
(*): see the Appendix for a counter-example. This justifies the following
definition.

Definition 1 An element f of End(A) admits F € End(A) ® End(A) as
a pseudo-coproduct if Fod = do f. If f admits the pseudo-coproduct
fRv+v® f, we say that f is pseudo-primitive.

In general, an element of End(A) may admit several pseudo-coproducts.
However, this concept is very flexible, as shows the following result.

Theorem 2 o If f,g admit the pseudo-coproducts F,G and a € F, then
f+g,af,f*g,fog admit respectively the pseudo-coproducts F +
G,aF,F xG, F oG, where the products * and o are naturally extended
to End(A) @ End(A).

o An element f € End(A) takes values in Prim(A) if and only if it is
pseudo-primitive.

Proof. 1. Let F = Y fi® fi and G = Yt g{ ® gg. In the sequel of
the article, we use the Sweedler conventions to abbreviate such expressions
to F=3 f1® f,and G = } g1 ® go. For example we shall write F ® G =
Y f1i®fr®g1®ge instead of 37/ i Fi® f3® g} ® g3, and so on. Then
we have

FxG=) (A ®f)*(g1®g2) =D (fr*91) ® (f2%92)

=Y (mo(f1®g1)08)®(mo(f2®ga)0d) = Y (7)o (f1®91® f2892)0(6&0)

=2 (m@me(I8T®Io (1880 ®g)c (IRT®I)0(I@4),
where I denotes the identity of A and T(a ® b) = (b ® a). Thus

FxG=(n®m)o(IRTR®I)o(FRG)o(IRTRI)o(dRJ).

Denote by 6l : A — A®? the i-th iterated coproduct on A and by =l the i-th
fold product of A. In particular, 64/ = (§®8)04. Since A is cocommutative,
we have (I ® T ® I) o 6 = 6. Thus

(FxGQ)od=(m@m)o(IRTRINoc(FRG) o (IRTR®I)o(d®F)0d

= (7®@7)o(IQTRI)o(FRG)o(d®d)od = (m@7)o(IRTRI)o((Fod)R(Gob))od



—(m@mo(IRT®I)o((60f)®(Fog)) s,

since f, g have pseudo-coproducts F, G. Hence
(FxG)od=(r@m)o(IQRT®I)o(6®)o(fRg)ed=0omo(f®g)o4,
since ¢ is an algebra endomorphism of A. Finally

(FxG)od=06d0o(f=*g),

what was to be shown.

The other assertions are easier and are left to the reader.

2. Since 7 is the counit of A, we have for any element a of A: (IQv+v®
INod(a) =a®1+1®a. Hence (fQv+rv® f)od(a) = f(a)®1+1Q f(a).
Therefore the image of f is contained in Prim(A) if and only if § o f =
(f®v+v® f)od, what was to be shown. n

A an application of pseudo-coproducts, we give a short proof of a re-
sult of Gelfand, Krob, Lascoux, Leclerc, Retakh, Thibon, [10] Cor.5.17. We
consider the descent algebra ¥ of the tensor bialgebra A on an infinite di-
mensional vector space V: as a subalgebra of End(A) with convolution, ¥
is generated by the graded projections p, : A — A,, viewed as elements of
End(A). It is a bialgebra, with coproduct defined by A(pn) = 3,1 -, Pi®pPj;
cf. [13], [10].

Corollary 3 An element f of X, is primitive if and only if its image is
contained in Prim(A). In this case, it is quasi-idempotent, that is, f? = af
for some scalar o.

Proof. Note that A(p,), as defined above, is a pseudo-coproduct for p;,.
Since pseudo-coproducts are by the theorem closed under convolution, since
the p, generate ¥ as a convolution subalgebra of End(A), and since ¥ is a
bialgebra, we deduce that for any f € X, A(f) is a pseudo-coproduct for f.

If f € X, is primitive, f is therefore also pseudo-primitive and the theo-
rem shows that I'm(f) C Prim(A). Conversely, if this holds, then f has the
pseudo-coproducts f®v+vQ f (by the theorem) and A(f) (by what has just
been said). But the equation F'od = §o f determines F' € End(A)R End(A)
uniquely, by Schur-Weyl duality, since V' has infinite dimension. Hence both
pseudo-coproducts are equal and f is primitive.

Now, by definition of X, f is a linear combination of products p; =
Diy * ... * P, , where the i; are positive integers which add up to n. If £ > 1,
and a is in Prim(A),, we have pr(a) = 7*l o (p;; ® ... ® p;, ) 0 6¥l(a) = 0,



since 0F(a) =a®1®..01+180®...01+1®1®...Qa. Thus f(a) = aa,
where « is the coeflicient of p,, in the linear combination. This concludes
the proof. -

3 The Dynkin idempotent

Let A be a graded cocommutative Hopf algebra over the field F of charac-
teristic 0, with A9 = F (that is, A is connected). Define D in End(A) by
D(a) =na if a € A,,. Now define [ € End(A) by

l(a) =S * D,

where S is the antipode of A, that is, the inverse of the identity of A in the
convolution algebra.

