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1 Introduction

Among other properties, three striking features of the descent algebra are
the following: 1. It has a triple algebraic structure, making it a graded con-
nected Hopf algebra, together with another product (the inner product); 2.
It is cocommutative, and thus is the enveloping algebra of the Lie algebra
of its primitive elements. 3. It is big enough so as to contain all classi-
cal Lie idempotents of the symmetric group algebras, such as the Dynkin
idempotents, the canonical idempotents, the Klyachko idempotents.

Recall the definition of the descent algebra: the direct sum S = @ QS,
of all symmetric groups algebras has, beside its inner product, inherited from
each QS,,, an outer product and a coproduct which makes it a Hopf algebra,
which is not cocommutative (so that S is not generated by its primitive
elements, and is not an enveloping algebra). As a vector space, the descent
algebra is the direct sum 3 = @, where ¥, C QS5, is the Solomon
algebra of the symmetric group S,,. The descent algebra ¥ is a subalgebra



of S for the inner product [15], and also a cocommutative sub-Hopf-algebra
of S [8], [5]. It is identical with the algebra of noncommutative symmetric
functions [3]. It is naturally dual to the algebra of quasi-symmetric functions
], [8].

A descent algebra can also be naturally associated to any graded con-
nected commutative or cocommutative bialgebra. Its properties yield, for
example, to new combinatorial proofs of the Cartier-Milnor-Moore [9] or the
Leray theorems [10].

However, if the classical Lie idempotents belong to the descent algebra,
there are other Lie idempotents, which do not lie in it. Among others,
the mysterious Garsia idempotent, which projects onto the free Lie algebra
parallely to the space of proper shuffles, see [2]. Thus one needs, algebraically
speaking, a greater algebra than the descent algebra, in order to study free
Lie algebras from the representation-theoretic point of view. We introduce
here such an algebra, denoted A.

It has all the three features of the descent algebra, and more: it is a sub-
Hopf-algebra of S, which is cocommutative, so is the enveloping algebra of
the Lie algebra of its primitive elements; it is closed for the inner product; it
contains all Lie idempotents of the symmetric group algebras. Moreover, its
primitive elements are exactly the Lie elements which lie in the symmetric
group algebras (they span the Lie representation of the symmetric group).
From this fact, we can deduce the Hilbert series of A.

This algebra A also appears to be the natural algebraic setting for study-
ing the Lie properties of the symmetric group algebras, such as the proper-
ties of the Lie morphisms (that is, the morphisms from the free associative
algebra to the free Lie algebra which belong to the symmetric group alge-
bras). For example, the maps from the free associative algebra to higher
components of the derived series of the free Lie algebra which belong to the
symmetric group algebras are Lie morphisms and belong to this new algebra
(cf. [12]), as do mappings related to subspaces of the free Lie algebra which
are defined by the geometry of the brackettings, see Barcelo-Sundaram [1].

2 Tensor algebra and symmetric groups

The ground field is fixed once for all in the article: it is the field Q of rational
numbers. Tensor products, vector spaces,... have to be understood as tensor

products over Q, Q-vector spaces,...

Let 7 be the tensor algebra on an infinite alphabet X: 7 = @ 7, =
neN



D (QX)®", where QX stands for the Q-vector space spanned by X. The
neN
tensor algebra is naturally graded. We use the word notation for the ele-

ments of 7. For example, we write gy - - -y, for y1 ® - - - Q@ y, € Ty, where the
y;s are elements of X. Such a tensor will be called a word; the words form
a basis of 7. We shall assume that X contains enough elements: that is,
it contains N, and an element z,, for each n € N. We shall often represent
permutations by words; so they are themselves elements of 7. In general,
we shall call numerical words the words whose letters belong to N.

We write S for the direct sum @@ Q[S,]. Recall that there is a right

neN
action of S,, on T defined by:

Vo € Sn, Y1 Yn " 0= Yo(1) """ Yo(n)

and y; -y, -0 = 0if n # m. In particular, the direct sum of the oppo-

site algebras to the symmetric group algebras @ Q[S,]°?, with the algebra
neN
structure defined componentwise, embeds into the algebra of graded linear

endomorphisms of 7, End(7T) = [[ End(7,). We write o for the corre-
neN
sponding product on S and o(y; ---y,) for y; -- -y, - 0. Notice that, if we

write - for the usual product on S,, (the composition of permutations), we
have:

V(o,08,7) €ESn X Sy X Sppyn#m: coff=0-0, coy=v-0=0.

We write ¢ for the empty word, which is the unit of S and 7. The tensor
algebra 7 is the free associative algebra on X and we write u for its product:

w:TT —T,

YL Yn @210 21) = Y1 Yuz1 o2
The tensor algebra 7 is a graded connected cocommutative Hopf algebra
for the coproduct § and antipode S defined on the generators y of 7 by:
5(y;) =i @ et e@y;

S(yi) == ~vi.

The unit  : Q — 7 and counit ¢ : 7 — Q are defined using the
isomorphism: Q=275 C @ T, =7.

neN



A closed formula for § can be given as follows. Write P(n) for the set
of couples (I, .J) of disjoint complementary subsets of [n] = {1,---,n}, with
I={iy<---<ixpand J={j; < -+ < Jo_i}. Then:

5(y1"'yn): Z Yiy = i, QYjy Y
(I,J)EP(n)

For example:
d(zaw123) = 222103 @ €+ X201 @ 3+ 123 @ Ta + T223 @ T1 + T2 @ T123

+21 ®x203 + 3@ x221 + € D x2T123.

3 Quasi-coproducts.

Definition 1 Let s € S. We say that s has a quasi-coproduct if there exists
$inS®S C End(T®T) such that:

Sod=24o0s.

We will see below that such an §, if it exists, is unique.

Example Let us represent a permutation o € S,, by the sequence of its
valueson 1,---,n: 0 = o(1)---o(n) and let s := 12— 21 € Q[Sz]. Then, for
all (z,y) in X x X, we have:

s(zy) = 2y — yx

and 6 o s(zy) = s(zy) @ € + € @ s(zy). Therefore, § . =s@(+(@sisa
quasi-coproduct for s.

Counterexample Let s := 213 € S3. If s had a quasi-coproduct, the
corresponding element § of S®@ S should satisfy the equation §0é(zyz323) =
dos(xrzax3) = §(zqx123). In particular, the equation:

d(z179 @ 3+ 2123 @ To + T223 @ 21)

= 2123 Q Xy + 2223 Q1 + 2221 ® 23

should have a solution ¢ in Q[S3]® Q[S1]. An easy computation shows that
this is not the case (see also the end of Section 4).

Lemma 2 Assume that 7 € S® S is such that 7o =0, then 7 = 0.



To prove the lemma, notice first that, since the action of S ® S =

P Q[S,.]®QI[S,:] on TRT preserves the direct sum decomposition @ 7, ®

Tm of T ® T, we may assume that 7 € Q[S,] ® Q[S]. 7

Besides, 7 is naturally a multigraded algebra: 7 = € 7,. Here, 7 is
o€l
the set of functions « with finite support from X to N, and 7, is the span

of the words having, for any letter z € X, a(z) occurences of z.
The decomposition 7 = @,z T4 is invariant under the action of S, and

the same property holds for the decomposition @ To @ T of TR T
a,a!€TXT
under the action of S ® S.
In particular, assume that 7 0§ = 0, where 7 € Q[S,,] ® Q[S,,]. Then,
since &1 -+ &y @ Tpt1 - * Tpym is the projection of §(zy - - &yt ) on one of
the components of the decomposition @ T, ® T,r, we must have:

o,/ €ETXT

T($1 T ® Tptl e 'xn—l—m) =0.

Write 7, ,,,) for the component of €@  7,®7, containing z1 -2, ®
a,a’€TXT

Tpt1 - Togm. Asa (S, X S,,)P-module, T(n,m) is isomorphic to the regular

(right) representation of S,, xSy, and is generated by 1 « - - 2, @%py1 - Tpgrm -

This implies 7 = 0 and the lemma follows. [

It follows from the lemma that, if s € S has a quasi-coproduct s, § is
uniquely defined.