In the classical case, A is the tensor bialgebra over an infinite dimensional
vector space; equivalently the algebra of noncommutative polynomials in in-
finitely many variables, the latter being primitive. In this case [ is the Dynkin
operator that maps ...z, onto the Lie polynomial [...[[z1, 2], 23], ..., Zp],
for any variables 1, ..., z,. The definition [ = S % D of the Dynkin operator
is essentially due to von Waldenfels [18], see also [16], Th.1.12.

The next result is the analogue of the theorem of Dynkin [7], Specht [17],
Wever [19].

Theorem 4 If a is primitive, then l(a) = D(a).

Proof. We have l(a) = (S*D)(a) =mo(S®D)od(a) =7o(S®D)(a®
1+1®a) = n(S(a) ® D(1) + S(1) ® D(a)) = D(a), since D(1) = 0 and
S(1)=1. ]

Theorem 5 The image of I is contained in Prim(A).

Proof. By Th.2, it is enough to show that [ is pseudo-primitive. Note
that S ® S is a pseudo-coproduct for S. Indeed, (S ® S)od and §o S
are both anti-homomorphisms of A into A ® A, sending each a € Prim(A)
onto —a ® 1 —1Q® a; since A is graded cocommutative and connected, it
is canonically isomorphic to the enveloping algebra of the Lie algebra of
its primitive elements (Th. of Cartier-Milnor-Moore), and in particular is
generated by them as an algebra, and the property follows.

Furthermore, D = ), np,; hence D admits the pseudo-coproduct D ®
I+1® D, as is easily verified. Thus by Th.2, [ admits the pseudo-coproduct



(SRS)*(DRI+I®D)=(S*xD)@(S+xI)+(S*xI)®(S*D)=Iv+vQl.

The next result extends to all connected cocommutative graded bialge-
bras Baker’s identity [1], see also [16] p.36. We denote A = @p>04n-

Theorem 6 For any a in A, and b in A, one has l(al(b)) = [l(a),(b)].

Before giving the proof, we derive two corollaries. The first one extends
a result of Cohn [3].

Corollary 7 The kernel of l is spanned by 1 and the elements of the form
al(a), a € A.

Proof. By Th.6, al(a) is in Ker(l). For the converse, it is enough to
show that the kernel is spanned by the elements al(b) + bl(a), a,b € A.
Since A is a graded cocommutative bialgebra, we may write for any a in
Ap: 6(a) =a®1+1®a+ > (a1 ®az+az®ai). Now | = S« D hence
D=I+xl=mo(I®l)od;thusna=mo(IR®)(a®1+1®a+ Y (a1 ®az+
a2 ® a1)) = w(I(a) ® (1) + I(1) ® l(a) + >(I(a1) ® l(az) + I(a2) ® l(a1))
= l(a) + Y ail(az2) + asl(ay), which implies the result. ]

Corollary 8 If ai,...,a, are homogeneous primitive elements of A, then
l(ay...an) = deg(ay)l...[[a1, a2], as], ..., an].

When A is the tensor algebra over a vector space V and the a;s are
elements of V', we recover the original definition of the Dynkin operator in
the classical case, by means of left-to-right bracketing. Note the remarkable
fact that the Dynkin idempotent outputs the degree of the first factor of the
Lie monomial; it has to be compared to a result of [2], Th.1.5 (b).

Proof. If n =1, it is Th.4 . We then have by induction, Th.4 and Th.6:
l(a1...an+1) = (1/deg(an+1))l(ay...anl(ans1)) = (1/deg(an+t1))[l(ai-..an), l{(an+1)]

= [l(a1...ap), an+1] = deg(a1)l...[[a1, a2, as], -.., ant1]-

Corollary 9 Ifa € Aiand b € Prim(A), then l(ab) = [I(a),b]. In particu-
lar, Ker(l) N Ay is a right A-submodule of A.



We give a convolutional proof of the generalized Baker’s identity.

Proof of Th.6. Recall that T' is the endomorphism of A® A sending a®b
onto b®a. We have to show that o =lomo(I®Il) and mro(I®I)o(IRI—T)
coincide on 4, ® A.

We use several facts:

1. ¢4 is an algebra endomorphism, so that jor = (7®7)o(IQRTRI)o(d®J).

2. S is an anti-automorphism of A, so that Sor =7 0T o (S ® S) and
Sov=vw.

3. S sends each primitive element onto its opposite, thus Sol = —I.

4. D is a derivation of A, so that Dom = 70 (I D+D®I) and Dov = 0.
5. [ is pseudo-primitive, hence ol = (I Qv+ v ®1) o 4.

6. To(r@m) =7,

7. Denote by T the endomorphism of A®3 sending a ®b® ¢ onto c® a @ b
then (TRIQNo(IRTRI) =T ®1.

We obtain
a=(S*xD)omro(I®l)=mo(S®D)odomo(IRI)

=n10(S®@D)o(r®@m)o(IRTRI)o(6®J)o(I®I)
=71o(m@m)o(T®I®I)o(S®S®I®D+SRSQDRIc(IRT®I)
(IRIRRv+IRIQV®I) o (6®5)
=l o (TRIRNo(IRTRI)o(SRIRSRID+SQD®S®I)
(IRIRRv+IRIQvRI) o (6®5)
= 1lo(T'®1)o(SRIRVR(Dol)+S®DR(-1)@v+SRDRral)o(§®4).
Now, A is a bialgebra, so that (v ® I) o é(z) = 1 ® « for x € A, and
consequently, for any endomorphism f of 4, (v ® f)odé(z) =1® f(x). Thus
o (ToDo(S®I®Vv®(Dol))o (I ®d)(a®b)

=l o(T'® 1) o (((S®1)cd(a) ®1® (Dol)(b))
=70 ((S®1I)0d(a)) ® (Do 1)(b))
=7mB¥lo(S®I®(Dol)o(6®I)(a®b).



We leave the similar computation of the 2 other terms to the reader; then
o = 7B8lo(8®I®(Dol))o(6@1)—7Plo(I0 S®D)o(I88)oT+rBlo(S® DRI1))o(6&1)

=7o(n®I)o(SRIQ(Dol)o(d@I)—mo(I@m)(I®SR®D)o(I®J)oT
+1o(r®I)o(S®D®I)o(6RI)
=mo((mo(S®I)od)@(Dol)—(I®(ro(S®D)od))oT +(mo(S®D)od)®1))
=mo(v®@Dol)— (I oT+IRI),

since S * I =v and S % D = [. This ends the proof since v vanishes on A4,.
L]

Remark

The operator [ is the analogue of the operator ”left-to-right bracketing”.
There exists of course a symmetric version, corresponding to the ”right-to
left bracketing”. Evidently it is given by r = D % S.

One can interpolate between ! and r by defining P = S® % D % S8,
where a, f are two elements of the ground field with a + 8 = 1; note that
the convolution power S¢ is defined using the usual binomial expansion of
(14 z)*, once S is written S = v + S’, where S’ annihilates Ay = F. Then
one proves, similarly to Th.4 and Th.5, that: 1. If a is primitive, then
P(a) = D(a). 2. The image of P is contained in Prim(A).

The previous definition of the operator P, interpolating between [ and r,
and its properties, were obtained some time ago by Claudio Procesi and the
second author, during a discussion on noncommutative symmetric functions.

4 Circular identities

In this section we establish two sets of identities which have a circular sym-
metry. They will be used in the next section, but they have their own
interest.

Let s = (z1,...,&p) be a sequence of elements of a field. We assume that
the product z1xs...zp is equal to 1, and that each subproduct is different
from 1. Let ¢ be a variable. The identity we want to prove is the following:

Z tk Z (JJi_}_l...LIJp)k

k>0 p>i>l (1 - .'L‘H_]_)(]. - $j+1$j+2)...(1 - .’L'i_|_1.’L'i_|_2....’Ei+p,]_)

xzxg...xg_ltp
(1 — zg..2pt)(1 — z3...2pt)...(1 — 2pt)(1 — ¢)’

=14 (-1)P!

8



where the subscripts have to be taken modulo p. For example, if p = 3, one
has

1 xl?f xéx’g k
kzzo[(l —z1)(1 — z122) + (1 —23)(1 — z321) + (1 —z)(1 — Izz‘g)]t

T2x3t3
(1 —t)(1 — z3t)(1 — zozst)”
Before proving these identities, we derive the following consequence, ob-

tained by taking the coefficient of t* in the previous identity, where again
the subscripts have to be taken modulo p.