Proposition-Definition 3 Let A:={s€S|3J5€S®S, 508 =dos}.
Then, we also have:

A={seS|Ns€S®S, Sod=¥5os}.

For s € A, we call the element § € S ® S the coproduct of s and denote it
by A(s).

For the time being, A is just a subspace of S. We shall see that is has
a rich algebraic structure. Before that, we characterize combinatorially the

elements of A, and deduce that A maps A into A® A.

4 A combinatorial characterization of A

Recall that, by Weyl duality, a linear endomorphism of 7, is in Q[S,] if
and only if it commutes with each homogeneous algebra endomorphism of



T. On the other hand, let 7,y be the component of 7 = € 7, spanned by
o€l
Ty x,. For any o € 7 such that )~ cx o(z) = n, there are homogeneous

algebra endomorphisms of 7" mapping 7, onto 7.

Since 4, elements of S, and elements of S®S commute with homogeneous
algebra endomorphisms of 7T, it follows from the previous remark that f €
Q[S,] is in A if and only if there exists f € S® S such that:

Fob(ar- ) =0 far--z,) (¥)

In other words, to check if an element f in QS, belongs to A,, it is
enough to check that the equation (*) has a solution f in @ Q[S.] ®

m<n
Q[Sn_m].
We need some notations and conventions. The standard permutation
st(w) associated to a numerical word w = w; ---wy of length k£ < n, which
is multilinear, that is, without repetition of letters, is the unique permutation

in S defined by:
st(w) (1) < st(w)(j) <= w; < w;.

For example st(3745) = 1423. We also write st for the extension by linearity
of st.

Furthermore, if I C X, define a linear endomorphism P; of 7 as follows:
for any word w, either each letter in I appears in w and then Pr(w) is
obtained by removing in w each letter not in I; or some letter in [ is not in
w and we put Pr(w) = 0. For example, if I = {1,2} and w = 24351, then
Pr(w) = 21 and P(352) = 0. Note that if Pr(w) # 0, then the set of letters
in Pr(w) is 1.

Theorem 4 An element f € Q[S,] is in A, if and only if it satisfies the
following property: for any disjoint ordered subsets I and J of [n] such that
I'JyJ =[n],

(st @ st) o (Pr @ P2) (/)

depends only on |I| and [J|. In this case, A(f) = Y g<;<n(st@st)o (P ...y ®
P{H—l,,n})(f)

Note that P;® Py denotes the natural linear mapping from 7 into T® T
defined on the words w of 7 by (Pr® Py)(w) = Pr(w) ® Py(w); from the
context there should be no confusion with the actual tensor product of the
mappings Pr and Py, also written P; ® Pj.



To prove the theorem, suppose that (*) holds. Replacing the letter z; by
the letter i, this equation may be rewritten equivalently as f o 5(1---n) =
§0 f(1---n). This becomes fo&(1---n) = 8(f), since f may be viewed as
an element of 7.

Now, if ¢ is a linear combination of permutations in S,,, then §(g) is equal
to 327, (Pr® Py)(g), where the sum is over all (1,.J) € P(n). In particular
6(1-+on) =32 ;Pr(1--n) @ Py(1---n) = 377 ;01 @ 05, where we write
oy for the product in increasing order of the elements in /. For example
5(123) = 123®e4+ 1203+ 13024230 1+1®234+2®134+3® 124+ €® 123.

Thus we obtain 3, ; flor@oy) = >-1(Pr® Pj)(f). For reasons of

multi-homogeneity, this equality splits into many equalities: V(I,.J), f(O'[ ®
o7) = (Pr®Py)(f). Note that for fixed I, ./, the latter equality is equivalent
to (st @ st) (flor®01)) = (st® st)((Pr@ Ps)(f)). But the left-hand side is
equal to f(0{17...’|]|} ® U{L...7|J|}) = f|[|7|J|, if we write f = Zi—}—j:n fij, with
J;i,j € QS; ®QS;. So the right-hand depends only on |I|,|/|, what was to
be shown.