Corollary 10 For k=0,1,...,p — 1,

Z (@ig1-2p)* — So
oo M=) = zin&it2). (1 = i itz Tigp-1) ’
Proof of the identity. Note that that after eliminating x;, the remaining
x;s are subject to no condition, except that the partial products of them
have to be different from 1. The identity is then equivalent to a polynomial
one. So we can assume that the p — 1 remaining elements and ¢ are free
commuting variables; then we may expand the fractions into series, and
prove the identity. We have

Z Z (Tig1--zpt)"

k>0p>i>1 (1 - $i+1)---(1 - :L'i+1....’1,‘p)(1 - .’1,‘1'_|_1...:L'p.’1‘,‘1)...(1 - .Z‘i+1....’11‘p:1,‘1....’17i_1) '

Note that ;i1...2p71 = (@2...z;) ! and that z;11...2p21...7 1 = .1;171. Thus,
since (1 —z71)7! = —2(1 — )7, the previous sum is equal to
i-1

Z Z (Tit1.-.xpt)(—1) T Laoad. .z}

F>0p>isl (1 —zo.zy)... (1 = 23)(1 — w4q1).- (1 — Tjg1-.-p)

1

_ Z (—1)iL Tox3... Tl

Rl (1—zg..@i)...(1 — 2)(1 — @ig1)-.. (1 — @ig1...p)(1 — @ig1...zpt)

Now we expand into formal power series in the variables z»,...,zp,t and

obtain '
Z (—1)"1 Z Ty’ ... xpPt".

p>i>1 0<ne<...<nj,Ni41>...2Np>N



Denote by S; the formal power series represented by the last summation, and
by L; its support. A nice fact is that the coefficients of S; are 0 or 1. Then
fori > 2, Ly = {m = z3?...2p°t"|0 < na < ... < nj, Mg > .o > np > n} and
Ly ={m|ny > ... > n, > n}.

We verify that if s + 2 < j, then L; N L; is empty. Indeed, since p >
J—12>1i+1, L; is defined by conditions one of which is n; ; > n; and,
since 2 < j — 1, L;, among others, by the condition n;_; < n;.

Suppose now that ¢ # 1, p. We verify that then for each monomial m in
L;, m is either in L; 1 or in L;,q1. Indeed, if n; < n;+1, then m is in L;1;
if on the contrary n; > n;y;, then m is in L;_;.

We verify now that for m in Ly, m is in Ly or m = 1; and that if m is
in Ly, then m is in L, 1, except if m satisfies the condition 0 < ny < ... <
np < n. This will imply the identity in view of

mzxg...ngltp

zh?...xprtt = .
0<n2<¥<np<n 2 (1 — zo..xpt)(1 — z3...pt)...(1 — 2pt) (1 — t)

So, let m be in Ly; then clearly m is in Lo, except if ny = 0, and then
m = 1. Finally, let m be in Ly; if n, > n, then m € L,_y; if n, < n, then
0<ny<...<my < n.

[

Let s = (z1,...,2p). For o € Sp, denote by Majs(co) the product

H .’L‘a(l)...:va(i),

i€Des(o)

where Des(o) is the descent set of o, that is, the set {i,1 <i <p—1,0(i) >
o(i+1)}. Let also D(0) the set of circular descents of o, that is, the set
{i, 1 < i < p,0(i) > o(i + 1)}, with numbers taken modulo p. Let d(o)
denote the number of circular descents of o. In other word, descents are
circular descents, and p is a circular descent if and only if o(p) > o(1).
Note that if the product of the z; is equal to 1, an hypothesis which will
be assumed in what follows, then Majs(o) is also equal to the product

[1z5(1)---%o(;) over all circular descents i of 0.

Lemma 11 Let v be the p-cycle (p,p —1,...,1). If x1...xp = 1, then:

1. d(ov) = d(o).

2. Majs(ovy) = xg((;gMajs(a).

10



8. Majs(0) = zpMajs, (v '0), where sy = (Tp, 1, ..., Tp_1)-

Proof Note that D(oy) = {i + 1,i € D(o)}, with numbers taken mod-
ulo p. Hence 1. follows. Moreover gy(1) = o(p) so that the product

[1Zoy(1)---Tov(i) over all circular descents ¢ of o7y is equal to xg((;;Majs(a).
Hence 2. follows.

Note that 7 is a circular descent of v~ "¢ if and only if either ¢ is a circular
descent of o and o(z) # p, or o(i + 1) = p and in this case 7 + 1 is a circular
descent of 0. If we put sy = (y1,...,yp), then y,-1,4) = ;). Thus the
product [[y,-15(1)---Yy-14(;) Over all circular descents ¢ of v~ 1o is equal to
z, ' Majy(o).

1

5 The Klyachko idempotent

The bialgebra A is as in Section 3. We assume here that the field F of scalars
(which is of characteristic 0) contains a primitive n-th root of unity w, for
any n > 1. Denoting as before by p, the graded projection A — A, viewed
as an element of End(A), we write pc = p;, * ... * p; for any composition
C = (i1, .--,41), ij € N*. Define elements r¢ of End(A) by the formula

pc= Y rc, (1)

cr<c

where ¢! < C means that C is finer than C’; e.g. (4,3) < (2,2,1,2).
Following a variant of the definition by Klyachko [11] (see also [16] p.196),
we define , € End(A) by

1 .
Fn = — Z wmai(C)p
|Cl=n

where |C| = 41 + ... + 4; is the weight of C and maj(C) = (I — 1)i; + (I —
2)ig+...+41 =11+ (i1 +i2) + ...+ (i1 + ... + ;1) is the major index of C.

Theorem 12 The image of K, is contained in Prim(A).

Proof. We follow an elegant method of [10], which allows to consider
together all elements «,, for each n.

11



Let ¢ be a variable. We work within Endgr(A)[[¢]], where Endgr(A) =
®nEnd(Ay) gets the convolution product. Let o(q) = Y pnq"™ , the gen-
erating function of all graded projections, where ¢ is a free variable. The
following infinite product,

r(g) = [] o(g™),

n>0

in decreasing order, is well-defined in Endgr(A)[[q]].

Observe that each element of Endgr(A)[[¢]] has a unique expression as
a sum Y, fn, where f, € End(4,)|[q]]-

We may determine these elements f,, for the element x(g), using exactly
the same calculations as in [10] p.277-278. One obtains

k(q) = Z Kn(q)

w0 (@n

with (¢)n = (1 - ¢)---(1 — ¢") and Kn(g) = Xjc)=n 4™ ©re.

We extend the definitions of Section 2 and say that an element s of
Endgr(A)|[[q]] admits the pseudo-coproduct G € (Endgr(A)®Endgr(A))[[q]]
if God = §os, where § extends naturally to A[[g]] and an element of
Endgr(A)[[q]] (resp. (Endgr(A)® Endgr(A))|[[q]]) defines naturally a linear
mapping A — Al[g]] (resp. AQ A — (A® A)[[g]]). Furthermore, we say that
s is pseudo-group-like if s ® s is a pseudo-coproduct for s (the last tensor
product is taken over F[g] and Endgr(A)[[q]] ®[q Endgr(A)[[g]] is identi-
fied with (Endgr(A) ® Endgr(A))[[¢]])- Then it follows from Th.2 that a
product of pseudo-group-like elements is pseudo-group-like. Moreover, when
written in the form s = )" f,, s is pseudo-group-like if and only if each f,
admits -, ., fi ® f; as pseudo-coproduct (so that the sequence (f,,) could
be called a sequence of pseudo-divided powers...).

Since the o(¢™)s are clearly pseudo-group-like elements, all this im-
plies that for each n, Ky, (q)/(q)n admits 3, Ki(q)/(9): ® K;(q)/(q); as
pseudo-coproduct. Thus K, (g) has 3, %K}(q) ® K;(q) as pseudo-

(@n

coproduct. For ¢ = wy, and %, # 0, the polynomials @:i(@); in ¢ all vanish,

which implies that K, (w,) = nky is pseudo-primitive and the theorem fol-
lows from Th.2. n

Corollary 13 &k, is idempotent.

Proof. By the previous theorem, it is enough to show that if a is primi-
tive, then ky,(a) = a; we may even assume that a is homogeneous of degree n.

12



We follow here the same way as [8] p.336. Since pc(a) = (p;, *...*pi, )(a) =0
as soon as C has length k£ = I(C) > 1, we obtain from Eq.(1) that r¢(a) =
(—1)XC)~1q, for each composition C of weight n. Thus we obtain

nkn(a) = Z Wl (C) (U g,
|C|=n
By classical bijection between compositions of n and subsets of {1, ...,n—1},
sending C' = (i1, ..., ;) onto S = {i1, 1 +12, ..., 41 +...4;_1 }, with the property
that maj(C) = maj(S) (= sum of the elements in S) and {(C) — 1 = |S]|,

we obtain .
nkn(a) = (Y, wp¥®(-1)¥)a
Sc{1,...,n—1}
= ( > wp Tt (=D)a=( [ (1 -wp)a
1<i1 <. <ip<n—1 1<i<n—1
=( I @-whle=t)a=(1+z+..+2" oo1)a = na,
1<i<n—1
since wy, is a primitive n-th root of unity. ]

The original definition by Klyachko of x, gives its action on any word;
equivalently, on a product of homogeneous Lie polynomials of degree 1. We
extend this formula, by giving the action of x,, on a product of arbitrary ho-
mogeneous primitive elements in a general graded connected cocommutative
bialgebra. For this, we evaluate the element x(g)(a1...ap), with the previous
notations, where a1, ..., a, are homogeneous primitive elements of respective
degree dy, ..., dp, with di + ... +d, = n. It follows from the definition of the
convolution that it is a linear combination of permutations of the product
at...ap.