Conversely, suppose that the property of the theorem holds. Define
f = A(f) as in the statement. Note that (st @ st) o (P; ® Py)(f) is equal to
(st @ st) o (Ppy,.iy @ Pliga,ny) (f), with @ = |I]. Hence to fin_i. Thus the

previous calculations taken backwards imply (*), hence the theorem. [

We give now another characterization of the elements of A. Denote by w
the shuffle product and by < , > the scalar product on 7 for which the set
of all words is an orthonormal basis; this scalar product extends naturally to
T ®7T, with the same notation. Then it is well-known that for any elements
t,u,vin T, one has < §(t),u ® v >=< t,u w v >, see [13] Prop.l.1.8.

Note that if u, v are multilinear numerical words, having both the same
set of letters, then < u,v >=< st(u), st(v) >. This equality extends linearly
and to the tensor product.

Corollary 5 An element f € Q[S,] is in A, if and only if, for any words
u and v such that wv € S, < f,u w v > depends only on st(u) and st(v).
In this case,

< A(f), st(u) @ st(v) >=< fuw v >.

Indeed, let A, B be the set of letters appearing in u, v respectively. Then
< fiuwv >=< (), u®@v > =< (PA® Pp)(8(f)),u@v > =< (P4 ®
PB)(Z(I,J)(PI @ PH(f),u@v >=< (P4® P)(f),u®@v > =< (st ®
st) o (P4 @ Pg)(f),st(u) ® st(v) >. This implies the first assertion of the
corollary, in view of the theorem. For the second, we have < A(f), st(u) ®



$t(0) >=< Togien(st @ st) 0 (P, @ Plig,.y) (), 5t(u) @ st(v) >=<
(st @ st) (P10} © Ppag1,en)) (f), st(w) @ st(v) >, if we put a = |A[. This
is equal by the theorem to < (st ® st)(P4 ® Pg)(f), st(u) @ st(v) > which
is equal to < f,u w v > by our previous computation. [

Another consequence is the following.
Corollary 6 If f isin A, then 6(f) and A(f) are related as follows:

A(f) = Z (st @st) o (P{17...7¢} ® P{i+1,~~~,n})(6(f))

0<i<n

and

5(f)= D <A(f),st(u) @ st(v) > u®wv.

uvESy

In order to illustrate the previous results, consider f = 2134 312. With
I equal in turn to {1}, {2}, {3} and J to its complement in {1, 2, 3}, we have:
(ProP(f)=1223+1®32,20134+2®31, 3®@21+3®12. After
standardization, the three become all equal to 1 ® 12 + 1 ® 21. Moreover,
() =f®e+12234+41®324+2®@134+20314+3®21+3R012+21®
3+1203+13®2+3102+23®1+3201+¢® f. Finally, f € A3 and
AN)=fRC+1R12+1R214+2191+12014+(Q® f.

Consider now g = 213. Then, with the same sets I,.J, we obtain in turn:
1®23,2® 13, 3®21. After standardization the first and the last become:
1® 12, 1 ® 21, which are not equal. Hence g is not in A.

5 The coproduct

The goal of this section is to prove that A maps A into A ® A and that it
is cocommutative and coassociative.

Lemma 7 The mapping A is a graded cocommutative and coassociative
coproduct on A.

Assume that f € A,. We want to show that A(f) € Pocpen Am @
Ap_m. By multigraduation and uniqueness arguments as in the previous
sections, this amounts to prove that f has an iterated coproduct of order 3,
that is that there exists f €S®S®S such that

fodll =4llo



where 61l = (5@ I) 06 = (I ® &) 04, with I the identity of 7. Indeed, if
this is shown, then write A(f) = f =Y fi ®gi; in order to show that f is
in A® A, it is enough by symmetry to show, the f; being chosen linearly
independant, that the g; are in A. We may write f = 3, fi ® §;, and we
have by assumption (3, fi®@gi)o(I®d)od = (I®J)odo f; this is rewritten
S (§:06)) 08 = (198) 0 (5 £ ©9) 06 = (534 /: © (§43)) 0 6. Now, as
in Lemma 2, this implies that >, fi ® (§; 08) = ., fi ® (6 0 ¢;), and finally
that §; 08 = & o g;, hence that g; is in A.

In order to prove that f has an iterated coproduct of order 3, the same
arguments as in Section 4 show that this property is equivalent to: for all
disjoint subsets I,J and K of [n] such that /U J U K = [n],

(st@st@st)o (Pr® P;® Px)(f) = (st®@ st @ st)

(Pl ® Pyirts 11411 © POn17141,0n3) ()
or, equivalently, to: (%) for any words w,v,w such that wow € S,, <
f,uw v w w > depends only on st(u), st(v) and st(w).

Let us prove that this last property is satisfied. We write & (resp. I, m)
for the degree of u (resp. of v and w) . Notice that the requirements on u, v
and w imply that £k +14+ m = n.

In the algebra spanned by numerical words, denote by st{™) the compo-
sition with st of the endomorphism acting on the generators by: ¢ — ¢+ m.
For example, st(2)(31) = (43) since st(31) = 21. To prove (*), it is enough
to prove that < f,u w v w w >=< f,st(u) w st (v) w st (w) >.

We know from Cor. 5 the two words version of this: if z,y are words
such that zy € .5, with z of length m, then:

(#%) < [z w y >=< [,st(z) w st (y) > .

This equality extends linearly.

Thus we have < f,u w vw w >=< [, st(uw v) w st (w) >,

Define the words o', v, of respective length k,I, by v’ € Sii; and
st(uv) = w'v'. Let also w' = st+) (w). Then st(u') = st(u), st(v) = st(v),
st(u w v) = st(v' w v') and w' = st (w’). Observe that since v’ has all
its letters in the alphabet {1, --,k+1} and v’ in {k+1+4+1,---,n}, one has
st (v w w') = st (v') w w'. Note also that w'v'w’ € S,,. We deduce that

<fiuwvww>=< fst(u w o) wstF (W) >=< fiu wv' ww' >
by (**). This is by (**) equal to

< fyst(u') w st® (v w w') =< f,st(u) w st® (W) w w' >



=< f,st(u) w st (v) w st*H) (w) > .

This proves what we wanted.

We show now that the coproduct A is cocommutative. Let f € A. We
write T for the intertwining operator: T : TQT — TQT, T(2®Qy) = yQu.
Since 4 is cocommutative, we have: T 0§ = §. Therefore, To A(f)oT 0o =
ToA(f)od=Tobof=7dof. Since we know that the equation fod=4dof
has a unique solution f = A(f)in S® S, we get: A(f) =T o A(f)oT.

On the other hand, let 7’ be the intertwining operator acting on S ® S.

We use the Sweedler notation [16, Sect. 1.2] and write 3 f() @ f(2) for the
(f)
coproduct of f. We then have: V(u,v) € T2,

(T o A) (M) (o) = (T'AN) (o v) = (T QM e M) (wav) =
(f)

=P e Muev) =3 fPwe D)
(f) (f)

=T oA())(w@u)=(ToA(f)oT)(u@v)=A(f)(u@v).

Therefore, 77 o A(f) = A(f) and A is cocommutative.
Finally, we prove the coassociativity of A. Let f € A,. We write A for
the identity of A. We then have:

(AeAoA(f)od =3 (A0A (Ve 1) o
(f)

(f) )

=Y (GofMaf®os=3 (daho(fWefP)os=(8@I)oA(f)ob
(£ (f)

=0B®I)obof=6Pl0or.
In the same way, we have:
(A® A)o A(f) o sl =4Plo f.