So, let w be some permutation of a;...ap (by a usual abuse, we consider
w simultaneously as a formal word and as an element of A). Let w = u;...4
be the factorisation of w in maximal increasing words, for the natural order
ai < ... < ap. Let C be the composition (deg(u1), ..., deg(uy)).
maj(C)
1—gdes() "

q

u):uv,u;ﬁl(

Lemma 14 The coefficient of w in k(g)(a1...ap) is I

Corollary 15 The coefficient of w in kp(ai...ap) is

w:lnaj(C) _ 1 i\, ,maj(C)
H (1 wdeg(u)) - E H(l - wn)wn ’
w=uv,u,pAL\+- " ¥n

where the second product is over all i such that w has no nontrivial proper
left factor of degree i.

13



As an example, let n = 4 and let aq, b1, c2 be primitive elements of degree
equal to their subscript. Then by the corollary (with ¢ = ws)

4I§4(a1b1(22) = ZO(]. - i3)a1b102 + Z3(1 - iz)alcgbl + 21(1 - 1:3)1710,162

+i3(1 — i?)brcoar + i2(1 — i) caarby +4°(1 — i)cabray
= (1+i)a1b1cz—2ialc2b1+(i—1)b1a1cz—2ib1cza1—(l—i)cza1b1+(i+1)02b1a1
= (1 +1)[a1, [b1, c2]] + (1 — 0)[[ar, c2], bu].

Proof of the corollary. We have (¢)nk(g)(a1...ap) = Kn(g)(a1...ap) and

ntp = Knp(wn). Since (¢)n/ [Ty—uuz1 (1 — q%9®) = T](1 — ¢*), with the i
as above, and since n = [[,<;<,_1(1 — w},), the corollary follows. L]

Proof of the lemma. One has
k(q) = (- ¥ 0(g%) ¥ a(¢”) ¥ o(g) ¥ o(1))

=1 O d™m)

m>0 i>0

t1mi+...+ipmy .

= > q Diy * oo XD,
i1,e0tr>1lm1>. >my >0

Recall that p;, * ... * p;, is equal to wll o (pi; ® ... ®p;,) © slrl. Applied to
@1...ap, this term gives the sum of all v;...v,, for all possible increasing non
trivial complementary subwords (that is, subsequences, if a;...a, is viewed
as a sequence) vy, ...,v, of ai...ap, of respective degree iy, ...,%,. Thus, the
coefficient of w in k(g)(ai...ap) is equal to the sum

Z Z qm1deg(v1)+...+mrdeg(vr)

W=V1---Vr m1>...>m; >0

where the first sum is subject to the condition that the v; are nontrivial
increasing words. Putting d; = deg(v;), the second sum is equal classically
to
q(T—l)d1+...—|—dr_1

(1—g#)..(1 — glit-tdr)"
Note that the v; must necessarily be factors of the u;, so that composi-
tion (dy,...,d;) is finer than C' = (deg(uq), ..., deg(u;)); thus, the searched
coefficient is equal to

> gmai(D)
E>D>C (1 — g91)...(1 — gdrt--tdr)

14



where F is the composition determined by the degrees of the letters of w.
qmed(©)

We must show that this is equal to Mosos 0@

Equivalently, multiplying by [T,,—yyuz1(1 — q%9®)) and replacing com-
positions by subsets of {1,...,n — 1} (with S corresponding to C' and U to

E) that _ _ ‘
Yo @ ] (1-4Y) ="
SCTCU ieU-T

By inclusion-exclusion, this is equivalent to

Yo (-nTslgmai™ ~ TT¢* T (-4,

ScTCU i€S  jeU-S

which is easily shown to be true. ]

Theorem 16 The kernel of the restriction of k, to A, is spanned by the

elements of the form ab — wgeg(b)ba, a,be A

Proof.

1. Let ay, ..., ap be homogeneous primitive elements whose degrees add up
to n. Using Corollary 14, we evaluate k,(ai...ap) and then ky(apai...ap—1) =
lﬂ)n(bl...bp), with b1 = ap, b2 = al,...,bp = apfl.

Let w be as before Lemma 13; in the first expression of Corollary 14, the
numerator is Majs(o), if we put w = ag(1)---ag(p), T € Sp, 8 = (T1, .-, Tp) =

(wﬁe-"(“l), s wﬁeg(a”)), with the notations of Section 4.

If a1,...,ap are replaced by by,...,bp, then w = by-15(1)--by-15(p), With
v = (p,p — 1,...,1). Thus this numerator, for the same w, is replaced by
Majsy(y to), since sy = (zp,T1,...,Tp—1). The latter is equal by Lemma
10 to x;;* Majs(o). Observe that the denominator is unchanged.