Besides, the same argument as in the proof of lemma 2 shows that, if the
equation fo 6Bl = 6B1 o f, where f is fixed, has a solution fin S@S® S,
then f is unique. Therefore,

(A®A) o A)(f) = (A®A) 0 A)(f),

and the coproduct A is coassociative. [

10



6 The Hopf algebra structure

The purpose of this section is to show that there is a graded connected
cocommutative Hopf algebra structure on A.

Recall that if V' is a Hopf algebra, End(V) is endowed with the structure
of an associative algebra, by the convolution product * defined by:

Vf,g€ End(V), fxg:=po(f®g)od.

In particular, Fnd(T) is an associative algebra for this product and a Weyl
duality argument or a direct computation shows that S is a subalgebra of
End(T) for « [13]. If V and V' are two Hopf algebras, the restriction of the
convolution product on End(V ® V') to End(V) @ End(V’) identifies with
the product on End(V) ® End(V') viewed as the tensor product of the two
algebras End(V) and End(V’), equipped with the convolution product.

Lemma 8 A is a subalgebra of S and of End(T) for the convolution prod-
uct.

Indeed, let f,g € A. There is a Hopf algebra structure on 7 ® 7T,
induced by the Hopf algebra structure on 7. For the corresponding con-
volution product, S ® S is a subalgebra of End(7T @ T) (this follows from
the corresponding property for S and End(7)). We are going to prove that
A(f)*A(g), which belongs to S®S, is a quasi-coproduct for fxg. According
to the definition of A, it will follow that f* g € A.

We write § (resp f1) for the coproduct (resp. the product) on 7 ® 7.
Recall that we write T for the intertwining operator acting on 7 ® 7. We
then have:

(A(S) xA(g))0d = o (A(f) @ A(g)) 004
=po(A(f)@A(g))e(I@T®I)o(6©8)0d
(by definition of the Hopf algebra structure on the tensor product of two
Hopf algebras)

=po(A(f)@A(g))o(8@6) b
(since § is coassociative and cocommutative; the next identities follow from
the definition of fi and the fact that ¢ is a homomorphism)

—fo(6®d)o(f@g)o

=dopo(f@g)od=0d0o(fxg).
Hence fxg has the coproduct A(f)*A(g) and A is closed under convolution.
]

11



Theorem 9 (A, x, A, u,e) is a graded connected cocommutative Hopf alge-
bra.

The unit of A is given by the inclusion: u : Ay =2 Q — A. The co-unit
is given by the projection e : A — Agy. Recall that a graded connected
cocommutative bialgebra has always an antipode, which acts as the —1 on
the graded vector space of primitives (and is characterized by this property).
We have shown that A is a graded connected cocommutative coalgebra and
an algebra. The equation A(f* g) = A(f) * A(g), which follows from our
previous computations, implies that A is an algebra map from A to A ® A
and the theorem follows. [

7 The inner product.

The space S, direct sum of all symmetric groups algebras, has the inner
product inherited from composition of permutations. The descent algebra
has the striking property of being closed for this product, a result due orig-
inally to Solomon [15]. We show that A has the same property.

Theorem 10 The vector spaces A,, C Q[S,] C End(T,), n € N* are closed
under the composition of morphisms in End(T,). Equivalently, A, is closed
under the products - and o in Q[S,]. In particular, A,, is a subalgebra of the
group algebra Q[S,]. Moreover A is a homomorphism for the inner product.

The theorem follows immediately from the very definition of A. Indeed,
assume that f and g belong to A,, then we have:

A(f)od=0d0f; Al(g)od=1dog,

so that:
A(f)oA(g)od=A(f)odog=2é0o(foy),

and A(f)o A(g) is the coproduct of fog. In particular, fog=g¢-f € A,
and A(fog)=A(f)oA(g). =

8 Comparison with the descent algebra.

First of all, let us show that A contains strictly the descent algebra. Since
the descent algebra S is the sub-convolution algebra of S generated by the
identity elements 1---n € S,, n € N*, and since these elements all have a

12



coproduct in S ® S (given explicitly by: A(1---n)= > 1--i®1---n—1),
=0

3 is certainly a subalgebra of A. The fact that the inclusion is a strict one
could be proved by general arguments involving the properties of the free
Lie algebra or the Hilbert series computations below (Th.13). However, we
think it useful and illuminating to give an example.