Thus the coefficient of w in kp(apa;...ap—1) is equal to that of w in
kn(a1...ap) multiplied by w;deg(a‘”). Thus a;...ap — wgeg(a”)apal...ap_l is in
the kernel of x,. This implies that the elements described in the theorem
are in this kernel, for each primitive element b; but since primitive elements
generate A, these elements are in the kernel, without restriction on b.

2. We now show that  — k() is a linear combination of elements as in
the statement, for any x in A,. This will imply the reverse inclusion of the
statement and imply the theorem. It is enough to show this for z = a;...ay,
where the a;s are homogeneous primitive elements. For this, it is enough
to show that  — k,(x) is a linear combination of elements of the form
Ag(1)+@o(p) — To(p)@ory(1)--Aoy(p)s O € Sp, With the same notations as above.
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By Corollary 14, the coefficient of a,(1)..-a5(p) in kn(a1...ap) is Majs(o)/Hs(o),
where Hs (0') = HlS’iSpfl(l — xg(l)...xg(i)).

We deduce from linear algebra that an element u = } ;g uso of the
symmetric group algebra is in the subspace E spanned by the elements
0 — Tg(pyoy if and only if for any o the sum

Z (:Eo'(pfi+1)$0'(p7i+2)--'xa(p))iluo"yi
0<i<p—1
vanishes. Even, it suffices to verify this in two cases: (i) o is the identity of
Sp; (ii) o is not a power of .
Let uy = 1—Majs(o)/Hs(o) if o is the identity, and u, = —Majs(o)/Hs(o)
otherwise. Lemma 10 shows that

Majs (O"Vi) = ("L'a(pfi+1)xo'(p7i+2) Lo (p) )d(a)Majs(U)-

Thus, in case (i):

Z (xa(pf'i—kl)"'xa'(p))_lua"yi: Z (a:p,,'+1...wp)_1u07¢

0<i<p—1 0<i<p—1
=1- Z (xprl---wp)ilMajs(’Yi)/Hs(’)’i)
0<i<p—1
=1- Z ($p7i+1---$p)_1(xpr—l---wp)d(id)Majs(id)/Hs(Vi)
0<i<p—1

=1- > 1/H,¥")=0
0<i<p—1

by Corollary 9 with k£ = 0, since d(id) = 1. Similarly, in case (ii):

Y. @olpit)-Ta(p) Uoy
0<i<p—1

= —Majs(0o) Z (xa(p—i—l—l) - Zg(p) )J(U)il/Hs (O"yi).
0<i<p-1

This vanishes by Corollary 9: indeed, o is not a power of v, so that 2 <
d(o) <p—1.
All this implies that u lies in F, and it follows that  — k() is of the

indicated form.
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6 Applications

In a free monoid, two words w,v are called conjugate if for some words
x,y one has u = zy,v = yz. Conjugation is an equivalence relation, whose
classes are called circular words. For example, the conjugation class of aabab
is the circular word {aabab, ababa,babaa, abaab,baaba}. A circular word is
prime if none of its representants is a proper power; for example, the previous
circular word is prime, and the circular word {abab, baba} is not prime. Note
that it is customary, in Combinatorics on Words, to say ”primitive word”
instead of ” prime word”; this could be misleading, since ”primitive” applies
here to a property of elements of a bialgebra.

It is a well-known fact that the homogeneous bases of free Lie algebras
(in particular the Hall bases) are in bijection with prime circular words; this
fact was apparently first observed by Meier-Wunderli [14]. This property is
also a consequence of the fact that in the classical case, the kernel of the
Klyachko idempotent is spanned by the elements

ww — w9y, (2)
u, v, homogeneous, deg(uv) = n; the latter fact was noted in an equivalent
form by Garsia, [8] Th.4.3, who observed that the collection of Lie polyno-
mials s, (l), | Lyndon word of length n, is a basis of the free Lie algebra. In
other words, the free Lie algebra is as vector space canonically isomorphic,
via the Klyachko operator, with the quotient of the tensor algebra by the
subspace spanned by the elements of the form (2).

Theorem 15 extends this result to an arbitrary graded bialgebra A.

An interesting particular case is when A is a free partially commutative
algebra, or equivalently, since A is naturally a bialgebra, when Prim(A) is
a free partially commutative Lie algebra, see [5]. Then it has been shown
by Lalonde that bases of Prim(A) are in bijection with conjugation classes
of prime elements of the corresponding free partially commutative monoid
M, see [12]. Recall that M is generated by a set X, with relations of the
form xzy = yx; an element of M is prime if it cannot be properly written as
a product of two commuting elements in M (this extends the definition of a
prime word when M is a free monoid). A conjugation class is an equivalence
class of M for the equivalence relation ~ generated by the relations uv ~ vu,
u,v € M (unlike the case of the free monoid, these relations do not form
a transitive relation, in general). A conjugation class is called prime if its
elements are all prime; equivalently, if it contains a prime element, as is
easily verified (or deduced from the proof below).
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So one expects that if we choose a set L of representatives of the prime
conjugation classes of M (for example the set of Lyndon elements), see [12],
then one has the following result.

Corollary 17 The set Kgeq(1) (), L € L, is a basis of the free partially com-
mutative Lie algebra.

Proof. We know by [12] that this set has the desired number of elements
in each graded component. So it is enough to show that they span Prim(A).

But M spans A. Note that by Theorem 15, kp(uv) = wgeg(v)kzn(vu). This
implies that if m, m' are conjugate, then k,(m) and x,(m') differ multiplica-
tively by a nonzero constant. Moreover, it shows that if m is not prime,
then x,(m) = 0. Hence the set rgeq()(l) spans the same set as Kgeg(m)(m),
m € M, that is, it spans k,(A) = Prim(A). ]

The previous result implies that the set kgeq()(l), I € L, is linearly
independant. Hence, if k,(m) = 0, m cannot be prime.

We may deduce from this a curious property of conjugation in M: sup-
pose that one has a closed chain m = mg, my,..., m = m of elements,
such that at each stage m; = u;v;, m;+1 = v;u; for some nontrivial elements
u;, v; of M. Then, with n = deg(m), kn(m;) = kp(ujv;) = wgeg(vi)ﬁn(viui) =
wgeg(vi)nn(miﬂ), which implies that k,(m) = kn(mg) = Wik, (my) = wWlkn(m),
with d = )" deg(v;). So, if m is prime, k,,(m) is nonzero and n must divide
d.

The previous property is also a consequence of [4] and [6]: indeed, we
have v;m; = m;41v;, so that vg_1...vgmg = Mmgvg_1...v9. Hence m commutes
with vg_1...v9. Moreover, it follows from the relations m; = w;v; that the
variables appearing in vg_1...vp lie in the set Y of variables appearing in m.
Let N be the submonoid of M generated by Y. Then, since m is prime, the
centralizer in N of m is, as submonoid, generated by m itself (see [4], [6]);
this implies that n divides d.

7 Appendix

We show here the existence of a graded bialgebra A whose descent algebra
has no coproduct satifying the compatibility property () of Section 1.

We use results and calculations, known for the case where A is the ten-
sor algebra over an infinite vector space (see [9], [16] chapter 9, [15]), but
which extend without difficulty in the general case. For any partition A,
denote by A* the subspace of A spanned by the elements (@1,...,ap) =
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(1/p!) ¥ oe S, @o(1)--0o(p), Where each a; is a homogeneous primitive element
of degree A;, and A = (\1,...,Ap). Then A is the direct sum of all the sub-
spaces A* (a consequence of the theorem of Poincaré-Birkhoff-Witt). The
projector onto A, parallely to the other subspaces, is the n-th eulerian
idempotent e,, ; it is an element of the descent algebra ¥ of the bialgebra
A.

Now let A = F(z,y), the bialgebra of noncommutative polynomials, with
the variable z of degree 1 and y of degree 2.

We verify that one has the equality f = g, where f = (es, [e1, [e1, e2]])
and g = ([e1,es3],[e1,e2]) (caution: Lie brackets and products are taken in
the convolution algebra). Let z = [z,y]. Note that, since A, A2, A3 are all
of dimension 1, spanned respectively by z,y, z, A®21L1) ig of dimension 1,
spanned by (z,z,v, 2).

By Lemma 9.25 in [16], one has (e3 * e1 * €1 x e2)((x, 2,9, 2)) = 2zzxy
and similarly for the other convolution products of es,es,e1,e1,es. Thus
fl(z,z,y,2)) = 2(z,[z,[z,y]]). Similarly (e; * e3 * e1 * e2)((x,z,y,2)) =
2zzzy, and g((z, z,y, 2)) = 2([z, 2], [z,y]). The latter is equal to 2(z, [z, [z, y]]),
and we conclude that f, g coincide on A®:21L1) By the same result, they an-
nihilate both each element of the form (ay, ..., ap), with the notations above,
when X is not equal to (3,2,1,1). Thus f = g.

Suppose now that the descent algebra X of A has a coproduct A sat-
isfying (*). Then the e, are primitive for A. We apply A to the equality
2f = 2g and take its restriction to A4 ® A3; we obtain [e,[e1, €3]] ® e3 =
[e1,e3] ® [e1, ea]. Apply this to (z,z,y) ® 2: by the same Lemma, we obtain
2[z, [z,y]] ® z = 0, a contradiction.
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