Let f be the linear combination of permutations in S4 which maps
xy -4 to the element [[z1,z3],[23, z4]] in the derived series of the free
Lie algebra. A direct computation shows that:

f=1234 — 2134 — 3412 4+ 3421 — 1243 4+ 2143 + 4312 — 4321.

Since f is a map from 7 to the free Lie algebra generated by X (that we
view as a Lie subalgebra of T), for all ¢ € T, f(¢) is a primitive element and
we therefore have:

Sof(t)=fH)@1+1@ f(t)=(f@¢+{® [) o),

so that fisin A (and is in fact a primitive element in A).

On the other hand, 2134 appears in the expansion of f but not 3124,
which is in the same descent class (see [13]). It follows immediately that f
does not belong to the Solomon algebra.

The last point that we want to investigate is the behavior of A with
respect to the known Hopf algebra structure of S and on the descent algebra,
which is a Hopf subalgebra of S, cf.[8, 3, 6, 11, 5].

Theorem 11 The Hopf algebra A is a Hopf subalgebra of S and X. is a Hopf
subalgebra of A.

It follows from Th.4 that if f belongs to A,,, then
A() = D (st@st)(Ppaiy @ Pligt,ny) (f)-

0<i<n

But this equation defines the coproduct on S, see [8]. ]

9 Primitive elements and Hilbert series.

According to Theorem 9 and to the Cartier-Minor-Moore theorem [7, 9], A
is the enveloping algebra of its primitive part. We write Lie(X) for the free
Lie algebra on X, identified with the Lie algebra of primitive elements in
T (see [13], also for the general properties of the free Lie algebras and Lie
representations that we are using hereafter).
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Theorem 12 The vector space of primitive elements of degree n in A is the
vector space:

Prim, A= {f € Q[S,] C End(T,)|Im(f) C Lie,(X)}

Moreover, Prim,A is canonically isomorphic (as a vector space) to the mul-
tilinear part of degree n of the Lie algebra on n generators, that is to the Lie
representation of S,,.

Assume that f is a map whose image is contained in Lie, (X). Then, we
have:

Vie Ty, dof(t)=fH)@ete@ f()=(fRCH(B )04,

and f € Prim,A. Conversely, the same computation shows that if f is
primitive, it is a map to the set of primitive elements in 7.

The last part of the theorem follows from the fact that elements f in A,
and their coproducts are characterized by the action of f on z{---z,, see
Equation (*) in Section 4. L]

Note that this result implies that the Lie elements of S are primitive
elements, for the coproduct defined in [8]; this fact, that was known to
Daniel Krob (personal communication), may of course be proved directly.

Since the dimension of the Lie representation of S, is well-known (it is
(n — 1)), the Hilbert series Hilb(A) of A can be computed easily.

Theorem 13 The Hilbert series of A is:

1

_ = yN(n-1)
1-— t”) '

Hilb(A) = [](

n>1
The theorem follows from the Poincaré-Birkhoff-Witt theorem which im-
plies that the Hilbert series of the enveloping algebra of a graded Lie algebra

whose component of degree n has dimension a,, is [] (Z)*". ]
n>1

The first terms of the Hilbert series of A are:
Hilb(A) = 14 ¢ + 2% + 4% + 114 + 37¢° 4+ 1671° + 925t + 616415 4 - - -.

Note that A is not a subalgebra of the Rahmenalgebra of Armin Jollen-
beck [5]; the latter is not closed under the inner product, but has interesting
applications to character theory of the symmetric group (it is actually a non-
commutative character theory), and to enumeration of permutations. The

14



algebra recently introduced by Manfred Schocker [13] is generated by the
Lie idempotents of the symmetric group and is a proper subalgebra of A; he
has however theorems on the inner structure of his algebra and a mapping
onto the character ring of the symmetric groups that has no analogue, for
the time being, in A.
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